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ABSTRACT
T h i s  t h e s i s  i s  co n c e rn e d  w i t h  t h e  s y n t h e s i s  o f  
l i n e a r - o p t i m a l  heave  c o n t r o l  o f  e l e c t r o m a g n e t i c  su s p en s io n  
s y s te m s .  The  methods o f  c o m p u t e r - a i d e d  a n a l y s i s  and  
s i m u l a t i o n  w e re  employed in  t h i s  r e s e a r c h .  The i n t r i n s i c  
p r o p e r t i e s  o f  e l e c t r o m a g n e t i c  s u s p e n s io n  sys tem  w ere  
i n v e s t i g a t e d  t o  f a c i l i t a t e  th e  s y n t h e s i s  and  t o  p r o v i d e  
g u i d e l i n e s  f o r  t h e  d e s ig n  o f  e l e c t r o m a g n e t s  o r  l i n e a r  m o to rs  
s u i t a b l e  f o r  use in  su s p e n s io n  s y s te m s .  The t e c h n i q u e  o f  
co m p le m e n ta ry  f i l t e r i n g ,  w h ich  r e s o l v e s  t h e  c o n f l i c t i n g  
r e q u i r e m e n t s  o f  h ig h  s t i f f n e s s  t o  l o a d  and  h ig h  c o m p l ia n c e  
f o r  r i d e - c o m f o r t , was f u r t h e r  d e v e lo p e d .  T h i s  l e d  t o  th e  
a b i l i t y  o f  d i r e c t l y  com p a r in g  t h e  m e r i t s  o f  sys tem s w i t h  
d i f f e r e n t  c o n f i g u r a t i o n s  and d e t e r m i n i n g  t h e  o p t im a l  n a t u r a l  
f r e q u e n c y .  T o g e t h e r  w i t h  a  novel  way o f  re m o v in g  s t e a d y -  
s t a t e  gap e r r o r  d u r i n g  t h e  t r a v e r s i n g  o f  t r a n s i t i o n  c u r v e s ,  
t h e  f i l t e r i n g  t e c h n i q u e  was a p p l i e d  t o  t h e  sys tem  u s in g  
f i x e d - g a i n  and  s l i d i n g - m o d e  v a r i a b l e - s t r u c t u r e  c o n t r o l  
m ethods .  The  l a t t e r  method i s  w e l l  known f o r  i t s  a b i l i t y  in  
m a i n t a i n i n g  c l o s e d - l o o p  c h a r a c t e r i s t i c s  in  t h e  p r e s e n c e  o f  
d i s t u r b a n c e .  H o w e v e r , f u r t h e r  d ev e lo pm ent  was r e q u i r e d  
b e f o r e  i t  was a p p l i e d .  The  r e s u l t a n t  s u s p en s io n  sys tem  gave  
a  20% improvem ent  in  r i d e - q u a l i t y  o v e r  t h e  b e s t  p u b l i s h e d  
r e s u l t  w h ic h  was c a r r i e d  o u t  under  s i m i l a r  t e s t  c o n d i t i o n s .  
Even so , t h e o r e t i c a l  a n a l y s i s  showed t h a t  a  f o u r - f o l d  
improvement  may be p o s s i b l e !
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1 .1  The  need o f  n o n - c o n t a c t i n g  g u id e d  l a n d  t r a n s p o r t
T r a n s p o r t  system i s  a  p r o d u c t  and  a  y a r d s t i c k  o f  th e  
p r o g r e s s  o f  human c i v i l i z a t i o n .  C o n t in u o u s  demand f o r  i t s  
im p ro v e m e n t ,  bo th  by i n d u s t r i a l i s e d  and d e v e l o p i n g  
c o u n t r i e s ,  i s  th e  i n e v i t a b l e  in  t h e  f o r e s e e a b l e  f u t u r e .  For  
t r a n s p o r t  between c i t i e s ,  t h e  need f o r  improvem ent  i s  m a i n l y  
i n  th e  r e d u c t i o n  o f  j o u r n e y  t im e  or  t h e  i n c r e a s e  o f  ra n g e  
f o r  a  f i v e  t o  s i x  h o u rs  r e t u r n  t r i p  w i t h i n  t h e  same day  
between c e n t r e s  o f  p o p u l a t i o n .  W i t h i n  a  c i t y ,  t h e  need i s  
more f o r  c o n v e n ie n c e  and f o r  t h e  e f f i c i e n t  use o f  s p a c e ,  
e n e r g y ,  human and o t h e r  r e s o u r c e s  and to  r e d u c e  n o i s e  and  
p o l l u t i o n .  I t  w i l l  be i d e a l  i f  a  system  can meet  a l l  th e s e  
demands a t  t h e  same t i m e .  The speed o f  c o n v e n t i o n a l  w h e e l -  
o n - r a i l  t r a n s p o r t  system  has a l m o s t  r e a c h e d  i t s  t e c h n i c a l  
l i m i t .  W i t h  im proved  g u id a n c e  and s u s p e n s io n  s y s t e m s , 
t i l t i n g  o f  t h e  c a b in  and i n c r e a s e d  t r a c t i o n  pow er ,  th e  
Advanced P asseng er  T r a i n  o f  B r i t a i n  can r e a c h  a  maximum 
o p e r a t i n g  speed o f  no more than 200mph when run on e x i s t i n g  
t r a c k s .  Even w i t h  p u r p o s e - b u i l t  and w e l l  a l i g n e d  t r a c k s  of  
r e d u c e d  c u r v a t u r e  and g r a d i e n t  l i k e  t h e  T o k a id o  l i n e  in  
Japan and t h e  TGV r u n n i n g  between P a r i s  and Lyon in  F ra n c e  
t h e  maximum speed i s  s t i l l  o n l y  a b o u t  250mph w i t h  i n c r e a s e d  
demand on m a i n t e n a n c e .  Any a t t e m p t  to  f u r t h e r  i n c r e a s e  th e  
speed r u n s  i n t o  th e  p ro b lem  o f  i n s t a b i l i t y  and i n c r e a s e  o f  
wear .
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A l t h o u g h  a i r  t r a n s p o r t  can a c h i e v e  a  h i g h e r  speed ,  
s h o r t  d i s t a n c e  f l i g h t  l e s s  than  300 m i l e s  between s t o p s  has  
i t s  s h o r t c o m i n g s .  Because o f  n o i s e  and n a v i g a t i o n  p rob lem s  
c o n v e n t i o n a l  a i r c r a f t s  r e q u i r e  a i r p o r t s  w h ich  a r e  s i t e d  
o u t s i d e  t h e  c i t y .  T h i s  i n c r e a s e s  th e  t o t a l  j o u r n e y  t im e  
between c i t y  c e n t r e s .  Even w i t h  s h o r t  t a k e - o f f  and l a n d i n g  
a i r c r a f t s  w h ich  can use s h o r t e r  a i r s t r i p s  i n s i d e  c i t i e s  
t h e r e  i s  s t i l l  t h e  d i s a d v a n t a g e  o f  f u e l  economy s i n c e  much 
o f  th e  j o u r n e y  t im e  i s  s p e n t  in  c l i m b i n g  and d e s c e n d in g .  
M o reo ver  a i r  t r a f f i c  d e n s i t y  a l o n g  m a jo r  r o u t e s  a r e  r e a c h i n g  
s a t u r a t i o n  and i n c r e a s e  i n  s e r v i c e  w i l l  j e o p a r d i s e  s a f e t y .  
Thus an im p ro ved  l a n d  based t r a n s p o r t  system  i s  v e r y  much in  
demand. To g i v e  t h e  h ig h  t r a f f i c  d e n s i t y  w i t h  e n e rg y  
e f f i c i e n t ,  g u id e d  l a n d  t r a n s p o r t  seems to  be th e  most l i k e l y  
s o l u t i o n .  The  system  r e q u i r e d  and  t h e  t e c h n o lo g y  i n v o l v e d  
have been o u t l i n e d  in  a  s u r v e y  paper  by E l l i s o n  and o t h e r s  
[ 1 ] .  For  h ig h  speed t r a n s p o r t ,  s i n c e  w h e e l - o n - r a i l  system  
cannot  meet  t h e  n ee d ,  a  new g u id a n c e  system w hich  does not  
r e l y  on c o n t a c t  f o r c e s  i s  r e q u i r e d .  By t h e  abs e n c e  of  
p h y s i c a l  c o n t a c t ,  t h i s  system  w i l l  have l e s s  wear  th u s  
r e q u i r i n g  l e s s  m a i n t e n a n c e .  B e s id e s  l e s s  n o i s e  w i l l  be 
g e n e r a t e d .  F u r t h e r m o r e ,  owing t o  th e  a b s en ce  o f  m e c h a n ic a l  
f r i c t i o n ,  l e s s  e n e rg y  w i l l  be r e q u i r e d  t o  p rodu ce  th e  
t r a c t i v e  e f f o r t  when compared w i t h  c o n t a c t - g u i d e d  v e h i c l e s  
of  c o r r e s p o n d i n g  spe ed .
As f o r  urban t r a n s p o r t ,  t h e  q u i e t e r  and p o l l u t i o n -  
f r e e  o p e r a t i o n  o f  such system  i s  o f  p r im e  i m p o r t a n c e .  The  
red u c ed  w e a r ,  th u s  lo w e r  m a in te n a n c e  r e q u i r e m e n t ,  and the
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ea s e  o f  i m p le m e n t i n g  d r i v e r - l e s s  o p e r a t i o n  can lo w e r  the  
l a b o u r  r e q u i r e m e n t s  s i g n i f i c a n t l y .  F u r t h e r m o r e ,  most t y p e s  
o f  n o n - c o n t a c t i n g  g u id e d  l a n d  t r a n s p o r t  can run a l o n g  
e l e v a t e d  g u id ew ays  th u s  a l l o w i n g  a  more e f f i c i e n t  use o f  
spa ce  in  t h e  c i t y .
W i t h  t h e  a d v a n t a g e s  m e n t io n e d  a b o v e ,  much r e s e a r c h  
in  t h e  use o f  n o n - c o n t a c t i n g  g u id e d  l a n d  t r a n s p o r t  system  
w i t h i n  and  between c i t i e s  have been c a r r i e d  ou t  in  t h e  p a s t  
f i f t e e n  y e a r s .
1 . 2  M a j o r  t y p e s  o f  n o n - c o n t a c t i n g  g u id e d  t r a n s p o r t  systems
N o n - c o n t a c t i n g  g u id e d  l a n d  t r a n s p o r t  sys tem  can oe 
d i v i d e d  i n t o  two m a jo r  c a t e g o r i e s  a c c o r d i n g  t o  t h e  methods  
used to  p r o v i d e  t h e  su s p e n s io n  and g u id a n c e  f o r c e s .  The  
f i r s t  c a t e g o r y  uses a e r o d y n a m ic  f o r c e s  f ro m  a i r  c u s h io n s ,  as  
in  t r a c k e d  h o v e r c r a f t s ,  or  f ro m  th e  l i f t  on a e r o f o i l - s h a p e d  
s u r f a c e s  a s  in  ram w in g  v e h i c l e s .  S u spens ion  o f  t h i s  
c a t e g o r y  r e q u i r e s  s t r i n g e n t  t r a c k  a l i g n m e n t .  T r a c k e d  
h o v e r c r a f t  has th e  a d d i t i o n a l  d i s a d v a n t a g e  o f  b e i n g  v e r y  
n o i s y .  Ram w in g  v e h i c l e s  w i l l  need a u x i l l i a r y  su s p e n s io n  and  
g u id a n c e  sys tem s f o r  o p e r a t i o n  be low a  c e r t a i n  c r i t i c a l  
s p e e d .  F u r t h e r m o r e ,  no p r o t o t y p e  ram w in g  v e h i c l e  i s  known 
to  e x i s t .  The  second c a t e g o r y  o f  n o n - c o n t a c t i n g  g u id e d  
t r a n s p o r t  sys tem s uses e l e c t r o s t a t i c  or  m a g n e t ic  f o r c e s .  
For e l e c t r o s t a t i c  f o r c e ,  t h e  f i e l d  i n t e n s i t y  needed i s  so 
h ig h  t h a t  i t  w i l l  cause  d i e l e c t r i c  breakdown in  t h e  a i r  gap .  
As a  r e s u l t ,  t h i s  mean o f  p r o v i d i n g  su s p en s io n  f o r c e  has not
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been s e r i o u s l y  c o n s i d e r e d .  As f o r  sys tem s which  use m a g n e t ic  
f o r c e  f o r  s u s p en s io n  and g u i d a n c e ,  f i e l d  s t r e n g t h  o f  o n l y  
m o d e r a t e  i n t e n s i t y  i s  r e q u i r e d .  The o p e r a t i o n  o f  t h i s  typ e  
o f  v e h i c l e  can be v e r y  q u i e t  w i t h  t h e  m a jo r  s o u rc e  o f  n o i s e  
coming f ro m  a i r  movement.
Some sys tem s use th e  m a g n e t o s t a t i c  f i e l d  t o  g e n e r a t e  
a  f o r c e  o f  a t t r a c t i o n  on t h e  r e a c t i o n  r a i l  o f  p a r a m a g n e t ic  
or  f e r r o m a g n e t i c  m a t e r i a l  o r  a  r e p u l s i v e  f o r c e  on a  
d i a m a g n e t i c  m a t e r i a l . The  f i e l d  can be g e n e r a t e d  by a  
perm anent  magnet o r  an e l  ectrcxnagnet  f e d  f ro m  a  d i r e c t  o r  an 
a l t e r n a t i n g  c u r r e n t  s o u r c e .  Some sys te m s  uses a  c o m b in a t io n  
o f  a perm anent  magnet  t o  e s t a b l i s h  t h e  q u i e s c e n t  f i e l d  
s t r e n g t h  and  an e l e c t r o m a g n e t  f o r  t h e  c o r r e c t i v e  e f f o r t  
a g a i n s t  sys tem  p e r t u r b a t i o n .  For  sys tem  u s i n g  m a g n e t ic  
r e p u l s i o n  on a  d i a m a g n e t i c  m a t e r i a l , s i n c e  th e  p e r m e a b i l i t y  
o f  t h i s  t y p e  o f  m a t e r i a l s  i s  lo w ,  i t  i s  u n l i k e l y  t h a t  
s u f f i c i e n t  f o r c e  can be g e n e r a t e d  by t h i s  mean f o r  v e h i c l e  
s u s p e n s i o n .  One i m p o r t a n t  c h a r a c t e r i s t i c  o f  sys tem s u s in g  
s t a t i c  m a g n e t i c  f i e l d  i s  t h a t  , w i t h  c o n s t a n t  m a g n e t i s i n g  
f o r c e ,  t h e  m a g n i tu d e  o f  th e  f i e l d  s t r e n g t h  i s  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  gap w i d t h  between t h e  r a i l  
and t h e  p o l e  f a c e  o f  th e  m a g n e t .  For  a  v e h i c l e  suspended by 
an upward a c t i n g  m a g n e t ic  a t t r a c t i o n ,  i f  t h e  m a g n e t i s i n g  
f o r c e  s t a y s  c o n s t a n t ,  a  d i s t u r b a n c e  w h ich  i n c r e a s e s  t h e  gap 
w i d t h  w i l l  r e s u l t  in  a  r e d u c t i o n  o f  f i e l d  s t r e n g t h .  T h i s  in  
t u r n  w i l l  cause a r e d u c t i o n  o f  a t t r a c t i o n  f o r c e  th u s  
a l l o w i n g  t h e  v e h i c l e  to  f a l l  under  g r a v i t y  and  c a u s in g  th e  
gap to  i n c r e a s e  f u r t h e r .  S i m i l a r l y  a  d i s t u r b a n c e  which
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causes  a  r e d u c t i o n  o f  gap w i l l  r e s u l t  in  an i n c r e a s e  o f  
f i e l d  s t r e n g t h  and a t t r a c t i o n  f o r c e  and  c o n s e q u e n t l y  in  a  
f u r t h e r  r e d u c t i o n  o f  gap .  T h e r e f o r e ,  s u s p e n s io n  sys tem  o f  
t h i s  k i n d  i s  i n h e r e n t l y  u n s t a b l e .  The  m a g n e t i c  f i e l d  
s t r e n g t h  must be a c t i v e l y  c o n t r o l l e d  i f  a  s t a b l e  gap w id t h  
i s  to  be m a i n t a i n e d .
T h e r e  i s  however a  k i n d  o f  m a g n e t ic  s u s p e n s io n  
system u s i n g  a t t r a c t i o n  w h ich  i s  i n h e r e n t l y  s t a b l e .  T h i s  
system uses  t h e  e l e c t r o m a g n e t  t o g e t h e r  w i t h  t h e  a i r  gap to  
fo rm  a  v a r i a b l e  i n d u c t a n c e  s y s te m .  To  i t  i s  added a  
c a p a c i t o r  so t h a t  t h e y  fo rm  a  s e r i e s  r e s o n a n c e  c i r c u i t  w i t h  
i t s  n a t u r a l  f r e q u e n c y  v a r y i n g  w i t h  t h e  gap w i d t h .  
A l t e r n a t i n g  v o l t a g e  s o u rc e  i s  a p p l i e d  t o  th e  s y s te m .  The  
d e s ig n  i s  so chosen t h a t ,  when t h e  gap w i d t h  i n c r e a s e s ,  
t h e r e  i s  a  n e t  i n c r e a s e  in  m a g n i t u d e  o f  c u r r e n t  and  
a t t r a c t i o n  th u s  r e s t o r i n g  t h e  gap w i d t h .  S i m i l a r y  a  
r e d u c t i o n  in  gap w i d t h  w i l l  r e s u l t  i n  a  r e d u c t i o n  o f  
a t t r a c t i o n  f o r c e  which  a g a in  r e s t o r e s  t h e  gap w i d t h  t o  i t  
o r i g i n a l  v a l u e .  By t h i s  a r r a n g e m e n t  o f  s e l f - a d j u s t i n g  
m a g n i tu d e  o f  f o r c e ,  a  s t a b l e  s u s p e n s io n  system  i s  c r e a t e d .  
H o w ev er , i t  i s  no t  c e r t a i n  t h a t  t h i s  sys tem  can g e n e r a t e  
enough f o r c e  f o r  v e h i c l e  s u s p e n s i o n .  B e s i d e s ,  t h e  l a t e r a l  
s t a b i l i t y  o f  th e  system  has y e t  t o  be p r o v e d .
T h e r e  i s  a n o t h e r  c l a s s  o f  m a g n e t ic  l e v i t a t i o n  system  
which uses  t h e  r e p u l s i v e  i n t e r a c t i o n  between f l u x  o f  th e  
magnet and  t h a t  g e n e r a t e d  by t h e  eddy c u r r e n t  in d u c e d  in  th e  
e l e c t r i c a l l y  c o n d u c t in g  r e a c t i o n  r a i l  o r  p l a t e .  T h i s  eddy  
c u r r e n t  can be g e n e r a t e d  by a t i m e - v a r y i n g  m ag n e to —m o t i v e
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f o r c e  or  by t h e  s p a t i a l  movement o f  a  m a g n e t o s t a t i c  f i e l d .  
Because t h i s  s u s p en s io n  method w orks  by r e p u l s i o n ,  the  
amount o f  p a r a m a g n e t ic  m a t e r i a l ,  w h ich  has  h ig h  p e r m e a b i l i t y  
b ut  cau ses  a t t r a c t i o n ,  must be r e d u c e d  t o  a minimum in  th e  
c o n s t r u c t i o n  o f  t h e  r e a c t i o n  r a i l .  Thus t o  g e n e r a t e  
s u f f i c i e n t  f i e l d  s t r e n g t h  h ig h  m a g n e t i s i n g  f o r c e  i s  
r e q u i r e d .  The f i r s t  t y p e  w h ich  uses an a l t e r n a t i n g  c u r r e n t  
s o u r c e  t o  d r i v e  an i n d u c t o r  has a  h i g h l y  r e a c t i v e  l o a d .  Thus  
t h e  power f a c t o r  i s  low and much e n e rg y  i s  w a s te d  in  th e  
d r i v e  s y s te m .  The  second t y p e  uses  t h e  r e l a t i v e  
t r a n s l a t i o n a l  movement between t h e  magnet  and r e a c t i o n  r a i l  
t o  g e n e r a t e d  th e  in d u c e d  eddy c u r r e n t  and t h e  r e p u l s i o n .  
T h i s  i s  t h e  e l e c t r o d y n a m i c  l e v i t a t i o n  s y s te m .  S in c e  a  
m a g n e t o s t a t i c  f i e l d  i s  used no r e a c t i v e  power i s  l o s s .  
However t h e  f i e l d  s t r e n g t h  needed i s  so h ig h  t h a t  no 
perm anent  magnet i s  a b l e  t o  g e n e r a t e  th e  f i e l d  r e q u i r e d .  To  
use normal  1 y c o n d u c t in g  e l e c t r o m a g n e t  w o u ld  i n c u r  e x c e s s i v e  
power l o s s .  C o n s e q u e n t ly  s u p e r c o n d u c t i n g  m agnets  have t o  be 
used .
As f o r  p r o p u l s i o n  and b r a k i n g  o f  n o n - c o n t a c t i n g  
g u id e d  t r a n s p o r t  v e h i c l e ,  d e v i c e s  l i k e  a i r s c r e w s ,  j e t s ,  
r o c k e t s  or  l i n e a r  m o to r s  have been c o n s i d e r e d .  The c r i t e r i a  
of  c h o ic e  r e s t  on i t s  c o m p a t i b i l i t y  w i t h  th e  s u s p e n s io n  and  
g u id a n c e  sys tem s a s  w e l l  a s  on o t h e r  t e c h n i c a l ,  econom ica l  
and e n v i r o n m e n t a l  f a c t o r s .
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1 . 3  The two m a jo r  t y p e s  o f  m a g n e t ic  s u s p e n s io n  sys tem s
Among t h e  rriany t y p e s  o f  n o n - c o n t a c t i n g  s u s p e n s io n  
sys te m s  o n l y  two have t h e  p o t e n t i a l  o f  b e i n g  used in  urban  
and  i n t e r c i t y  g u id e d  l a n d  t r a n s p o r t  s y s te m s .  One i s  th e  
e l e c t r o d y n a m i c  l e v i t a t i o n  system  which  uses t h e  r e p u l s i o n  
g e n e r a t e d  by a  s u p e r c o n d u c t i n g  m ag n e t .  The  o t h e r  i s  th e  
e l e c t r o m a g n e t i c  su s p e n s io n  system  which  uses t h e  a t t r a c t i o n  
between a  c o n t r o l l e d  e l e c t r o m a g n e t  and th e  f e r r o m a g n e t i c
r a i l s .  I n  e l e c t r o d y n a m i c  l e v i t a t i o n  sys tem s t h e  l e v i t a t i o n  
f o r c e  i s  p rodu ced  by t h e  h ig h  i n t e n s i t y  f i e l d  o f  th e  
s u p e r c o n d u c t i n g  m agnets  in  a  f l u x  p a th  o f  low p e r m e a b i l i t y .  
T h i s  f i e l d  can s u s t a i n  a  l a r g e  f o r c e  even a c r o s s  a  l a r g e  a i r  
gap o f  low p e r m e a b i l i t y .  T h i s  gap w i d t h  can be a s  l a r g e  a s  
lOOrran th u s  a l l o w i n g  more space  f o r  d i s p l a c e m e n t  t o  a b s o r b  
t h e  i r r e g u l a r i t i e s  in  t r a c k  l e v e l .  Thus t r a c k  a l i g n m e n t  o f  
o n l y  m o d e r a t e  t o l e r a n c e  i s  r e q u i r e d .  F u r t h e r m o r e  th e  
s u p e r c o n d u c t i n g  m agnets  do n o t  r e q u i r e  a  c o n t i n u o u s  s u p p ly  
o f  e n e r g y .  The s u p e r c o n d u c t i n g  magnet can be i n s t a l l e d
e i t h e r  in  t h e  t r a c k  or  on t h e  v e h i c l e .  To make t h e  t r a c k
ou t  o f  s u p e r c o n d u c t i n g  rr*agnet i s  no t  o n l y  e c o n o m i c a l l y
i m p r a c t i c a l  b u t  a l s o  e n v i r o n m e n t a l l y  u n a c c e p t a b l e  because  o f  
t h e  h ig h  f i e l d  i n t e n s i t y .  B e s id e s ,  t h e r e  i s  th e  p rob lem  o f  
the rm a l  d i s s i p a t i o n  in  t h e  r e a c t i o n  p l a t e s  on t h e  u n d e r s i d e  
o f  th e  v e h i c l e .  Thus a l l  th e  r e s e a r c h  v e h i c l e s  b u i l t  so f a r  
have t h e  magnet  on b o a r d .  The system  c o n s i s t s  o f  
s u p e r c o n d u c t i n g  c o i l s  immersed in  l i q u i d  h e l i u m  a t  a  v e r y  
low t e m p e r a t u r e  w i t h  an o u t e r  j a c k e t  o f  l i q u i d  n i t r o g e n .  
S i n c e  t h e  s u p e r c o n d u c t i n g  c o i l s  a r e  th e  e le m e n t s  w h ich  g i v e
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th e  l e v i t a t i o n  f o r c e ,  s t r o n g  m e c h a n ic a l  s u p p o r t  a r e  r e q u i r e d  
t o  a n c h o r  them on th e  v e h i c l e .  T h i s  p r e s e n t s  t h e  d i f f i c u l t  
i n  f i n d i n g  d e s ig n s  and m a t e r i a l s  which  a r e  both  s t r o n g  and  
have low the rm a l  c o n d u c t i v i t y  r e q u i r e d  t o  keep th e  
t e m p e r a t u r e  lo w .  The h ig h  f i e l d  s t r e n g t h  r e q u i r e s  m a g n e t ic  
s c r e e n i n g  t o  p r o t e c t  t h e  p a s s e n g e rs  f ro m  th e  i n t e n s e  f i e l d .  
These  p ro b le m s  p r e s e n t  a  c h a l l e n g e  to  t h e  r e l a t i v e  new 
t e c h n o lo g y  o f  low t e m p e r a t u r e  p h y s i c s  or  c r y o g e n i c s .
T h e r e  a r e  o t h e r  p ro b le m s  s p e c i f i c  t o  t h e  d e s ig n  o f  
s u s p e n s io n  sys te m s  u s i n g  s u p e r c o n d u c t i n g  m a g n e ts .  One o f  
them i s  t h a t  t h e  f i e l d  s t r e n g t h  o f  a  s u p e r c o n d u c t i n g  magnet  
can not  be changed r a p i d l y  t o  a b s o r b  t h e  e n e rg y  caused by t h e  
v e h i c l e  t r a v e l l i n g  o v e r  i r r e g u l a r i t i e s  o f  th e  t r a c k .  T h i s  
w i l l  cause  th e  v e h i c l e  to  e x e r c i s e  an underdamped  
o s c i l l a t i o n  once i t  i s  s e t  in  m o t io n  by an e x t e r n a l  
d i s t u r b a n c e .  Thus a d d i t i o n  c o n t r o l  mechanism i s  r e q u i r e d  to  
g i v e  t h e  dam ping .  T h i s  can t a k e  t h e  fo rm  o f  c o i l s  o f  
e l e c t r o m a g n e t s  i n t e r p o s e d  in  t h e  m a g n e t ic  p a th  o f  t h e  f i e l d  
f o r  l e v i t a t i o n ,  w i t h  c o n t r o l l e d  and n o r m a l l y  c o n d u c t in g  
c u r r e n t  f l o w i n g  in  them. To p r o v i d e  a d e q u a t e  dam ping ,  
en e rg y  consum pt ion  can be v e r y  h i g h .  The peak damping f i e l d  
i n t e n s i t y  can be a s  h ig h  a s  16% o f  t h a t  o f  th e  
s u p e r c o n d u c t i n g  magnet C23. An a l t e r n a t i v e  mechanism to  
p r o v i d e  damping i s  t o  p u t  a  c o n d u c t in g  p l a t e  on bo a rd  in  th e  
m a g n e t ic  p a th  between t h e  s u p e r c o n d u c t i n g  magnet and t h e  a i r  
gap.  However th e  damping o f f e r e d  by t h i s  method o f  
d i s s i p a t i n g  t h e  t i m e - v a r y i n g  f i e l d  a s  eddy c u r r e n t  in  th e  
p l a t e  i s  shown to  be i n s u f f i c i e n t .  Thus s e c o n d ary
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s u s p e n s io n  system  i s  u s u a l l y  r e q u i r e d .  T h i s  ad d s  w e i g h t ,  
c o s t  and  c o m p l e x i t y  t o  th e  sys te m .  An i m p o r t a n t  
c h a r a c t e r i s t i c  o f  t h e  e l e c t r o d y n a m i c  l e v i t a t i o n  sys tem  i s  
t h a t  r e p u l s i o n  i s  in d u c e d  by l o n g i t u d i n a l  or  l a t e r a l  m o t i o n .  
Hence t h e r e  i s  no l i f t  g e n e r a t e d  a t  s t a n d s t i l l .  Thus  
a u x i l i a r y  su s p e n s io n  system  i s  r e q u i r e d  u n t i l  t h e  v e h i c l e  
has r e a c h e d  a  c e r t a i n  sp e e d .  A l s o  l o n g i t u d i n a l  d r a g  r e a c h e s  
a maximum a t  a  low speed and then d e c r e a s e s  a g a i n  a s  speed  
i n c r e a s e s .  T h e r e f o r e  t h i s  system i s  o n l y  s u i t a b l e  f o r  use in  
t r a n s p o r t  sys tem s w h ich  o p e r a t e  a t  a  c r u i s i n g  speed o f  abo ve  
50 t o  80mph C 3 3 .
The  e l e c t r o m a g n e t i c  susp en s io n  s y s te m ,  EMS, uses  
c o i l s  o f  e l e c t r o m a g n e t s  w i t h  n o r m a l l y  c o n d u c t i n g  c u r r e n t  
f l o w i n g  in  them. For  a  g iv e n  s u s p en s io n  f o r c e  r e q u i r e d ,  t h i s  
c u r r e n t  i s  d i r e c t l y  p r o p o r t i o n a l  to  th e  gap w i d t h .  Thus th e  
r e s i s t i v e  power l o s s  in  th e  e l e c t r o m a g n e t s  and t h e  d r i v e  
system i s  d i r e c t l y  p r o p o r t i o n a l  t o  th e  s q u a r e  o f  t h e  gap 
w i d t h .  As a  r e s u l t ,  o p e r a t i n g  gap w i d t h  i s  k e p t  t o  a  minimum 
to  re d u c e  power l o s s .  N o r m a l l y  t h i s  gap i s  s e t  a t  5 to  
20mm. W i t h  a  sm al l  gap w i d t h  o f  t h i s  m a g n i tu d e  t h e  t r a c k s  
have t o  be l a i d  and m a i n t a i n e d  to  a  c l o s e  t o l e r a n c e .  Because  
of  th e  re d u c e d  space  f o r  d i s p l a c e m e n t ,  th e  s u s p e n s io n  system  
has t o  be a s  s t i f f  a s  a c c e p t a b l e  and must be w e l l  damped.  
Owing t o  i n h e r e n t l y  i n s t a b i l i t y  o f  t h e  system a c t i v e  c o n t r o l  
o f  th e  c o i l  c u r r e n t  i s  needed to  m a i n t a i n  t h e  gap w i d t h .  
T h i s  a c t i v e  c o n t r o l  a l l o w s  th e  i n c o r p o r a t i o n  o f  damping and  
g i v e s  much f re edom  in  t h e  c h o ic e  o f  c l o s e d - l o o p  
c h a r a c t e r i s t i c s  in  g e n e r a l .  S in c e  n o r m a l l y  c o n d u c t in g
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e l e c t r o m a g n e t i c s  a r e  u se d ,  t h e  t e c h n o lo g y  employed i s  f a i r l y  
t r a d i t i o n a l .  The lo w e r  f i e l d  s t r e n g t h  has a l s o  made 
m a g n e t ic  s c r e e n i n g  u n n e c e s s a r y .  S i n c e  l i f t  f o r  such system  
i s  a v a i l a b l e  f ro m  s t a n d s t i l l  t o  a  h ig h  o p e r a t i n g  speed th e  
system i s  s u i t a b l e  f o r  bo th  lo w -s p e e d  urban  t r a n s p o r t  and  
h ig h  speed i n t e r c i t y  j o u r n e y s .  However ,  owing to  e d d y -  
c u r r e n t  i n d u c e d ,  d r a g  i n c r e a s e s  and l i f t  d e c r e a s e s  w i t h  
sp e e d .  Thus  l a m i n a t i o n  o f  th e  t r a c k  seems n e c e s s a r y  f o r  
sys tem s o p e r a t i n g  a t  a  h ig h  sp e ed ,  a l t h o u g h  c o a rs e  
l a m i n a t i o n  i s  th o u g h t  t o  be s u f f i c i e n t .  Because t h e  system  
i s  i n h e r e n t l y  u n s t a b l e  and r e q u i r e s  a c t i v e  c o n t r o l ,  th e  
c o n t r o l  sys tem  must be o f  h ig h  r e l i a b i l i t y  and s a f e t y  
m easures  a r e  r e q u i r e d  t o  t a k e  c a r e  o f  t h e  l o s s  o f  l i f t i n g  
power under  a l l  o p e r a t i n g  c o n d i t i o n s .
1 . 4  The p r e s e n t  r e s e a r c h  and p r e v i o u s  work
S i n c e  e l e c t r o m a g n e t i c  susp en s io n  sys tem  r e q u i r e s  
o n l y  c o n v e n t i o n a l  t e c h n o lo g y  and  can be e f f i c i e n t l y  employed  
in  bo th  urban  and i n t e r c i t y  t r a n s p o r t ,  much r e s e a r c h  has  
been c a r r i e d  o u t  in  c o u n t r i e s  l i k e  th e  U n i t e d  Kingdom, th e  
U n i t e d  S t a t e s  o f  A m e r i c a ,  West Germany, Japan and  th e  S o v i e t  
Union in  t h e  p a s t  f i f t e e n  y e a r s .  A t  th e  U n i v e r s i t y  o f  B a th ,  
much r e s e a r c h  e f f o r t  has been pu t  in  th e  d e s i g n i n g  o f  i r o n -  
co re d  l i n e a r  i n d u c t i o n  and l i n e a r  syn chronou s  m o t o r s .  I t  
has been shown C43 t h a t ,  w i t h  l i n e a r  syn chronou s  m o t o r s ,  i t  
i s  p o s s i b l e  t o  d e c o u p le  t h e  su s p en s io n  f o r c e  f ro m  th o s e  o f  
th e  t r a c t i o n  and g u i d a n c e .  T h i s  m otor  d e s ig n  s i m p l i f i e s  th e  
su s p en s io n  c o n t r o l  g r e a t l y .  F u r t h e r m o r e  i t  i s  e n v is a g e d
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t h a t  th e  same s e t  o f  l i n e a r  s yn chronou s  m o to r s  can be used  
in  g e n e r a t i n g  a l l  t h e  s u s p e n s io n ,  g u id a n c e  and  t r a c t i o n  
f o r c e s  needed f o r  th e  v e h i c l e .  Such d e s ig n  f e a t u r e  has t h e  
a d v a n t a g e s  o f  s a v i n g  w e i g h t ,  b u l k  and e n e r g y  c o n s u m p t io n .  
W ith  th e  a im  o f  im p le m e n t in g  a  d e s ig n  w i t h  t h e s e  a d v a n t a g e s  
an e x p e r i m e n t a l  v e h i c l e  i s  b e i n g  d e v e lo p e d .  A l th o u g h  
c o n v e n t i o n a l  t e c h n o lo g y  i s  em p loyed ,  much r e s e a r c h  e f f o r t  i s  
s t i l l  r e q u i r e d  in  d e s i g n i n g  th e  l i n e a r  m otor  and d r i v e s  and  
to  f i n d  a  s u i t a b l e  c o n t r o l  method f o r  t h e  p r o p u l s i o n ,  
g u id a n c e  and su s p e n s io n  c o n t r o l  t o  g i v e  s t a b i l i t y  and  r i d e  
q u a l i t y  t o  t h i s  i n h e r e n t l y  u n s t a b l e  sys te m .  I t  was i n t e n d e d  
t h a t  t h e  r e s e a r c h  l e a d i n g  t o  t h i s  t h e s i s  s h o u ld  c o n c e n t r a t e  
on th e  i m p l e m e n t a t i o n  o f  s u s p e n s io n  c o n t r o l  o f  t h i s  v e h i c l e .  
However ,  i t  was fo u n d  t h a t  r e s u l t s  p u b l i s h e d  by o t h e r  
r e s e a r c h e r s  have not  y e t  r e a c h e d  th e  s t a g e  w h ich  w i l l  e n a b le  
the  d i r e c t  i m p le m e n t a t i o n  o f  a  s a t i s f a c t o r y  su s p e n s io n  
c o n t r o l  s y s te m .  More fu n d a m e n ta l  work has t o  be u n d e r t a k e n .  
The p ro b le m  o f  p r o v i d i n g  t h e  a c t i v e  c o n t r o l  o f  f i v e  d e g re e s  
of  f re edom  o f  m o t io n  in  t h e  s u s p e n s io n  and g u id a n c e  o f  th e  
v e h i c l e  i s  a  complex one .  T h i s  i s  e s p e c i a l l y  so when th e  
v e h i c l e  w h ich  i s  i n h e r e n t l y  u n s t a b l e  and i s  t r a v e l l i n g  a t  
400 -  SOOmph w i t h  a  gap w id t h  o f  n o t  more than  20mm.
F u r t h e r m o r e  th e  t r a c k  w h ic h  t h e  v e h i c l e  f o l l o w s  c o n t a i n s  
g r a d i e n t s ,  t r a n s i t i o n  c u r v e s  between g r a d i e n t s  and t h e  
i r r e g u l a r i t i e s  o f  random and p e r i o d i c  n a t u r e .  The v e h i c l e  
i s  a l s o  s u b j e c t e d  t o  v a r y i n g  l o a d i n g  and d i s t u r b a n c e  f o r c e s .  
One m a jo r  c o m p l i c a t i o n  in  th e  d e s ig n  i s  t h a t  t h e  v e h i c l e  and  
the  t r a c k  can undergo  e l a s t i c  d e f o r m a t i o n .  In  t h e i r  a t t e m p t  
to  s o l v e  t h i s  complex e l e c t r o m a g n e t i c  s u s p e n s io n  c o n t r o l
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prob lem  i t  has been n o te d  t h a t  most r e s e a r c h e r s  have based  
t h e i r  d e s ig n  on m a t h e m a t ic a l  m ode ls  w h ich  a r e  l i n e a r i s e d  
ab o u t  t h e  nominal  gap w i d t h .  W i t h  th e  h i g h l y  n o n l i n e a r  and  
i n h e r e n t l y  u n s t a b l e  system  l i k e  t h e  EMS l i n e a r i s a t i o n  i s  
v a l i d  o n l y  w i t h i n  a  sm al l  r a n g e  o f  d i s p l a c e m e n t  a b o u t  th e  
q u i e s c e n t  gap w i d t h .  I f  t h i s  ass u m p t io n  o f  sm a l l  
d i s p l a c e m e n t  h o ld s  we w o u ld  have d e c re a s e d  th e  gap w i d t h  
f u r t h e r  t o  r e d u c e  e n e rg y  c o n s u m p t io n .  The f a c t  t h a t  a  gap 
of  10 t o  20mm i s  r e q u i r e d  i m p l i e s  t h a t  d i s p l a c e m e n t  i s  not  
smal l  and t h a t  t h e  v a l i d i t y  o f  t h e  l i n e a r i s e d  model i s  
d o u b t f u l .  The  o t h e r  a s p e c t  e x c lu d e d  f rom  c o n s i d e r a t i o n  by 
many r e s e a r c h e r s  i s  t h a t  o f  o p t i m a l i t y  o f  t h e  s u s p e n s io n  
sys te m .  Most r e s e a r c h e r s  have chosen t h e  d e s ig n  p a r a m e t e r s  
f o l l o w i n g  t h e  t r a d i t i o n a l  d e s ig n  method o f  p a s s i v e  
sus pens ion  system  used in  r a i l  or  ro a d  v e h i c l e s .  Some 
though s e e k i n g  o p t i m a l i t y  s t i l l  l i m i t e d  th e m s e lv e s  t o  
p a s s iv e  sys tem s C5D. O th e r s  sought  o p t i m i s a t i o n  o f  e n e rg y  
consum ption  [63  w i t h o u t  a d d r e s s i n g  t o  th e  more fu n d a m e n ta l  
prob lem  o f  m i n i m i s i n g  e x c u r s i o n  th u s  gap w i d t h  w h i l e  
m a x im is in g  r i d e  q u a l i t y  a t  t h e  same t i m e .  I t  a p p e a r s  t h a t  
o n l y  th e  r e s e a r c h e r s  a t  B .R .  E73 has p u b l i s h e d  p a p e r s  w h ich  
a r e  a d d r e s s e d  to  t h e s e  more fu n d a m e n ta l  a s p e c t s .  S t i l l ,  
those  p a p e r s  d i d  no t  employ t h e  f i n d i n g s  f ro m  t h e  more  
r e c e n t  d e v e lo p m e n ts  in  o p t im a l  su s p e n s io n  t h e o r y .  The  
p r o j e c t  o f  t h i s  t h e s i s  see k s  to  d e v e lo p  a  c o n t r o l  method to  
g i v e  a  c l o s e d - l o o p  e l e c t r o m a g n e t i c  su s p e n s io n  system w hich  
i s  bo th  s t a b l e  and o p t im a l  a c c o r d i n g  to  t h e  r e c e n t  
t h e o r e t i c a l  d e v e lo p m e n ts .
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1 . 5  The s c o p e ,  ap p ro ach  and method
S i n c e  th e  r e s e a r c h  i s  co n c e rn e d  p r i m a r i l y  w i t h  th e  
f u n d a m e n ta l  a s p e c t s  o p t im a l  e l e c t r o m a g n e t i c  su s p en s io n  
s y s te m s ,  o t h e r  s e c o n d a r y  i s s u e s ,  though i m p o r t a n t ,  a r e  
e x c l u d e d .  F i r s t l y  a  s i n g l e  e l e c t r o m a g n e t  moving o n l y  in  th e  
v e r t i c a l  d i r e c t i o n  i s  c o n s i d e r e d .  L a t e r a l  d i s p l a c e m e n t ,  
w hich  i s  i n h e r e n t l y  s t a b l e ,  i s  assumed t o  be sm al l  and  does  
n o t  a f f e c t  t h e  s u s p en s io n  f o r c e .  Research  f i n d i n g s  in  th e  
c o n t r o l  o f  l a t e r a l  movement can be fo u n d  in  some p u b l i s h e d  
l i t e r a t u r e  C83. S e c o n d ly  i t  i s  known t h a t  t i l t i n g ,  which  
cau ses  unequal  gap w i d t h  a t  t h e  two p o l e  f a c e s  o f  t h e  
m a g n e t ,  p ro d u c e s  i n s t a b i l i t y  a l o n g  th e  r o l l - a x i s .  H o w ev er , 
t h e  a n g u l a r  d is p l a c e m e n t  o f  i n d i v i d u a l  m agnets  i s  r e s t r i c t e d  
to  a  sm a l l  v a l u e  because  t h e  magnet i s  e i t h e r  mounted on th e  
v e h i c l e  or  r e s t r i c t e d  in  movement by l i n k a g e s .  Thus th e  
e f f e c t  o f  t i l t i n g  i g e x c lu d e d  f ro m  th e  s t u d y .  T h i r d l y ,  o n l y  
s u s p e n s io n  system  w i t h  one d e g re e  o f  f re ed o m  a r e  c o n s i d e r e d .  
By d o in g  so we a r e  i n v e s t i g a t i n g  t h e  l i m i t i n g  p e r f o r m a n c e  o f  
t h e  sys tem  b e f o r e  s e c o n d a r y  s u s p e n s io n  i s  a d d e d .
T h e n ,  l i n e a r  q u a d r a t i c  Gauss ian  c r i t e r i o n  o f  
o p t i m a l i t y  i s  a d o p t e d .  T h i s  i s  th e  e s t a b l i s h e d  c r i t e r i o n  
used in  t h e  t h e o r y  o f  o p t im a l  s u s p en s io n  s y s te m .  N o n l i n e a r  
o p t im a l  s u s p e n s i o n ,  though t r i e d  o u t  e m p i r i c a l l y ,  i s  s t i l l  
an u n e x p l o r e d  f i e l d .  F i n a l l y  th e  s t u d y  i s  l i m i t e d  t o  th e  
c o n s i d e r a t i o n  o f  v e h i c l e s  and t r a c k s  which  a r e  i n e l a s t i c .  
O n ly  t r a c k  and f o r c e  d i s t u r b a n c e  i n p u t  o f  s t o c h a s t i c  n a t u r e  
i n  a d d i t i o n  to  a b r u p t  s t e p  ch a n g es ,  g r a d i e n t s  and t r a n s i t i o n  
c u r v e s  a r e  c o n s i d e r e d .
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The r e s e a r c h  p ro c e e d s  by means o f  a l g e b r a i c  
a n a l y s i s ,  f r e q u e n c y - d o m a in  a n a l y s i s  and t im e - d o m a in  
s i m u l a t i o n  on a  d i g i t a l  c o m p u te r .  R e c a l l i n g  t h a t  our
o b j e c t i v e  i s  t o  s y n t h e s i z e  an e l e c t r o m a g n e t i c  s u s p e n s io n  
sys tem  w hich  m a i n t a i n s  o p t i m a l i t y  in  th e  p r e s e n c e  o f  l a r g e
e x c u r s i o n  we f i r s t  s p e c i f y  t h e  d e s i r a b l e  f e a t u r e s  o f  and th e
d e s ig n  method f o r  an o p t im a l  s u s p e n s io n  sys tem  in  g e n e r a l .  
T h i s  s t u d y  i n c l u d e s  th e  o p t i m i s a t i o n  o f  t r a d e - o f f  between  
r i d e  q u a l i t y  and gu idew ay  f o l l o w i n g  c a p a b i l i t y  and th e
r e s o l u t i o n  o f  th e  c o n f l i c t i n g  r e q u i r e m e n t s  o f  h ig h  s t i f f n e s s  
to  d i s t u r b a n c e  f o r c e s  and low s t i f f n e s s  t o  gu idew ay  
d i s p l a c e m e n t  f o r  th e  r i d e  c o m f o r t .  S i n c e  t h e  d e s i r e d  
c l o s e d - l o o p  r e s p o n s e  i s  l i n e a r ,  f r e q u e n c y  domain a n a l y s i s  
t e c h n i q u e  can be used in  t h e  s t u d y  o f  o p t im a l  s u s p e n s i o n .  To  
d e s ig n  an e l e c t r o m a g n e t i c  s u s p e n s io n  system  w i t h  th e  
r e q u i r e d  o p t im a l  c l o s e d - l o o p  r e s p o n s e  we must f i n d  ou t  i t s  
o p e n - l o o p  c h a r a c t e r i s t i c s .  T h i s  i s  a c h i e v e d  by f i r s t l y  
d e r i v i n g  t h e  m a t h e m a t ic a l  e q u a t i o n s  w h ich  r e p r e s e n t ,  or  
m o d e l ,  t h e  s y s te m .  We then a p p l y  c o n t r o l  e n g i n e e r i n g  
t e c h n i q u e s  l i k e  a l g e b r a i c  and f r e q u e n c y  domain a n a l y s e s  to  
s t u d y  t h e  b e h a v i o u r  o f  t h e  m o d e l .  S in c e  e l e c t r i c  c u r r e n t  
and much o f  th e  m a g n e t ic  f l u x  f l o w  in  w e l l - d e f i n e d  p a t h s  and  
in  a  p r e d i c t a b l e  m anne r ,  1u m p ed -p a ra m e te r  r e p r e s e n t a t i o n  i s  
a d e q u a t e .  Based on laws o f  p h y s ic s  and w i t h  th e  a i d  o f  bond 
g ra p h s  C93 a  s e t  o f  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s  r e p r e s e n t i n g  th e  system can be d e r i v e d .  A second  
s e t  o f  e q u a t i o n s  which  i n c l u d e d  th e  e f f e c t s  o f  f l u x  l e a k a g e  
and e d d y -  c u r r e n t  l o s s  was a l s o  d e v e lo p e d  so t h a t  t h e i r  
s i g n i f i c a n c e  can be a s s e s s e d .  The e f f e c t s  o f  o t h e r  s a l i e n t
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d e s ig n  f e a t u r e s ,  l i k e  mass and c o i l  i n d u c t a n c e ,  a r e  a l s o  
s t u d i e d  t o  e n a b l e  th e  a d j u s t m e n t  o f  t h e i r  v a l u e s  to  g i v e  a  
d e s i r a b l e  c l o s e d - l o o p  c o n t r o l  sys te m .
W i t h  t h e  s e t  o f  e q u a t i o n s  and knowledge  o f  o p e n - lo o p  
c h a r a c t e r i s t i c s ,  f i x e d - g a i n  fe e d b a c k  c o n t r o l  sys tem  u s in g  
p a r a m e t e r s  l i n e a r i s e d  a b o u t  th e  nominal  gap was d e s ig n e d .  
The a im  was t o  use c o n v e n t i o n a l  d e s ig n  t o  c r e a t e  a  system  
w i t h  c l o s e d - l o o p  re s p o n s e  a p p r o a c h i n g  th e  o p t im a l  c r i t e r i o n  
f o u n d .  In  t h i s  way we can d e v e lo p  a  b a s i s  o f  com par ison  f o r  
t h e  o t h e r  d e s i g n .  The c l o s e d - l o o p  c h a r a c t e r i s t i c s  o f  th e  
system  a r e  fo u n d  u s i n g  t im e -d o m a in  s i m u l a t i o n .  T h i s  
t e c h n i q u e  has  t o  be used because  t h e  s y s te m ,  w h ich  i s  
r e p r e s e n t e d  by n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,  does not  
have a n a l y t i c a l  s o l u t i o n  nor  does i t  y i e l d  t o  f r e q u e n c y -  
domain a n a l y s i s  w h ich  a p p l i e s  o n l y  to  l i n e a r  s y s te m s .
Because o f  t h e  i n h e r e n t  n o n - l i n e a r i t y ,  o p t i m a l i t y  o f  
th e  c l o s e d - l o o p  c h a r a c t e r i s t i c s  can not  be m a i n t a i n e d  u s i n g  
f i x e d - g a i n  l i n e a r  f e e d b a c k .  For  t h i s  reas on  we r e s o r t  to  
th e  use o f  s l i d i n g - m o d e  swi t c h e d - g a i n  f e e d b a c k  m ethod .  T h i s  
method i s  w e l l  known f o r  i t s  a b i l i t y  t o  m a i n t a i n  a  chosen  
c l o s e d - l o o p  r e s p o n s e  in  p r e s e n c e  o f  l a r g e  d i s t u r b a n c e s  and  
p a r a m e te r  v a r i a t i o n s  o f  t h e  s y s te m .  In  our  cas e  we a r e  
t r e a t i n g  n o n - l i n e a r i t y  a s  a  fo rm  o f  p a r a m e te r  v a r i a t i o n  
a b o u t  t h e  l i n e a r i s e d  c h a r a c t e r i s t i c s  o f  t h e  s y s te m .  S i n c e  
th e  method i s  r e l a t i v e l y  new, f u r t h e r  d ev e lo p m en t  i s  
r e q u i r e d  t o  b r i n g  t h e  t h e o r y  to  a  l e v e l  when i t  can be 
a p p l i e d  t o  t h i s  sys te m .  U s in g  t h i s  method a  c l o s e d - l o o p  
c o n t r o l  system  w i l l  then be d e s ig n e d .  The c h a r a c t e r i s t i c s
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o f  th e  r e s u l t a n t  system  i s  fo u n d  u s i n g  s i m u l a t i o n .  S in c e  
some o f  t h e  t e c h n i q u e s  used in  t h e  d e s ig n  o f  f i x e d - g a i n  
f e e d b a c k  c o n t r o l  can not  be a p p l i e d  in  t h i s  method t o  g i v e  
th e  d e s i r e d  r e s p o n s e ,  new t e c h n i q u e s  have t o  be fo u n d .  
T hese  new t e c h n i q u e s  w e re  then a p p l i e d  to  a  f i x e d - g a i n  
f e e d b a c k  sys tem  so t h a t  a  common b a s i s  o f  com par ison  between  
t h e  two methods can be e s t a b l i s h e d .
1 . 6  L ay o u t  o f  t h e  t h e s i s
S i n c e  th e  r e s e a r c h  draws upon t h r e e  d i f f e r e n t  a r e a s  
o f  e n g i n e e r i n g  s c i e n c e ,  t h i s  t h e s i s  i s  a l s o  d i v i d e d  i n t o  
p a r t s  a l o n g  s i m i l a r  l i n e s .  The i n t r o d u c t i o n  g i v e n  in  t h i s  
c h a p t e r ,  t h a t  i s  C h a p te r  1 ,  g i v e s  t h e  scope and th e  methods  
used in  t h e  r e s e a r c h .  C h a p te r  2 i s  d e v o te d  e n t i r e l y  t o  th e  
t h e o r i e s  o f  p a s s i v e  and a c t i v e  l i n e a r  o p t im a l  s u s p e n s io n  and  
c om p le m e n ta ry  f i l t e r i n g .  I t  can be read'  i n d e p e n d e n t l y .  The  
c r i t e r i a  and  method d e v e lo p e d  in  t h i s  c h a p t e r  a p p l i e s  to  a l l  
a c t i v e  su s p e n s io n  s y s te m s .  They  w i l l  fo rm  t h e  b a s i s  on 
which d e s ig n s  and a s s e s s m e n ts  o f  s ub seque nt  work a r e  b u i l t .  
C h a p te r  3 i s  on th e  o p e n - lo o p  c h a r a c t e r i s t i c s  o f  
e l e c t r o m a g n e t i c  su s p e n s io n  system and t h e  i n f l u e n c e  o f  
v a r i o u s  sys tem  and d e s ig n  p a r a m e t e r s  on i t .  C h a p te r  4 i s  on 
th e  d e s ig n  and r e s u l t a n t  p e r f o r m a n c e  o f  an e l e c t r o m a g n e t i c  
s u s p en s io n  sys tem  u s i n g  f i x e d - g a i n  l i n e a r  f e e d b a c k .  C h a p te r  
5 i s  on t h e  b a s ic  t h e o r y  o f  s l i d i n g - m o d e  v a r i a b l e  s t r u c t u r e  
c o n t r o l  sys tem  (V S C S ) .  C h a p te r  6 i s  on th e  f u r t h e r  
dev e lo pm ent  o f  f o r c e d  m o t io n  VSCS. T h e se  two c h a p t e r s  w i l l  
be o f  i n t e r e s t  to  th o s e  whose main con cern  i s  in  t h e  t h e o r y
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o f  v a r i a b l e  s t r u c t u r e  c o n t r o l . C h a p te r  7 r e c o r d s  th e  
d ev e lo p m en t  o f  th e  d e s ig n  o f  a  l i n e a r  o p t im a l  system  u s i n g  
VSC m ethod .  The p e r f o r m a n c e  o f  th e  r e s u l t a n t  sys tem  i s  a l s o  
r e c o r d e d .  In  C h a p te r  8 th e  method o f  e l i m i n a t i n g  s t e a d y -  
s t a t e  gap e r r o r ,  w h ich  was d e v e lo p e d  in  th e  p r e v i o u s  
c h a p t e r ,  was a p p l i e d  t o  th e  d e s ig n  o f  a  f i x e d - g a i n  f e e d b a c k  
c o n t r o l  s y s te m .  The r e s p o n s e  o f  t h e  c l o s e d - l o o p  system  
u s in g  t h i s  c o n t r o l  method and th o s e  d e s c r i b e d  in  c h a p t e r s  4 
and 7 was compared and a n a l y s e d .  In  c h a p t e r  9 ,  t h e  t h e s i s  
i s  c o n c lu d e d  w i t h  a  r e v i e w  o f  t h i s  r e s e a r c h .  A n o t e  on 
f u r t h e r  work needed f o r  e x t e n d i n g  t h e  know ledge  in  th e  
t h e o r i e s  i n v o l v e d  and f o r  t h e  p r a c t i c a l  i m p l e m e n t a t i o n  o f  an 
o p t im a l  e l e c t r o m a g n e t i c  s u s p e n s io n  system  i s  a l s o  g i v e n .  The  
t h e s i s  i s  then  f o l l o w e d  by a p p e n d i c e s  w h ich  a r e  g i v e n  
numbers a c c o r d i n g  to  t h e  c h a p t e r s  f ro m  w hich  r e f e r n c e s  a r e  
made. F i n a l l y  a  l i s t  o f  r e f e r e n c e s  a r e  i n c l u d e d  to  
i n d i c a t e d  t h e  s o u rc e s  f rom  w hich  r e s e a r c h  f i n d i n g s  a r e  
q uo ted  or  r e f e r e n c e d .
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CHAPTER 2
OPTIMAL LINEAR SUSPENSION IN  GUIDED LAND TRANSPORT VEHICLES
In  t h i s  c h a p t e r  we s h a l l  d e f i n e  t h e  i n p u t  and  o u t p u t  
r e q u i r e m e n t s  o f  t h e  su s p e n s io n  sys tem  used in  a  g u id e d  l a n d  
t r a n s p o r t  v e h i c l e .  Then we s h a l l  d e v e lo p  a  l i n e a r  o p t i m a l  
s u s p en s io n  sys tem  w hich  w i l l  meet t h e s e  r e q u i r e m e n t s .
The p r im e  o b j e c t i v e  o f  t h e  s u s p e n s io n  sys tem  i s  t o  
m in im i s e  d i s t u r b a n c e  t o  t h e  p a y l o a d  caused by t h e  f o r w a r d  
m ot ion  o f  t h e  v e h i c l e  o v e r  gu id e w a y s  w i t h  u n d u l a t i o n s  or  
i r r e g u l a r i t i e s  and by f o r c e s  e x e r t e d  on t h e  v e h i c l e .  By 
d i s t i n g u i s h i n g  t h e  v e h i c l e  d i s p l a c e m e n t  due t o  f o r c e  and  
t h a t  due t o  t h e  u n d u l a t i o n ,  t h e  c o n f l i c t i n g  r e q u i r e m e n t s  o f  
h igh  s t i f f n e s s  t o  f o r c e  and  low s t i f f n e s s  t o  g u id e w a y  
d i s p l a c e m e n t  can be r e s o l v e d  th ro u g h  t h e  use o f  
com plem entary  f i l t e r i n g  t e c h n i q u e .  By t a k i n g  n o t e  o f  t h e  
s p e c t r a l  c h a r a c t e r i s t i c s  o f  th e  g u idew ay  and  c h o o s in g  t h e  
ty p e  o f  r e s p o n s e ,  a  su s p e n s io n  sys tem  w i t h  good g u i d e w a y -  
f o l l o w i n g  c h a r a c t e r i s t i c ,  sm a l l  p e a k - t o - p e a k  d is p l a c e m e n t  o f  
th e  v e h i c l e  r e l a t i v e  t o  t h e  s u r f a c e  o f  t h e  g u id e w a y ,  an d  
good v i b r a t i o n  i s o l a t i o n  can be a c h i e v e d .  The d e t a i l s  o f  how 
th e s e  a r e  a c h i e v e d  a r e  s p e l t  ou t  in  t h i s  c h a p t e r .
2 .1  I n t r o d u c t i o n - T h e  b a s ic  r e q u i r e m e n t s  o f  t h e  sys tem
A t r a n s p o r t  v e h i c l e  i s  b a s i c a l l y  a  c o n veyo r  o f  
p a y lo a d  f ro m  one p l a c e  t o  a n o t h e r .  I t s  p r i m a r y  f u n c t i o n  i s
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t o  be a  t r a v e l l i n g  d i s t u r b a n c e  i s o l a t o r  or  f i l t e r  C103 to  
p r o t e c t  t h e  p a y lo a d  f ro m  e x p o s u r e  t o  e x c e s s i v e  d i s t u r b a n c e  
so t h a t  t h e  l o a d  w o u ld  a r r i v e  a t  i t s  d e s t i n a t i o n  i n  an 
a c c e p t a b l e  c o n d i t i o n .  For  goods v e h i c l e s  t h e  r e q u i r e m e n t  i s  
t h a t  th e  goods c a r r i e d  s h o u ld  a r r i v e  in  a  c o n d i t i o n  l i t t l e  
a f f e c t e d  by t h e  d i s t u r b a n c e  on t h e  j o u r n e y  w i t h o u t  t h e  need  
o f  s p e c i a l  p a c k i n g .  I f  th e  v e h i c l e  i s  c a r r y i n g  human d r i v e r s  
or  p a s s e n g e r s  th e  r e q u i r e m e n t  i s  more s t r i n g e n t .  T h i s  
r e q u i r e m e n t  i s  n o r m a l l y  e x p r e s s e d  a s  t h e  r i d e  q u a l i t y  or  
c o m f o r t  o f  t h e  v e h i c l e  e x p e r i e n c e d  by t h e  d r i v e r s  o r  th e  
p a s s e n g e r s .  C o n v e r s e ly  i f  th e  v e h i c l e  i s  s u b j e c t e d  t o  
e x c e s s i v e  d i s t u r b a n c e ,  n o t  o n l y  w i l l  t h e  l o a d  be damaged or  
harmed b u t  in  e x t r e m e  c a s e s  t h e  v e h i c l e  can a l s o  be damaged 
or  caused t o  f a i l  p r e m a t u r e l y .
The d i s t u r b a n c e  a r e  in  t h e  fo rm  o f  t r a n s l a t i o n a l  and  
r o t a t i o n a l  a c c e l e r a t i o n  and  j e r k  in  o r  a l o n g  th e  
l o n g i t u d i n a l ,  l a t e r a l ,  and  v e r t i c a l  d i r e c t i o n s .  For  g u id e d  
l a n d  t r a n s p o r t  v e h i c l e s  t h e  s o u r c e s  o f  d i s t u r b a n c e  i n c l u d e  
th e  d i s p l a c e m e n t s  in d u c e d  a s  a  r e s u l t  o f  i t s  m o t io n  o v e r  th e  
g u i d i n g  s u r f a c e s  w i t h  i r r e g u l a r i t i e s .  C u rv e s ,  g r a d i e n t s  and  
s u r f a c e  ro u g h n e s s  a r e  th e  m a jo r  s o u r c e s  o f  th e s e  
i r r e g u l a r i t i e s .  F o r c e s  i s  a n o t h e r  m a jo r  s o u rc e  o f  
d i s t u r b a n c e .  Th e y  i n c l u d e  t h e  a e r o d y n a m ic  f o r c e  a c t i n g  on 
th e  o u t e r  s u r f a c e s  and t h e  s t a t i c  and dynamic l o a d s  a p p l i e d  
t o  th e  s t r u c t u r e .  The e f f e c t  o f  th e s e  f o r c e s  on t h e  v e h i c l e  
can be e a s i l y  u n d e r s t o o d .  The m o t io n a l  1 y in d u ce d  
d i s t u r b a n c e  i s  caused by th e  d i s p l a c e m e n t ,  w i t h  r e f e r e n c e  to  
t h e  i n e r t i a l  f r a m e ,  o f  t h e  v e h i c l e  a s  i t  t r i e s  t o  f o l l o w  th e
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s p a t i a l  d i s p l a c e m e n t  o f  t h e  g u i d i n g  s u r f a c e .  The  f o r w a r d ,  
or  l a t e r a l  m o t io n  o f  v e h i c l e  t r a n s l a t e s  t h i s  s p a t i a l  
d i s p l a c e m e n t  in  t h e s e  d i r e c t i o n s  i n t o  t im e -d o m a in  v a r i a t i o n  
o f  h e i g h t .  A c c e l e r a t i o n  and  j e r k  a r e  th e  second and t h i r d  
t i m e —d e r i v a t i v e s  o f  t h i s  d i s p l a c e m e n t .  To m in i m i s e  t h i s  
d i s t u r b a n c e  t h e  s u s p e n s io n  has t o  t r y  t o  keep t h e  v e h i c l e  
s t a t i o n a r y  , w i t h  r e f e r e n c e  t o  t h e  i n e r t i a l  f r a m e ,  in  a l l  
d i r e c t i o n s  e x c e p t  t h e  one in  w h ich  t h e  v e h i c l e  i s  
t r a v e l l i n g .  H o w e v e r , a l l  g u id e d  t r a n s p o r t  v e h i c l e s  a r e  
r e q u i r e d  t o  f o l l o w  th e  p r o f i l e  o f  th e  g u i d i n g  s u r f a c e  so 
t h a t  t h e  s e p a r a t i o n  between t h e  v e h i c l e  and  t h e  s u r f a c e  
s t a y s  a p p r o x i m a t e l y  c o n s t a n t .  T h i s  second r e q u i r e m e n t  i s  in  
c o n f l i c t  w i t h  t h a t  o f  d i s t u r b a n c e  m i n i m i s a t i o n .
Thus  t h e  p ro b lem  in  t h e  d e s ig n  o f  a l l  g u i d e d -  
s u s p e n s io n  sys tem  i s  th e  s i m u l t a n e o u s  f u l f i l l m e n t  o f  th e s e  
two c o n f l i c t i n g  r e q u i r e m e n t s  o f  p r o f i l e -  f o l l o w i n g  and  
a c c e l e r a t i o n  and  j e r k  m i n i m i z a t i o n .  The p ro b le m  i s  f u r t h e r  
c o m p l i c a t e d  in  t h a t  t h e  two r e q u i r e m e n t s ,  though  
i n t e r r e l a t e d ,  a r e  in  two d i f f e r e n t  d om a ins .  P r o f i l e -  
f o l l o w i n g  i s  b a s i c a l l y  a  s p a t i a l  domain r e q u i r e m e n t  w h i l e  
a c c e l e r a t i o n  and  j e r k  a r e  q u a n t i t i e s  in  t h e  t im e  dom ain .  
F r e q u e n c i e s  in  th e s e  two domains a r e  r e l a t e d  by t h e  speed o f  
th e  v e h i c l e .  I f  th e  s p a t i a l  f r e q u e n c y  o f  t h e  s u r f a c e  
d is p l a c e m e n t  i s  F c y c l e / m  and t h e  speed o f  t h e  v e h i c l e  i s  V 
m /s ,  t h e  d i s p l a c e m e n t  seen by th e  v e h i c l e  w i l l  be in  th e  
t im e  domain h a v in g  tem pora l  f r e q u e n c y  o f  f  c y c l e / s  or  Hz.  
The two f r e q u e n c i e s  a r e  r e l a t e d  by
f  =  VF ( 2 . 1 )
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U s u a l l y  t h e  s p a t i a l  v a r i a t i o n  o f  t h e  s u r f a c e  i s  
e x p r e s s e d  a s  a  s p e c tru m  c o n s i s t i n g  o f  components o f  
s i n u s o i d a l  d i s p l a c e m e n t  . T h i s  s p e c t r a l  p r o p e r t y  i s  
t r a n s f o r m e d  t o  i t s  e q u i v a l e n t  in  t h e  tem pora l  f r e q u e n c y  
domain u s i n g  e q u a t i o n  ( 2 . 1 ) .  I t  i s  w o r th  n o t i n g  t h a t  t h i s  
t r a n s f o r m a t i o n  i s  n o t  a  f i x e d  one b u t  has t h e  speed o f  
v e h i c l e  a s  t h e  v a r i a b l e  m u l t i p l i c a t i o n  f a c t o r .  S i n c e  
a c c e l e r a t i o n  and  j e r k  a r e  t h e  t i m e —d e r i v a t i v e s  o f  t h i s  
s p e c t r u m  o f  s i n u s o i d a l  v a r i a t i o n  o f  d i s p l a c e m e n t ,  then  f o r  
s i n u s o i d a l  v a r i a t i o n  o f  d i s p l a c e m e n t  w i t h  t h e  same a m p l i t u d e  
o v e r  t h e  e n t i r e  s p e c t r u m ,  t h e  a c c e l e r a t i o n  i n c r e a s e s  a s  t h e  
s q u a r e  and  t h e  j e r k  i n c r e a s e s  a s  th e  cube o f  t h e  a n g u l a r  
f r e q u e n c y  o f  t h i s  component in  th e  s p e c t r u m .  In  o r d e r  t o  
m i n i m i s e  t h e  a c c e l e r a t i o n  and j e r k ,  i t  i s  i m p o r t a n t  t o  
m i n i m i s e  or  to  a t t e n u a t e  t h e  h ig h  f r e q u e n c y  components o f  
th e  d i s p l a c e m e n t .  T h i s  s u g g e s t s  t h a t  t h é  s u s p e n s io n  sys tem  
s h o u ld  beh ave  l i k e  a  1o w - p a s s - f i 1 t e r  o f  d i s p l a c e m e n t .  T h i s  
f i l t e r  s h o u ld  have a  low c u t - o f f  f r e q u e n c y  and a  h ig h  r o l l ­
o f f  r a t e  f o r  good v i b r a t i o n  i s o l a t i o n  a t  h ig h  f r e q u e n c y .  
S i n c e  t h e  d i s p l a c e m e n t  in  t h e  tem pora l  f r e q u e n c y  domain i s  
d i r e c t l y  p r o p o r t i o n a l  t o  t h a t  in  th e  s p a t i a l  dom ain ,  i t  i s  
a l s o  i m p o r t a n t  t h a t ,  d u r i n g  t h e  c o n s t r u c t i o n  and m a in t e n a n c e  
o f  t h e  g u id e w a y ,  t h e  a m p l i t u d e  o f  th e  h ig h  s p a t i a l  f r e q u e n c y  
component o f  s u r f a c e  i r r e g u l a r i t i e s  s h o u ld  be k e p t  t o  a  
minimum. S i n c e  t h e  m u l t i p l i c a t i o n  f a c t o r  o f  t h e  f r e q u e n c y  
t r a n s f o r m a t i o n  i s  t h e  speed o f  th e  v e h i c l e  t h e  maximum speed  
i s  a l s o  a  m a j o r  f a c t o r  t o  be c o n s i d e r e d  d u r i n g  t h e  d e s ig n  o f  
t h e  s u s p e n s io n  s y s te m .
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The - f i l t e r i n g  o f  s p a t i a l  i r r e g u l a r i t i e s  o f  t h e  
g u id ew ay  by t h e  s u s p e n s io n  sys tem  i s  a c h i e v e d  by v a r y i n g  t h e  
d i s t a n c e  between t h e  v e h i c l e  and  t h e  s u r f a c e  in  a  c o n t r o l l e d  
m a n n e r .  T h i s  d i s t a n c e  i s  o f t e n  c a l l e d  t h e  gap or  t h e  
r e l a t i v e  p o s i t i o n  in  a  s u s p e n s io n  s y s te m .  Th e  d i s t a n c e  
chosen t o  acconvnodat ion t h e  p e a k - t o - p e a k  v a r i a t i o n  o f  gap i s  
c a l l e d  t h e  r a t t l e s p a c e .  I t  i s  n o t  d i f f i c u l t  t o  s ee  t h a t  t h e  
b i g g e r  t h e  r a t t l esp ace  i s  a l l o w e d  t h e  b e t t e r  i s  t h e  
a c h i e v a b l e  i s o l a t i o n  o f  s u r f a c e  i r r e g u l a r i t i e s .  H o w e v e r , 
t h e r e  a r e  v a r i o u s  d e s ig n  c r i t e r i a  w h ich  l i m i t  t h e  i n c r e a s e
o f  th e  r a t t l e s p a c e .  F i r s t l y  t h e  r a t t l e s p ace  has t o  be k e p t
sm a l l  so t h a t  t h e  c e n t r e  o f  g r a v i t y  o f  t h e  v e h i c l e  i s  n o t  so  
h ig h  abo ve  t h e  g u i d i n g  s u r f a c e  a s  t o  u p s e t  i t s  p h y s i c a l  
s t a b i l i t y .  I t s  v a l u e  i s  a l s o  l i m i t e d  by t h e  headroom o f  t h e  
passage  th ro u g h  w h ich  t h e  v e h i c l e  t r a v e l s .  More i m p o r t a n t  
th o u g h ,  f o r  c o n t a c t i n g  su s p e n s io n  sys te m s  an i n c r e a s e  in  
r a t t l esp ace  w o u ld  need an i n c r e a s e  in  t h e  b u l k  and  s t r e n g t h  
o f  th e  s u s p e n s io n  system  th u s  a d d in g  c o s t ,  w e i g h t  and d r a g
to  th e  v e h i c l e .  For  n o n - c o n t a c t i n g  s u s p e n s io n  s y s te m s ,  an
i n c r e a s e  in  r a t t l esp ace  w o u ld  r e q u i r e  an i n c r e a s e  in  t h e  
e n e rg y  s t o r e d  o r  consumed in  m a i n t a i n i n g  t h e  s u s p e n s io n  
f o r c e .  In  e i t h e r  c as e  t h i s  w o u ld  i n c r e a s e  t h e  w e i g h t  o f  t h e  
suspended v e h i c l e .  Thus t h e r e  i s  a  d e s ig n  t r a d e - o f f  between  
th e  r e q u i r e m e n t s  o f  a  sm a l l  r a t t l esp ace  f o r  a  s t a b l e  and  
c o s t  e f f e c t i v e  system  and a  l a r g e  r a t t l esp a c e  f o r  a  smooth 
r i d e .
S i n c e  t h e  m a g n i tu d e  o f  t h e  r a t t l e s p ace  i s  l i m i t e d ,  
th e  s u s p e n s io n  system  a l s o  has t o  o f f e r  a d e q u a t e  s t a t i c  and
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dynamic r e s t o r i n g  - force to  c o u n t e r a c t  th e  e f f e c t  o f  th e  
d i s t u r b a n c e s  and v e h i c l e  l o a d i n g  and keep t h e  v e h i c l e  
o p e r a t i n g  w i t h i n  t h e  r e q u i r e d  r a t t l e s p a c e .  T hese  p r o p e r t i e s  
a r e  c a l l e d  t h e  s t a t i c  and dynamic s t i f f n e s s  o f  th e  
s u s p e n s io n  s y s te m .  Thus th e  main t a s k  o f  o p t im a l  su s p en s io n  
d e s ig n  i s  to  f i n d  a  s o l u t i o n  w h ich  g i v e s  th e  sys tem  a  good 
v i b r a t i o n  or  roug h n ess  i s o l a t i o n  c h a r a c t e r i s t i c s  t o g e t h e r  
w i t h  a  r e a s o n a b l y  sm al l  r a t t l esp ace  and an a d e q u a t e  
s t i f f n e s s .
However t h e  p ro b lem  o f  s y s t e m a t i c  s y n t h e s i s  o f
s u s p e n s io n  sys tem s f o r  g u id e d  l a n d  t r a n s p o r t  v e h i c l e s  in  
t h e i r  w o r k i n g  e n v i r o n m e n t  i s  much more complex than  th e  one 
d e s c r i b e d .  I f  th e  s e c o n d a r y  s u s p e n s i o n ,  t r a c k ,  b o g ie  or  
c a b in  dyn am ics  and e l a s t i c  d e f o r m a t i o n  o f  th e  v e h i c l e  and  
t h e  gu id e w a y  a r e  i n c l u d e d ,  th e  p ro b le m  w i l l  be e x c e e d i n g l y  
c o m p l i c a t e d .  I n t e r e s t e d  r e a d e r s  a r e  as k e d  to  r e f e r  to  
l i t e r a t u r e  in  th e s e  a r e a s  f o r  f u r t h e r  i n f o r m a t i o n  [ 1 0 , 1 7 3 .
The work c o v e r e d  in  t h i s  t h e s i s  i s  l i m i t e d  t o  l i n e a r  
s u s p e n s io n  o f  one d e g re e  o f  f re e d o m  in  t h e  v e r t i c a l
d i r e c t i o n ,  in  a  l e v i t a t e d  v e h i c l e  moving  a t  a  c o n s t a n t  speed  
o v e r  a  c o n t i n u o u s l y  s u p p o r te d  r i g i d  g u id e w a y .  F u r t h e r m o r e ,  
t h e  ro u g h n e s s  o f  th e  gu idew ay  i s  assumed t o  be a  s p a t i a l l y
s t a t i o n a r y  G auss ian  random v a r i a t i o n  w i t h  a  s p e c i f i c  power
s p e c t r a l  d e n s i t y ,  w h ich  w i l l  be p r e s e n t e d  l a t e r  in  the  
t h e s i s .  T h e  gu idew ay  i s  assumed to  be r i g i d  and c o n t i n u o u s l y  
s u p p o r t e d  so t h a t  t h e r e  i s  no e l a s t i c  i n t e r a c t i o n  between  
th e  v e h i c l e  and th e  t r a c k .  The s t u d y  o f  system  w i t h  
f l e x i b l e ,  and p e r i o d i c a l l y  s u p p o r t e d  g u idew ay  i s
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s u f f i c i e n t l y  c o v e r e d  by o t h e r  l i t e r a t u r e  and so has  been  
e x c lu d e d  in  t h i s  s t u d y .  The  n a r r o w in g  down o f  t h e  scope o f  
s t u d y  i s  n e c e s s a r y  n o t  o n l y  t o  make i t  m anag eab le  b u t  i t  i s  
f e l t  t h a t  t h e  chosen a r e a  i s  o f  fu n d a m e n ta l  im p o r t a n c e  and  
y e t  has n o t  been s y s t e m a t i c a l l y  s t u d i e d .
The a s s u m p t io n  t h a t  t h e  v a r i a t i o n  o f  t h e  gu id ew ay  i s  
s p a t i a l l y  s t a t i o n a r y  may n o t  be s t r i c t l y  a c c u r a t e  [113  y e t  
i t  i s  s u f f i c i e n t  f o r  t h e  p u rp o s e  o f  t h i s  fu n d a m e n ta l  s t u d y .  
A l s o  i t  i s  n o t  s t r i c t l y  a c c u r a t e  t o  assume t h a t  t h e  speed o f  
t h e  v e h i c l e  i s  c o n s t a n t ,  b u t  i t  can be assumed t o  be a l m o s t  
c o n s t a n t  d u r i n g  t h e  s t a g e  o f  c r u i s i n g ,  w h ich  i s  t h e  
c o n d i t i o n  when o p t i m i s a t i o n  i s  most nee d ed .  The use  o f  t r a c k  
i n f o r m a t i o n  ta k e n  f ro m  in  f r o n t  o f  th e  moving  v e h i c l e ,  o r  
p r e v i e w  c o n t r o l ,  w i l l  n o t  be c o n s id e r e d  in  t h i s  t h e s i s .  
F i r s t l y  b ecause  a  p r e v i e w  d u r a t i o n  lo n g  enough t o  g i v e  
s i g n i f i c a n t  improvement  f o r  th e  f r o n t  ' s u s p e n s io n  o f  a  
v e h i c l e  t r a v e l l i n g  a t  medium or  h ig h  speed i s  i m p r a c t i c a l .  
S e c o n d l y ,  a l t h o u g h  some improvement  can be o b t a i n e d  in  t h e  
r e a r  s u s p e n s io n  f ro m  p r e v i e w  i n f o r m a t i o n  o b t a i n e d  f ro m  t h e  
f r o n t  s u s p e n s io n  o f  t h e  v e h i c l e  i t  i s  f e l t  t h a t  a  d e t a i l e d  
s t u d y  i s  b e s t  l e f t  f o r  f u r t h e r  i n v e s t i g a t i o n .
A l t h o u g h  t h e  s u b j e c t  o f  o p t im a l  l i n e a r  s u s p e n s io n  
has been r e c e i v i n g  some a t t e n t i o n  f o r  t h e  p a s t  10 t o  15 
y e a r s  [123  and  some a t t e m p t  has been made t o  s y n t h e s i z e  and  
t o  f o r m u l a t e  t h e  p e r f o r m a n c e  i n d i c e s  o f  such a  s y s te m ,  
l i t t l e  work has  been done t o  s y s t e m a t i c a l l y  e s t a b l i s h e d  
t h e s e  p e r f o r m a n c e  i n d i c e s .  N e i t h e r  have t h e s e  i n d i c e s  been  
used f o r  sys tem  s y n t h e s i s ,  o p t i m i s a t i o n  and a s s e s s m e n t .  The
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r e l a t i v e l y  new t e c h n i q u e  o f  c o m p le m e n ta ry  f i l t e r i n g  o f  
f e e d b a c k  in  o p t im a l  s u s p e n s io n  d e s ig n  has been used by some 
r e s e a r c h e r s  [ 6 , 1 3 , 1 4 ]  and  i t s  p o t e n t i a l  in  r e s o l v i n g  t h e  
c o n f l i c t i n g  r e q u i r e m e n t s  o f  s t i f f n e s s  and r i d e  c o m f o r t  has  
been p o i n t e d  o u t  [ 7 3 .  Y e t  i t  has n o t  been s y s t e m a t i c a l l y  
i n c o r p o r a t e d  i n t o  th e  s t u d y  o f  o p t i m a l  s u s p e n s i o n .  N e i t h e r  
has t h i s  p o t e n t i a l  been f u l l y  s t u d i e d  or  u t i l i z e d .
I t  i s  t h e  pu rp o se  o f  t h i s  s t u d y  t o  i d e n t i f y  sone o f  
t h e  i m p o r t a n t  p e r f o r m a n c e  and  d e s ig n  i n d i c e s  and  t o  
e s t a b l i s h  t h e  t e c h n i q u e  o f  c o m p lem en ta ry  f i l t e r i n g  in  
r e s o l v i n g  t h e  c o n f l i c t i n g  r e q u i r e m e n t s  o f  s t i f f n e s s  and  r i d e  
c o m f o r t .  S e v e r a l  known sys tem s w i t h  d i f f e r e n t  c o n f i g u r a t i o n s  
a r e  then  compared t o  e s t a b l i s h  t h e i r  m e r i t s .  F i n a l l y  t h e  
i n d i c e s  and  th e  f i l t e r i n g  t e c h n i q u e  a r e  used in  t h e  
s y n t h e s i s  o f  an o p t im a l  l i n e a r  s u s p e n s io n  sys tem  and t h e  
l i m i t i n g  p e r f o r m a n c e  o f f e r e d  by such a  sys tem  i s  f o u n d .
2 . 2  I n p u t  and  O u tp u t  S p e c i f i c a t i o n s
W i t h  th e  o b j e c t i v e  and  th e  scope o f  t h e  s t u d y  
d e f i n e d ,  t h e  c h a r a c t e r i s t i c s  o f  t h e  sys tem  i n p u t  and t h e  
g e n e r a l  r e q u i r e m e n t s  o f  t h e  system  o u t p u t  r e l e v a n t  to  t h e  
s t u d y  w i l l  be o u t l i n e d  in  t h i s  s e c t i o n .  A more c o m p le t e  s e t  
o f  c h a r a c t e r i s t i c s  can be fo u n d  in  o t h e r  r e p o r t s  [ 1 4 , 1 5 3  .
For  sys tem s w h ich  a r e  l i m i t e d  t o  one d e g re e  o f  
f re edom  o f  m o t io n  in  t h e  v e r t i c a l  d i r e c t i o n ,  t h e  main i n p u t s  
a r e  th e  f o r c e  on th e  v e h i c l e  and t h e  v e r t i c a l  d i s p l a c e m e n t  
o f  th e  g u id e w a y .  The f o r c e  i n p u t  a r e  m a i n l y  t h e  r e s u l t s  o f
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a e r o d y n a m ic  f o r c e s  a c t i n g  on t h e  e x t e r i o r  o f  t h e  v e h i c l e  and  
t h e  s t a t i c  and  dynamic l o a d i n g  a c t i n g  on t h e  s t r u c t u r e .  The  
f o r m e r  component i s  h i g h l y  dep enden t  on t h e  v e h i c l e  g e o m e try  
even when t h e  m a g n i t u d e ,  d i r e c t i o n  and  f r e q u e n c y  
c h a r a c t e r i s t i c s  o f  t h e  a e r o d y n a m ic  f o r c e s  a r e  known.  
C o n s e q u e n t l y ,  t h e  s t u d y  o f  a e r o d y n a m ic  f o r c e s  on t h e  v e h i c l e  
i s  e x c lu d e d  f ro m  t h i s  t h e s i s .  The  l o a d i n g  c h a r a c t e r i s t i c s  
to o  i s  dep en d en t  on g e o m e try  o f  t h e  v e h i c l e  and  t h e  l o a d  i t  
c a r r i e s  and  i s  a l s o  e x c lu d e d  f ro m  t h e  p r e s e n t  s t u d y .  However  
i t  i s  n e c e s s a r y  t o  c o n s i d e r  th e  s t i f f n e s s  o f  t h e  s u s p e n s io n  
d e s i g n ,  e s p e c i a l l y  f o r  th o s e  w h ic h  have a  t r a d e - o f f  
c h a r a c t e r i s t i c s  between s t i f f n e s s  and  r i d e  q u a l i t y .
The  o t h e r  system  i n p u t  i s  t h e  change in  h e i g h t  o f  
t h e  g u id ew ay  a b o u t  a  mean r e f e r e n c e  l e v e l  in  an i n e r t i a l  
f r a m e .  T h i s  v e r t i c a l  d i s p l a c e m e n t  o f  t h e  gu idew ay  i s  fo u n d  
by e x p e r im e n t  t o  have  a  G uass ian  random c h a r a c t e r i s t i c  w i t h  
a  c e r t a i n  r e l a t i o n s h i p  between a m p l i t u d e  and  s p a t i a l  
f r e q u e n c y .  Most  o f t e n  t h i s  r e l a t i o n s h i p  i s  g i v e n  a s  t h e  
d is p l a c e m e n t  s p e c t r a l  d e n s i t y ,  o r  common 1 y known a s  power  
s p e c t r a l  d e n s i t y  ( p . s . d . )  c h a r a c t e r i s t i c s  o f  d i s p l a c e m e n t  in  
t h e  s p a t i a l  f r e q u e n c y  o r  w a v e l e n g t h  dom ain .  T h i s  
d is p l a c e m e n t  p . s . d .  i s  o f t e n  a p p r o x i m a t e d  by  
P h ( F )  =  1 / S  C i F *  
w h e re  i s  t h e  d i s p l a c e m e n t  p . s . d .
F i s  th e  s p a t i a l  f r e q u e n c y  in  c y c l e / m  
i i s  an i n t e g e r  s u b s c r i p t  or  power in d e x  
Cl a r e  r e a l  c o e f f i c i e n t s
or  P h (F )  =  a / p p
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w h ere  a  i s  a  p o s i t i v e  r e a l  c o e f f i c i e n t  
and p i s  a  p o s i t i v e  r e a l  power i n d e x .
For  r a i l w a y  t r a c k s ,  [ 1 4 ] ,  one r e s e a r c h  group gave  
t h e  r e l a t i o n s h i p  a s
P h (F )  =  C / ( F =  + 5 . 8 6 F »  + 1 7 . 2 5 F * )
f o r  5 X 1 Q - *  < F < 10 c y c l e / m .  
w h i l e  a n o t h e r  [ 1 6 ]  gave i t  a s
P h (F )  =  C /F ^  0 < F < F=
=  C F = z / F *  F= < F < ~
and  Fc = 6 c y c l e / m .
However t h e  most cofrononly a d o p te d  r e l a t i o n s h i p  [53  i s  
P h ( F )  =  C / F *  ( 2 . 2 )
T h i s  e x p r e s s i o n  was fo u n d  t o  be a  f a i r l y  good  
a p p r o x i m a t i o n  f o r  s u r f a c e s  v a r y i n g  f ro m  smooth runway  
t h ro u g h  h ig h w ays  and r a i l w a y  t r a c k s  t o  p lo u g h e d  f i e l d s  [ 1 7 3 .  
I n  t h i s  e x p r e s s i o n  C i s  c a l l e d  t h e  rou g h n ess  c o e f f i c i e n t  
w hich  i s  p o s i t i v e l y  r e l a t e d  t o  t h e  rough ness  o f  t h e  s u r f a c e .  
For  a  p lo u g h e d  f i e l d  C i s  a b o u t  6 x 1 0 " *  m - c y c l e  w h i l e  f o r  
v e r y  smooth runways C i s  l e s s  than  10~® m - c y c l e .  For  r a i l w a y  
t r a c k s  t h e  c o e f f i c i e n t  i s  a b o u t  10“ ^ m - c y c l e  f o r  f i r s t - c l a s s  
w e ld e d  t r a c k  and  i s  a b o u t  3 x 10""* m - c y c l e  f o r  o r d i n a r y  
m a i n l i n e  t r a c k s .  The ro u g h n ess  c h a r a c t e r i s t i c  i n  th e  l a t e r a l  
d i r e c t i o n  i s  s i m i l a r  t o  t h a t  o f  th e  v e r t i c a l  b u t  w i t h  a  
rough ness  c o e f f i c i e n t  w h ich  i s  40% o f  th e  v e r t i c a l  on e .
W i t h  t h e  s p a t i a l l y - v a r y i n g  d i s p l a c e m e n t  o f  p . s . d .  
g iv e n  by e q u a t i o n  ( 2 . 2 )  t h e  d i s p l a c e m e n t  w i l l  be seen by t h e  
s u s p en s io n  sys tem  o f  a  v e h i c l e  in  m o t io n  a s  a  t i m e - v a r y i n g
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i n p u t .  For  a  v e h i c l e  moving a t  V m / s e c ,  t h i s  i n p u t  w i l l  have  
a  p . s . d .  in  t h e  tem pora l  f r e q u e n c y  domain g i v e n  by t h e  
s u b s t i t u t i o n  o f  F in  e q u a t i o n  ( 2 . 1 )  to  be  
P h ( f )  = C V = / f =
T h i s  t i m e - v a r y i n g  d i s p l a c e m e n t  w i l l  cau se  th e  
s u s p e n s io n  sys tem  t o  change t h e  gap between t h e  v e h i c l e  and  
t h e  g u id e w a y .  T h i s  c o u p l i n g  o f  d is p l a c e m e n t  t o  t h e  v e h i c l e  
w i l l  a l s o  g i v e  r i s e  t o  t h e  a c c e l e r a t i o n  and  j e r k  
e x p e r i e n c e d .  The  p r im e  o b j e c t i v e s  o f  s u s p e n s io n  d e s ig n  a r e  
t h e  m i n i m i s a t i o n  o f  th e  p e a k — t o - p e a k  e x c u r s i o n  o f  g a p ,  t h e  
m i n i m i s a t i o n  o f  a c c e l e r a t i o n  and  j e r k  and th e  m a i n t e n a n c e  o f  
s u f f i c i e n t  s t i f f n e s s  t o  l o a d  f o r c e s .
A l t h o u g h ,  i n  t h e o r y ,  a l l  t r a c k  l e v e l  changes can be  
r e g a r d e d  a s  s t o c h a s t i c  v a r i a t i o n  o f  h e i g h t  w i t h  components  
s p r e a d i n g  o v e r  a  w id e  s p a t i a l  f r e q u e n c y  s p e c t r u m ,  i t  i s  
o f t e n  more p r a c t i c a l  t o  r e g a r d  some o f  t h e  changes a s
d e t e r m i n i s t i c .  For  e x a m p le ,  a t  t h e  p o i n t  w h e re  t h e  two  
s e c t i o n s  o f  t r a c k s  a r e  j o i n e d  t o g e t h e r ,  t h e r e  can be a  s t e p  
change o f  up t o  2mm. More i m p o r t a n t  though i s  t h e  change o f  
a l t i t u d e .  I f  t h i s  change i s  r e g a r d e d  a s  G auss ian  random  
i n p u t  o f  z e r o  mean v a l u e  t h e  w a v e l e n g t h  o f  th e  components a t  
t h e  low end o f  t h e  sp e c t ru m  can be o f  many m i l e s  lo n g  w h i l e  
t h e  p . s . d .  d a t a  c o l l e c t e d  so f a r  a r e  f o r  w a v e l e n g t h  between  
1 and  200 f e e t .  Thus a l t i t u d e  change i s  b e s t  r e g a r d e d  a s  
i n p u t  o f  d e t e r m i n i s t i c  n a t u r e .  In  o r d e r  no t  t o  have  to o  
r a p i d  an a l t i t u d e  change and  no t  t o  impose to o  heavy  a  l o a d  
on t h e  t r a c t i o n  system  t h e  t r a c k s  a r e  c o n s t r u c t e d  w i t h  
g r a d i e n t  n o t  g r e a t e r  than  5% . When t h e r e  i s  a  change o f
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g r a d i e n t  v e r t i c a l  t r a n s i t i o n  c u r v e s  a r e  i n s e r t e d  t o  smooth 
t h e  t r a n s i t i o n  so t h a t  th e  a c c e l e r a t i o n  and  j e r k  e x p e r i e n c e d  
w i l l  n o t  e x c eed  t h e  l i m i t s  s p e c i f i e d  f o r  p a s s e n g e r  c o m f o r t .  
Th e  a c c e l e r a t i o n  p r o f i l e  s u g g e s te d  by G o t t z e i n  and  Lange  
[ 1 8 ]  i s  a  f u n c t i o n  w h ich  l o o k s  l i k e  t h e  c o s in e -w in d o w  
f u n c t i o n  w i t h  t h e  l e a d i n g  and  t r a i l i n g  edges s p e c i f i e d  by  
t h e  f o r m u l a
1 / R ( x )  =  [ 2 x / l  -  Î/TC X s i n  ( 2x X K /  1 > 3 /  2 Re
f o r  1 > x > 0
and h "  =  V= /  R ( x )
w h e re  V =  h o r i z o n t a l  v e l o c i t y  o f  t h e  v e l o c i t y  when 
e n t e r i n g  t h e  t r a n s i t i o n  
1 =  l o n g i t u d i n a l  l e n g t h  o f  t h e  t r a n s i t i o n  a r c  
X =  l e n g t h  i n t o  t h e  t r a n s i t i o n  a r c  
and Re > 2x10 ^ m 
 ̂ 0 . 5 m /s e c ®
However f o r  i n i t i a l  i n v e s t i g a t i o n  a  s i m p l i f i e d  v e r s i o n  o f  
t h e  a c c e l e r a t i o n  p r o f i l e  w i t h  s t r a i g h t  r i s i n g  and f a l l i n g  
edges can be u se d .  The d i s a d v a n t a g e  o f  u s i n g  t h i s  
s i m p l i f i e d  v e r s i o n  i s  t h a t  t h e r e  a r e  s t e p  changes in  j e r k ;  
and any  h i g h e r  d e r i v a t i v e s  o f  d is p l a c e m e n t  a r e ,  in  t h e o r y ,  
im p u ls e s  o f  i n f i n i t e  a m p l i t u d e .
As f o r  t h e  o u t p u t  s p e c i f i c a t i o n ,  s t i f f n e s s  t o  f o r c e ,  
r a t t l esp ace  and  v i b r a t i o n  i s o l a t i o n  a r e  s t i l l  f a c t o r s  o f  
f o r e m o s t  i m p o r t a n c e .  However ,  a t  t h i s  s t a g e  o f  t h e  
i n v e s t i g a t i o n ,  i t  i s  o n l y  m e a n in g f u l  t o  g i v e  t h e  o u t p u t  
s p e c i f i c a t i o n  o f  v i b r a t i o n  i s o l a t i o n  an d  r i d e  q u a l i t y .  
S t i f f n e s s  r e q u i r e m e n t  depends on t h e  f o r c e  i n p u t
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s p e c i f i c a t i o n  w h ic h  in  t u r n  depends on t h e  a e r o d y n a m ic  
f o r c e s  i n p u t ,  v e h i c l e  g e o m e t r y ,  l o a d i n g  and  v e h i c l e  dynamic  
and s h o u ld  be s p e c i f i e d  a t  a  much l a t e r  s t a g e  o f  t h e  v e h i c l e  
d e s i g n .  The  maximum r a t t l esp ace  p e r m i t t e d  depends on t h e  
t y p e  o f  t h e  su s p e n s io n  a s  w e l l  a s  w e i g h t  and  power
c o n s u m p t io n .  We a r e  no t  s p e c i f y i n g  t h e  l i m i t  h e r e  b u t  w i l l
o n l y  g i v e  t h e  t r a d e - o f f  c h a r a c t e r i s t i c s  between r a t t l e s p a c e  
and  r . m . s .  a c c e l e r a t i o n .  One p o i n t  w o r t h - n o t i n g  a t  t h i s  
j u n c t u r e  i s  t h a t  th e  p e a k - t o - p e a k  e x c u r s i o n  in  g a p ,  in
t h e o r y ,  i s  i n f i n i t e  f o r  G auss ian  random i n p u t .  H o w e v e r , f ro m
a  b a s i c  f a c t  in  s t a t i s t i c s ,  we known t h a t  i f  we l e t  t h e
r a t t l e s p a c e  be t h r e e  t im e s  t h e  r . m . s .  e x c u r s i o n  th en  t h e  
peak d i s p l a c e m e n t  w i l l  n o t  exc eed  t h i s  l i m i t  f o r  more than  
99 .7%  o f  t h e  t i m e .  T h e r e f o r e ,  t h e  r a t t l e s p a c e  i s  n o r m a l l y  
chosen t o  be t h r e e  t im e s  t h e  r . m . s  gap e x c u r s i o n .  As f o r  
a c c e l e r a t i o n  and j e r k  s p e c i f i c a t i o n ,  t h e y  do n o t  depend on
i n p u t  of t h e  v e h i c l e  b u t  more on th e  n a t u r e  o f  t h e  l o a d  t h e
v e h i c l e  i s  c a r r y i n g .
Most r e s e a r c h e r s  L143 pu t  a  l i m i t  o f  a r o u n d  1 m / s *  
f o r  maximum a c c e l e r a t i o n  s up er im pos ed  on t h a t  due t o  g r a v i t y  
and 0 . 5  m /s ^  f o r  maximum j e r k .  The  l i m i t  f o r  r . m . s .
a c c e l e r a t i o n  a s  a  r e s u l t  o f  G auss ian  i n p u t  f o r  an i n a n i m a t e  
l o a d  i s  s e t  a t  3 -  5 % ' g / ,  w here  ' g '  i s  a r o u n d  9 . 8 1  m / s * .
However f o r  a n i m a t e  l o a d  or  a  l o a d  w i t h  more than  one  
re s o n a n c e  f r e q u e n c i e s  w i t h i n  t h e  r a n g e  o f  i n p u t  f r e q u e n c y ,  
th e  a c c e l e r a t i o n  r e q u i r e m e n t  i s  more c o m p l i c a t e d .  T h i s  l i m i t  
o f  a c c e p t a b l e  a c c e l e r a t i o n  i s  f r e q u e n c y  d e p e n d e n t .  S i n c e  our  
main c o n cern  i s  w i t h  p a s s e n g e r - c a r r y i n g  v e h i c l e s ,  o n l y  t h e
- 3 5 -
human s e n s i t i v i t y  t o  v e r t i c a l  a c c e l e r a t i o n  w i l l  be  
co n s i  d e r e d .
Even t h e  human s e n s i t i v i t y  t o  v i b r a t i o n  a l o n e  i s  a  
v e r y  c o m p l i c a t e d  phenomenon. N o t  o n l y  i s  i t  d ep enden t  on t h e  
d i r e c t i o n  o f  v i b r a t i o n  and d u r a t i o n  o f  e x p o s u re  bu t  t h e  
s e n s i t i v i t y  i s  a l s o  d i f f e r e n t  f o r  d i f f e r e n t  p a r t s  o f  t h e  
body and  f o r  d i f f e r e n t  p o s t u r e  o f  s i t t i n g ,  s t a n d i n g  o r  
d r i v i n g .  For  su s p e n s io n  d e s ig n  in  v e h i c l e  we w i l l  l i m i t  t h i s  
s p e c i f i c a t i o n  t o  t h e  r e s p o n s e  o f  t h e  w h o le  body t o  v i b r a t i o n  
in  t h e  v e r t i c a l  d i r e c t i o n .  The  work i n i t i a l l y  done by D . E .  
Goldman and  H . E .  G i e r k e  was l a t e r  a c c e p t e d  a s  t h e  g u i d e l i n e  
g iv e n  by t h e  I n t e r n a t i o n  S t a n d a r d s  O r g a n i s a t i o n  a s  ISO 2 6 3 1 .  
T h i s  i s  g i v e n  a s  t h e  human t o l e r a n c e  t o  a c c e l e r a t i o n  caused  
by s i n u s o i d a l  v i b r a t i o n  i n p u t  and i s  o u t l i n e d  in  C h a p te r  44  
o f  t h e  Shock and V i b r a t i o n  Handbook C l 9 3 .  However t h i s  
s p e c i f i c a t i o n  i s  p u t  a s  t h e  human t o l e r a n c e  t o  s i n u s o i d a l  
v i b r a t i o n  o f  a  s i n g l e  f r e q u e n c y  and  t h i s  i s  no t  t h e  t y p e  o f  
i n p u t  e x p e r i e n c e d  d u r i n g  t h e  normal o p e r a t i o n  o f  t h e  v e h i c l e  
s t u d i e d .  The  o t h e r  ccxnmon 1 y a c c e p t e d  r i d e  q u a l i t y  
s p e c i f i c a t i o n  i s  g iv e n  a s  t h e  Urban T r a c k e d  A i r  Cushion  
V e h i c l e  [203  s p e c i f i c a t i o n  w h ich  i s  p r e s e n t e d  in  te rm s  o f  
a c c e l e r a t i o n  p . s . d .  c h a r a c t e r i s t i c s  v e r s u s  f r e q u e n c y  f o r  a  
G auss ian  random i n p u t  F i g . 2 . 1 .  T h i s  s p e c i f i c a t i o n  i s  more  
r e a l i s t i c  b ecause  t h e  normal  gu idew ay  i r r e g u l a r i t y  has a  
randcxn r a t h e r  than  s i n u s o i d a l  c h a r a c t e r i s t i c s .  However t h e  
UTACV s p e c i f i c a t i o n  i s  n o t  w i t h o u t  i t s  s h o r t c o m i n g s .  The  
m a jo r  one i s  t h a t  f o r  sorrie o u t p u t  w h ich  has a  g e n e r a l l y  low  
a c c e l e r a t i o n  p . s . d .  b u t  has peak p . s . d .  v a l u e s  e x c e e d i n g
—3 6 —
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t h o s e  g i v e n  by th e  s p e c i f i c a t i o n ,  l i t t l e  can be s a i d  a b o u t  
t h e  r i d e  q u a l i t y  o f  such a  s u s p e n s io n  s y s te m .  The  o c c u r r e n c e  
o f  t h i s  t y p e  o f  o u t p u t  can be q u i t e  common because  p e a k in g  
i n  a c c e l e r a t i o n  p . s . d .  can be t h e  r e s u l t  o f  i n p u t  caused  by  
t h e  v e h i c l e  t r a v e l l i n g  o v e r  p e r i o d i c a l l y - s u p p o r t e d  r a i l s  o r  
s i m p l y  due t o  p e a k in g  in  t h e  re s p o n s e  o f  t h e  s u s p e n s io n  
s y s te m .  To c i r c u m v e n t  t h i s  d i f f i c u l t y  one a l t e r n a t i v e  way o f  
s p e c i f y i n g  t h e  r i d e  q u a l i t y  i s  t o  c o n s i d e r  t h e  t o t a l  amount  
o f  v i b r a t i o n  e n e r g y  w i t h i n  t h e  w h o le  f r e q u e n c y  r a n g e  under  
c o n s i d e r a t i o n  b u t  t o  p u t  in  t h e  f r e q u e n c y - d e p e n d e n t  
c h a r a c t e r i s t i c s  o f  th e  w h o le -b o d y  s e n s i t i v i t y  t o  
a c c e l e r a t i o n  a s  a  f r e q u e n c y - d e p e n d e n t  w e i g h t i n g  f u n c t i o n  
W t ( f ) .  R e q u i re m e n t  s p e c i f i e d  in  t h i s  way has t h e  i n t u i t i v e  
m ean ing  t h a t  t h e  d i s c o m f o r t  due t o  v i b r a t i o n  can be seen  
s i m p l i s t i c a l 1 y a s  t h e  a b s o r p t i o n  o f  v i b r a t i o n  e n e r g y  by  
v a r i o u s  p a r t s  o f  t h e  body w h ich  h ave  d i f f e r e n t  r e s o n a n c e  
f r e q u e n c i e s .  R e s e a r c h e r s  in  B r i t i s h  R a i l  has s p e c i f i e d  a  
l i m i t  f o r  r i d e  c o m f o r t  o f  2 .2% ' g '  w e i g h t e d  r . m . s .
a c c e l e r a t i o n  w i t h  t h e  w e i g h t i n g  f u n c t i o n  [ 1 5 ]  w h ic h  i s  shown 
a s  t r a c e  A o f  F i g . 2 . 2 .  S i n c e  t h i s  f u n c t i o n  has d i s c o n t i n u o u s  
d e r i v a t i v e s  i t  can not  be used in  t h e  a n a l y s i s  or  s y n t h e s i s  
o f  l i n e a r  s u s p e n s io n  s y s te m s .  An a p p r o x i m a t i o n  in  t h e  fo rm  
o f  a  t r a n s f e r  f u n c t i o n  i s  g i v e n  in  e q u a t i o n  2 . 2 a  and  w i l l  be  
used t o  g i v e  t h e  p e r f o r m a n c e  and  d e s ig n  i n d i c e s .
1 . 3 1 x j f x ( l + j f ) ( l + j f / 2 )
W t ( f )  = ---------------------------------------------------------------------------- ( 2 . 2 a )
( l + j f / 0 . 2 ) ( l + j f / 0 . 5 ) ( l + j f / 4 ) ( l + j f / 8 )
The  m a g n i tu d e  o f  t h i s  f u n c t i o n  i s  shown a s  t r a c e  B in
F i g . 2 . 2 .
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I t  was l a t e r  fo u n d  t h a t  this f u n c t i o n  g i v e s  an
o v e r - e s t i m a t i o n  o f  t h e  w e i g h t e d  r . m . s .  a c c e l e r a t i o n  o f  a b o u t  
10% ab o ve  t h a t  g i v e n  by t h e  o r i g i n a l  w e i g h t i n g  f u n c t i o n  
w hich  B r i t i s h  R a i l  has a d o p t e d .  T h i s  a p p r o x i m a t i o n  s h o u ld  be  
s u f f i c i e n t  f o r  i n i t i a l  d e s ig n  and  i s  c e r t a i n l y  a  
c o n s e r v a t i v e  e s t i m a t e .  A more a c c u r a t e  v a l u e  o f  w e i g h t e d  
r . m . s .  a c c e l e r a t i o n  can a l w a y s  be o b t a i n e d  a t  a  l a t e r  s t a g e  
o f  s y n t h e s i s  by u s i n g  n u m e r ic a l  i n t e g r a t i o n  o f  t h e  w e i g h t e d  
a c c e l e r a t i o n  p . s . d .
So f a r  we have o n l y  g i v e n  t h e  j e r k  s p e c i f i c a t i o n  a s  
i t s  peak v a l u e .  I t s  e q u i v a l e n t  r . m . s .  v a l u e  i s  n o t  known.  
N e i t h e r  has t h e  f r e q u e n c y  c h a r a c t e r i s t i c s  o f  human t o l e r a n c e  
t o  j e r k  e v e r  been p u b l i s h e d .  As a  r e s u l t ,  no a t t e m p t  i s  
made in  h e r e  t o  i n c o r p o r a t e  j e r k  i n t o  t h e  s p e c i f i c a t i o n  nor  
has i t  been i n c l u d e d  in  t h e  f o r m u l a t i o n  o f  t h e  p e r f o r m a n c e  
i n d e x .  '
H a v in g  s t a t e d  t h e  m a jo r  s p e c i f i c a t i o n s  e s s e n t i a l  t o  
t h i s  s t u d y ,  we can p r o c e e d  t o  t h e  m ain  p a r t  o f  t h e  
i n v e s t i g a t i o n .  B e f o r e  we do t h a t  i t  w o u ld  be h e l p f u l  to  f i n d  
out  t h e  r e l a t i o n s h i p  between p . s . d .  and  mean s q u a r e  v a l u e  
and between i n p u t  and o u t p u t  d is p l a c e m e n t  p . s . d .
2 . 3  R e l a t i o n s h i p s  between mean s q u a r e  v a l u e  and power
s p e c t r a l  d e n s i t y  and between i n p u t  and o u t p u t  
d i s p l a c e m e n t  p . s . d .  o f  a  l i n e a r  s u s p e n s io n  sys tem
As we have seen in  p r e v i o u s  s e c t i o n ,  t h e
a c c e l e r a t i o n  s p e c i f i c a t i o n  can be g i v e n  a s  t h e  a c c e l e r a t i o n
p . s . d .  o r  t h e  w e i g h t e d  r . m . s .  a c c e l e r a t i o n .  For
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s t a t i s t i c a l l y  s t a t i o n a r y  random s i g n a l  in  g e n e r a l  t h e  mean 
s q u a r e  v a l u e  and  p . s . d .  a r e  r e l a t e d  by t h e  e q u a t i o n
(Da
Px(W) dO) ( 2 . 3 )
w here  x^ =  t h e  mean s q u a r e  v a l u e
Px =  t h e  p . s . d .  o f  t h e  c o r r e s p o n d i n g  v a r i a b l e
and [(Oi ,(0s3 =  r a n g e  o f  f r e q u e n c y  o f  i n t e r e s t
%
Thus z ' ^ r m s  =  E 1 P * - ^ ( 0 ) )  dW 3 ( 2 . 4 )
JWi
TWa %
z '^ w r m s  =  [ 1 P%^,(W) I W t ( t û ) ! *  dO) 3 ( 2 . 5 )
J w i
w here  z ' ' r m s  =  r . m . s .  a c c e l e r a t i o n
z ' ' w r m s  = w e i g h t e d  r . m . s .  a c c e l e r a t i o n  
P * - - ( t i ) )  =  a c c e l e r a t i o n  p . s . d .
Wt(W) =  w e i g h t i n g  f u n c t i o n
For  i n p u t  d i s p l a c e m e n t  p . s . d .  g iv e n  by e q u a t i o n  
( 2 . 2 )  th e  r . m . s .  d i s p l a c e m e n t  in  t h e  s p a t i a l  f r e q u e n c y
domain i s
%
C /F ^  dF 3
Ft
w h ere  C i s  t h e  roug h n ess  c o e f f i c i e n t  o f  
t h e  s u r f a c e  i n  [ u n i t  1e n g t h - c y c l e 3
When t h e  tem p o ra l  f r e q u e n c y  i s  s u b s t i t u t e d  f o r  
s p a t i a l  f r e q u e n c y  u s i n g  e q u a t i o n  ( 2 . 1 )  t h e  r . m . s .
d is p l a c e m e n t  i s
crms =  [
J
—40 —
c rm s (W ) =  [







i f  A i s  t h e  ro u g h n ess  c o e f f i c i e n t  in  [ u n i t  l e n g t h —r a d . ]
i . e .  c=(W) Ph(W) dO) ( 2 . 6 )
0
f o r  f r e q u e n c y  r a n g e  f ro m  z e r o  t o  i n f i n i t y ,  
w h e re  t h e  i n p u t  d i s p l a c e m e n t  p . s . d .
Ph(W) =  AV/ù)Z ( 2 . 6 b )
I f  th e  s u s p e n s io n  sys tem  has an i n p u t  t o  o u t p u t  d is p l a c e m e n t
t r a n s f e r  f u n c t i o n  o f
H ( j w )  =  z / h ( j w )
The o u t p u t  d i s p l a c e m e n t  p . s . d .  w i l l  be
P . ( W )  =  Ph(W) ! H ( j W ) :=
W i th  t h e  i n p u t  d i s p l a c e m e n t  p . s . d .  o f  t h e  fo rm  g i v e n  in
e q u a t i o n  ( 2 . 6 b )  t h e  o u t p u t  d i s p l a c e m e n t  p . s . d .  w i l l  be
P . ( W )  =  (AV/WZ) ; h (( i)) I *
and t h e  c o r r e s p o n d i n g  o u t p u t  a c c e l e r a t i o n  p . s . d .  w i l l  be
P . , , ( W )  = ( A V / ( i) * ) 0)-» I H ( j t i ) ) ! *
I f  we a r e  c o n s i d e r i n g  t h e  e f f e c t  o f  a c c e l e r a t i o n  o v e r  th e
w h o le  f r e q u e n c y  r a n g e ,  t h e  mean s q u a r e  a c c e l e r a t i o n  w i l l  be
AV
—  ! z / h ( t i ) ) l *  cKO
10
AV 0)* l z / h ( W ) : =  dO) ( 2 . 7 )
)0
T h i s  i n t e g r a t i o n  can be p e r f o r m e d  n u m e r i c a l l y  by 
summing t h e  c o n t r i b u t i o n  o f  t h e  components f ro m  z e r o  
f r e q u e n c y  upw ards .  I f  t h e  t r a n s f e r  f u n c t i o n  z / h ( w )  has no
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z e r o  in  th e  r i g h t - h a n d - h a l f  o f  t h e  complex f r e q u e n c y  p l a n e ,  
an a n a l y t i c a l  s o l u t i o n  o f  t h e  i n t e g r a t i o n  can be fo u n d  f o r  
f u n c t i o n s  o f  o r d e r  up to  ten  by u s i n g  th e  t a b u l a t e d  r e s u l t s  
in  t h e  book by Newton e t .  a l .  L213 .  In  both  cas es  t h e  mean 
s q u a r e  v a l u e  i s  f i n i t e  o n l y  i f  t h e  a c c e l e r a t i o n  p . s . d . ,  
w hic h  i s  g i v e n  by
(W) =  AVW^ : z / h ( W ) ! *  ( 2 . 8 )
has i t s  v a l u e  d e c r e a s i n g  t o  z e r o  a s  th e  f r e q u e n c y  i n c r e a s e s  
t o  i n f i n i t y .
2 . 4  The c o n v e n t i o n a l  su s p e n s io n  system w i t h  p a r a l l e l  s p r i n g  
and damper and i t s  draw backs
H a v in g  e s t a b l i s h e d  t h e  i n p u t - o u t p u t  r e l a t i o n s h i p  o f  
t h e  l i n e a r  s u s p e n s io n  s y s te m ,  we s h a l l  lo o k  a t  some 
c o n v e n t i o n a l  su s p e n s io n  sys tem s and d is c u s s  t h e i r  d ra w b a c k s .  
Then we s h a l l  e s t a b l i s h  some l e a d i n g  p e r fo r m a n c e  and d e s ig n  
i n d i c e s  f o r  l i n e a r  s u s p e n s io n  sys tem s in   ̂ g e n e r a l  so t h a t  
t h e y  may be used f o r  a s s e s s i n g  t h e s e  c o n v e n t i o n a l  sys tem s  
and t h e  o p t i m a l  sys tem s t o  be s y n t h e s i z e d  l a t e r  on.
As we have n o te d  in  th e  i n t r o d u c t o r y  s e c t i o n  o f  
t h i s  c h a p t e r ,  t h e  p r i m a r y  purpo se  o f  a  su s p en s io n  system a r e  
to  m i n i m i z e  t h e  a c c e l e r a t i o n  and j e r k  caused by m o t io n  o v e r  
t h e  rough s u r f a c e  y e t  a t  th e  same t im e  t o  f o l l o w  t h e  g e n e r a l  
p r o f i l e  o f  t h a t  s u r f a c e .  I t  i s  a l s o  r e q u i r e d  t o  p r o v i d e  th e  
r e s t o r i n g  f o r c e  t o  c o u n t e r a c t  th e  l o a d i n g  f o r c e s  w h ich  a c t  
on t h e  s y s te m .  The c o n v e n t i o n a l  way o f  p r o v i d i n g  t h e  
s t i f f n e s s  and  p r o f i l e - f o l l o w i n g  and v i b r a t i o n - i s o l a t i o n  
p r o p e r t i e s  i s  to  pu t  a  s p r i n g  between th e  v e h i c l e  and t h e
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s u r f a c e - f o l l o w i n g  r o l l e r .  I t  i s  c a l l e d  a  r o l l e r  r a t h e r  than
a  wheel b e c au se  a  wheel i s  made t o  have c o m p l ia n c e  w h i l e  t h e
r o l l e r  i s  assumed t o  have z e r o  c o m p l i a n c e .  I f  we f u r t h e r  
assume t h a t  t h e  mass o f  t h e  s p r i n g  and r o l l e r  i s  n e g l i g i b l e  
compared w i t h  t h e  mass m o f  t h e  v e h i c l e ,  then  f o r  t h e  s p r i n g  
o f  s t i f f n e s s  k N /m ,  t h e  w h o le  sys tem  w o u ld  have a  n a t u r a l  
f r e q u e n c y  equ a l  t o  -J(k /m) r a d / s .  S i n c e  t h e  damping o f f e r e d
by th e  r o l l e r ,  t h e  s p r i n g  and a i r  r e s i s t a n c e  i s  v e r y  s m a l l ,  
t h e  damping o f  t h e  sys tem  i s  u n d e s i r a b l y  lo w .  To i n c r e a s e  
th e  dam ping ,  t h e  common p r a c t i c e  i s  t o  have  a  damper
c o n n e c te d  a c r o s s  t h e  same two p o i n t s  on w h ich  th e  s p r i n g  i s
a n c h o r e d  or  some e q u i v a l e n t  a r r a n g e m e n t .
m
Fig.2.3 Schematic diagram of suspension using spring and damper 
in parallel.
I n  h e r e  we a r e  assum ing  t h a t  bo th  t h e  s p r i n g  and  t h e  
damper a r e  l i n e a r .  T h a t  i s  th e  s p r i n g  d e f l e c t i o n  i s  d i r e c t l y
Î
p r o p o r t i o n a l  t o  t h e  f o r c e  a p p l i e d  and  t h e  damper has i t s
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r e a c t i o n  f o r c e  d i r e c t l y  p r o p o r t i o n a l  t o  bu t  in  th e  o p p o s i t e  
d i r e c t i o n  a s  t h e  r a t e  o f  change o f  i t s  l e n g t h .  We can 
a n a l y s e  such a  system  u s i n g  t h e  t r a n s f e r  f u n c t i o n  t e c h n i q u e  
i n  th e  c o n p le x  f r e q u e n c y  dom ain .
I f  we l e t
m = mass o f  t h e  v e h i c l e  
k =  s t i f f n e s s  o f  th e  s p r i n g  
b = damper c o n s t a n t
h = d i s p l a c e m e n t  o f  g u id ew ay  w i t h  r e f e r e n c e  to  
i n e r t i a l  f ra m e  
z =  d is p l a c e m e n t  o f  v e h i c l e  w i t h  r e f e r e n c e  t o  
i n e r t i a l  f ra m e  
and  c = gap between v e h i c l e  and  gu idew ay
=  z — h
The  t im e  d e r i v a t i o n  o f  t h e  gap i s  g i v e n  by 
c '  =  z '  -  h '
Summing t h e  f o r c e s  on th e  s u s p e n s io n  system we h a v e ,  f o r  
s m a l 1 changes
m z ' '  = - k ^ c  -  bAc'  + f  ( 2 . 9 )
=  —k ( 4 z —4 h )  —b C d z ' ^ d h ' )  + f  ( 2 . 9 b )
We can t r e a t  t h i s  sys tem  a s  one w h ich  f e e d s  back th e  
r e l a t i v e  p o s i t i o n ,  o r  gap ,  and  t h e  r e l a t i v e  v e l o c i t y ,  o r  th e  
r a t e  o f  change o f  g a p ,  t o  g e n e r a t e  t h e  r e s t o r i n g  f o r c e .  From 
e q u a t i o n  ( 2 . 9 b )  i f  we o n l y  c o n s i d e r  th e  changes a b o u t  a  mean 
v a l u e ,  a f t e r  t a k i n g  t h e  L a p l a c e  t r a n s f o r m  we o b t a i n  
p^m z(p )  =  - k ( z ( p ) - h ( p ) )  -  p b ( z ( p ) - h ( p ) ) + f  
or  (p =  + pb/m + k / m ) z  =  (p b /m  + k /m )h  + f / m
I f  th e  e x t e r n a l  f o r c e  i s  z e r o  t h e  t r a n s f e r  f u n c t i o n  a r e
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and
p b/m + k/m
z / h ( p )  =---------------------------------------------
p *  + p b/m + k/m
2%WoP + Wo=
=   ( 2 . 1 0 )
p z  + 2 %WoP + Wo=
w here  0)* =  k /m
2%Wo =  b/m
and (ÜO =  n a t u r a l  a n g u l a r  f r e q u e n c y  o f  t h e  system  
% =  damping c o e f f i c i e n t
c / h ( p ) =  z / h ( p ) -  1
- P *
=    ( 2 . 1 1 )
p *  + 2%WoP + (i)o^
I f  t h e  d i s p l a c e m e n t  o f  th e  g u id e w a y ,  h , i s  z e r o ,  th e
t r a n s f e r  f u n c t i o n  f ro m  f o r c e  t o  d i s p l a c e m e n t  i s
1/m
z / f ( p )  =  ---------------------------------------------
p *  + (b/ml p + k/m
1/m
=   ( 2 . 1 2 )
p^ + 2%WoP + (i)o*
Thus t h e  sys tem  i s  o f  second o r d e r  w i t h  f i n i t e
s t i f f n e s s  k .  From e q u a t i o n  ( 2 . 1 1 )  i t  i s  w o r t h - n o t i n g  t h a t  
when t h e  d i s p l a c e m e n t  o f  t h e  gu idew ay  i s  a  ramp,  a t  s t e a d y -
s t a t e  t h e  d i s t a n c e  between t h e  v e h i c l e  and  th e  g u idew ay  i s
t h e  same a s  t h a t  w i t h o u t  i n p u t .  I n  o t h e r  word t h e  s t e a d y -
s t a t e  gap d e f l e c t i o n  i s  z e r o .
I f  t h e  d i s p l a c e m e n t  p . s . d .  seen a t  t h e  i n p u t  o f  t h e
s u s p e n s io n  sys tem  i s  t h e  same a s  t h a t  g i v e n  by e q u a t i o n
( 2 . 6 b ) ,  i . e .  (G))=AV/W^ by e q u a t i o n  ( 2 . 7 )  and ( 2 . 1 0 )  t h e  
a c c e l e r a t i o n  p . s . d .  o f  t h e  v e h i c l e  w i l l  be
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p = , , ( w )  =  Avw= : z / h ( j w ) i =
COo* + 4%.*C0*
=  AVO)*COo*-------------------------------------------  ( 2 . 1 3 )
(ü)o*“( û * ) *  + 4%Wo^W^
or  P*--(CO) % AVWo^ X 4 ^ *  a s  W >> Wo ( 2 . 1 3 a )
T h a t  i s ,  th e  a c c e l e r a t i o n  p . s . d .  te n d s  t o  a  n o n - z e r o  f i n i t e  
v a l u e  a s  th e  f r e q u e n c y  te n d s  to  i n f i n i t y .  S i n c e  mean s q u a r e  
a c c e l e r a t i o n  i s  t h e  s p e c t r a l  i n t e g r a l  o f  a c c e l e r a t i o n  
p . s . d .  i t s  v a l u e  f o r  t h e  system  w i t h  t h i s  k i n d  o f  i n p u t  w i l l  
te n d  t o  i n f i n i t y .  The  cau se  o f  t h i s  n o n - d e c r e a s i n g  
a c c e l e r a t i o n  p . s . d .  i s  t h a t  t h e  p o l e - z e r o  e x c e s s  o f  t h e  
d i s p l a c e m e n t  t r a n s f e r  f u n c t i o n ,  z / h ,  i s  l e s s  than  tw o .  I f  we 
assume t h e  i n p u t  d is p l a c e m e n t  p . s . d .  t o  have  a  h ig h  r o l l - o f f  
r a t e  1 i k e
Ph(W) =  AVWgZ/04 f o r  W > W=
th e  a c c e l e r a t i o n  p . s . d .  w i l l  d e c r e a s e  t o  z e r o  a s  f r e q u e n c y  
i n c r e a s e s  t o  i n f i n i t y .  However t h i s  sys tem  has  some
s h o r t c o m i n g s .  F i r s t l y ,  f o r  a  good v i b r a t i o n  i s o l a t i o n  a t  
h ig h  f r e q u e n c y  th e  sys tem  has t o  be under -dam ped  a s  shown in  
F i g . 2 . 4  . T h i s  has t h e  o b v io u s  u n d e s i r a b l e  e f f e c t  o f
r e s o n a n c e  o f  h ig h  a m p l i t u d e  a t  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  
s y s te m ,  a s  shown in  F i g .  2 . 5 .  S e c o n d l y ,  t h e  n a t u r a l  
f r e q u e n c y  has  t o  s e t  a t  a r o u n d  1 Hz i n  o r d e r  t h a t  th e  
f r e q u e n c y - d e p e n d e n t  human t o l e r a n c e  l i m i t  o f  v i b r a t i o n  i s  t o  
be s a t i s f i e d .  From e q u a t i o n  ( 2 . 1 2 ) ,  i t  can be seen t h a t  
system w i t h  such a  low n a t u r a l  f r e q u e n c y  w i l l  have  v e r y  low  
s t i f f n e s s  a s  w e l l .  As a  r e s u l t  t h e  gap d e f l e c t i o n  o f  t h e  
su s p e n s io n  under  s t a t i c  o r  dynamic l o a d i n g  w i l l  be v e r y
g r e a t .  T h i s  c o n f l i c t  between t h e  r e q u i r e m e n t s  o f  h ig h  
s t i f f n e s s  t o  f o r c e  and a  low n a t u r a l  f r e q u e n c y ,  o r  a  h ig h
—4 6 —
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Fig.2.4 Acceleration p.s.d. vs frequency characteristic 
of passive suspension
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Fig.2.5 Amplitude transmission characteristic of passive suspension
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c o m p l i a n c e ,  f o r  r i d e  com-fort i s  p r e s e n t  in  a l l  su s p e n s io n  
system no t  u s i n g  c o m p lem en ta ry  f i l t e r i n g .  The poor  
v i b r a t i o n - i s o l a t i n g  p r o p e r t y  a t  h ig h  f r e q u e n c y ,  a s  seen in  
t h e  n o n - d e c r e a s i n g  v a l u e  o f  a c c e l e r a t i o n  p . s . d .  w i t h  
i n c r e a s i n g  f r e q u e n c y ,  i s  caused by h a v in g  a  damper c o n n e c te d  
d i r e c t l y  a c r o s s  t h e  v e h i c l e  and  t h e  r o l l e r .  S i n c e  t h e  f o r c e  
g e n e r a t e d  by a  damper i s  p r o p o r t i o n a l  to  t h e  r a t e  o f  change  
o f  i t s  l e n g t h ,  i f  t h e  r a t e  o f  change o f  l e n g t h  i s  an i n p u t  
s i g n a l  w i t h  u n i f o r m  s p e c t r a l  c h a r a c t e r i s t i c ,  t h e  m a g n i t u d e  
o f  t h e  damper r e a c t i o n  f o r c e  w i l l  be d i r e c t l y  p r o p o r t i o n  t o  
t h e  i n p u t  f r e q u e n c y .  I f  t h e  i n p u t  d i s p l a c e m e n t  p . s . d .  i s  
equal  t o  AV /W ^, i t  can be ta k e n  a s  a  s p e c tru m  o f  s i n u s o i d a l  
i n p u t  w i t h  an a m p l i t u d e  c h a r a c t e r i s t i c  o f  ( AV) / W . T h u s , w i t h  
t r a n s f e r  f u n c t i o n  g i v e n  by e q u a t i o n  ( 2 . 1 0 ) ,  t h e  r e s u l t a n t  
a c c e l e r a t i o n  w i l l  no t  d e c r e a s e  w i t h  f r e q u e n c y  b u t  w i l l  s t a y  
a t  a  f i n i t e  v a l u e  a s  seen in  F i g . 2 . 4 .  To e l i m i n a t e  t h i s  
s h o r t c o m in g  we have t o  use a  system  w hich  does n o t  have  a  
damper c o n n e c t e d  d i r e c t l y  a c r o s s  th e  v e h i c l e  and t h e  r o l l e r .
2 . 5  The  su s p e n s io n  system u s i n g  s p r i n g  and damper in  s e r i e s  
and t h e  b a s i c  p e r f o r m a n c e  and d e s ig n  i n d i c e s  o f  a  
l i n e a r  s u s p e n s io n  system
One p o s s i b l e  c o n f i g u r a t i o n  w h ich  does n o t  have  a  
damper c o n n e c te d  d i r e c t l y  a c r o s s  i s  an a s s e m b ly  c o n s i s t i n g  
o f  a  s p r i n g  and a  damper in  s e r i e s  and then  t h e  w h o le  
a s s e m b ly  i s  c o n n e c te d  in  t h e  space  between th e  v e h i c l e  and  
t h e  r o l l e r  l i k e  t h a t  shown in  F i g . 2 . 6 .
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Fig.2.6 Suspension system using spring and damper in series.
U s in g  t h e  method e s t a b l i s h e d  in  t h e  p r e v i o u s  
s e c t i o n ,  i t  can be shown t h a t  w i t h  f o r c e  f  =  0
tOo*
P *  + 2%(l)oP + (Oq*  
w here  (Oo =  k/m
^ =  l / 2 b  4 (m k)
and
p *  + 2%WoP
2
- <  P )
h
c
- ( p )
h
(  )
p *  + 2^(i)oP + COô
w i t h  i n p u t  d i s p l a c e m e n t  h =  0
z 1 p + 2SWo
f  m p ( p *  + 2^WoP + Wo^)
W i t h  i n p u t  d i s p l a c e m e n t  g i v e n  by
Ph(W) = AV/WZ 
t h e  a c c e l e r a t i o n  p . s . d .  o f  t h e  v e h i c l e  i s
( 2 . 1 4 )
( 2 . 1 5 )
( 2 . 1 6 )
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Wo*
P . , , ( W )  =  A V W * -----------------------------------------------  ( 2 . 16a)
(W o*”W ^ ) *  + 4 %*Wq*W*
N o t e  t h a t  a s  f r e q u e n c y  i n c r e a s e s  t o  i n f i n i t y  t h e
a c c e l e r a t i o n  p . s . d .  d e c r e a s e  t o  z e r o .  I n t e g r a t i n g  e q u a t i o n
2 . 1 6 a  y i e l d s  t h e  mean s q u a r e  a c c e l e r a t i o n
4%
w i t h  t h e  mean s q u a r e  d i s p l a c e m e n t
  AVK 1 + 4%z
c=------------ ------------------------------------
Wo 4S
W it h  t h i s  sys tem  we can group t o g e t h e r  t h e  te rm s  
w hic h  g i v e  t h e  mean s q u a r e  a c c e l e r a t i o n  and  mean s q u a r e  
d i s p l a c e m e n t  o r  e x c u r s i o n  t o  fo rm  t h e  p e r fo r m a n c e  in d e x  Mi 
w h ere
  —  3
z ' ' =  ( c = )
Ml =  -------------------------------  ( 2 . 1 7 )
( A V < ) *
Hence f o r  th e  abo ve  sys tem
(1 + 4%=)=
M1 = --------------------------- ( 2 . 1 7 b )
( 4 % ) *
In  t h e  i n t r o d u c t o r y  s e c t i o n  we s a i d  t h a t  t h e r e  i s  a  
t r a d e - o f f  between a c c e l e r a t i o n  and  e x c u r s i o n .  The ab o ve  
e x p r e s s i o n ,  w h ich  i s  t h e  p r o d u c t  o f  mean s q u a r e  a c c e l e r a t i o n  
and t h e  cube o f  mean s q u a r e  e x c u r s i o n ,  i s  t h e  in d ex  
g o v e r n i n g  t h i s  t r a d e - o f f  r e l a t i o n .  N o te  t h a t  i t  i s  
in d e p e n d e n t  o f  n a t u r a l  f r e q u e n c y  chosen b u t  i s  dep enden t  on 
t h e  damping c o e f f i c i e n t .  I t  has a  minimum v a l u e  o f  2 7 / 6 4  
when t h e  damping c o e f f i c i e n t  i s  0 . 7 0 7 .  T h i s  p e r f o r m a n c e  
i n d e x  was f i r s t  i n t r o d u c e d  by Karnopp and T r i k h a  C223 in  a
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s l i g h t l y  d i f f e r e n t  f o r m .  The v a l u e  g iv e n  ab o ve  has been 
shown in  t h a t  pap er  t o  be t h e  minimum p o s s i b l e  v a l u e  f o r  a l l  
p a s s i v e  s u s p e n s io n  s y s te m s .
A n o th e r  i m p o r t a n t  d e s ig n  in d e x  w h ich  can be  
f o r m u l a t e d  f ro m  t h e  ab o ve  e q u a t i o n s  i s
c z  COo*
Ma = --------   ( 2 . 1 8 )
The in d e x  Mg f o r  t h e  abo ve  sys tem  i s
Ma = 1 + 4%z ( 2 . 1 8 b )
=  3 f o r  % =  0 . 7 0 7
N o t e  t h a t  t h e  in d e x  Ma i s  n o t  a  f u n c t i o n  o f  AV w h ic h  i s  t h e  
p r o d u c t  o f  ro u g h n e s s  c o e f f i c i e n t  o f  th e  s u r f a c e  and  t h e  
speed o f  t h e  v e h i c l e .
In d e x  Ml i s  u s e f u l  in  com p a r in g  d i f f e r e n t  system  
c o n f i g u r a t i o n s .  W i t h  t h e  s p e c i f i e d  maximum mean s q u a r e  
a c c e l e r a t i o n  and  e x c u r s i o n ,  we know t h a t  f o r  an o p t im a l  
sys tem
1 z ' ' = ( c = ) =  a
(AV)max = — [ ------------ —------ ] ( 2 . 1 9 )
K Ml
T h a t  i s ,  th e  maximum speed or  rough ness  c o e f f i c i e n t  i s  
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  f o u r t h  r o o t  o f  t h e  in d e x  Mi . 
Thus we w o u ld  choose a  sys tem  c o n f i g u r a t i o n  w i t h  a  minimum 
v a l u e  o f  Ml to  o b t a i n  t h e  p e r m i s s i b l e  maximum speed or  
r o u g h n e s s  c o e f f i c i e n t .  I t  i s  a l s o  i m p o r t a n t  t o  n o t e  t h a t  th e  
p r o d u c t  o f  A t im e s  V i s  c o n s t a n t  f o r  a  f i x e d  d e s ig n  w i t h  
g i v e n  a c c e l e r a t i o n  and e x c u r s i o n  s p e c i f i c a t i o n s .  I f  we want  
t h e  v e h i c l e  t o  o p e r a t e  a t  a  h ig h  speed we have t o  r e d u c e  th e
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roug h n ess  c o e f f i c i e n t  o f  t h e  t r a c k  c o r r e s p o n d i n g l y .  Of 
c o u r s e ,  we have t o  t a k e  many o t h e r  f a c t o r s  i n t o  
c o n s i d e r a t i o n  i f  we want  t o  i n c r e a s e  t h e  o p e r a t i n g  speed o f  
t h e  t r a n s p o r t  s y s te m .
The d e s ig n  in d e x  i s  u s e f u l  in  d e t e r m i n i n g  th e  
n a t u r a l  f r e q u e n c y  o f  t h e  sys tem  when we want  t h e  sys tem  to  
be o p t i m a l . N o t e  t h a t  Ma i s  in d e p e n d e n t  o f  t h e  o p e r a t i n g  
speed o r  t r a c k  ro u g h n e s s .  W i th  a  chosen s e t  o f  mean s q u a re  
a c c e l e r a t i o n  and  e x c u r s i o n  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  
o p t im a l  sys tem  i s  g i v e n  by
1 Ma %
f o  — —  [ ------— ---------] ( 2 . 2 0 )
2TC c =
When t h e  n a t u r a l  f r e q u e n c y  chosen i s  o t h e r  than  t h a t  f o r  th e  
o p t im a l  sys tem  th e  o p e r a t i n g  l i m i t s  o f  e i t h e r  mean s q u a r e  
a c c e l e r a t i o n  or  e x c u r s i o n  has t o  be r e d u c e d ,  d e p e n d in g  
w h e t h e r  t h e  f r e q u e n c y  chosen i s  be low  or  above  t h e  o p t im a l
one .  In  a n y  case  th e  AV p r o d u c t  w i l l  be l e s s  than  t h a t  f o r
t h e  o p t i m a l  sys tem  i f  th e  s p e c i f i c a t i o n s  a r e  t o  be
f u l f i l l e d .  B e s id e s  b e i n g  a  d e s ig n  i n d e x .  Ma i s  a l s o  a  f i g u r e  
o f  m e r i t  o f  t h e  s y s te m .  T h i s  i s  because  a  lo w e r  v a l u e  o f  Ma 
w i l l  g i v e  a  lo w e r  o p t im a l  f r e q u e n c y  th u s  a v o i d i n g  t h e  
p e a k in g  o f  a c c e l e r a t i o n  between 1 and 8Hz when t h e  human 
s e n s i t i v i t y  t o  a c c e l e r a t i o n  i s  a t  i t s  h i g h e s t  v a l u e .  
B e s i d e s ,  a  lo w e r  n a t u r a l  f r e q u e n c y  w i l l  s t a r t  t h e  r o l l i n g  
o f f  o f  a c c e l e r a t i o n  sensed in  th e  c a b in  a t  a  lo w e r  f r e q u e n c y  
th u s  g i v i n g  a  b e t t e r  v i b r a t i o n  i s o l a t i o n  a t  h ig h  f r e q u e n c y .
I t  w o u ld  be i d e a l  i f  th e  sys tem  j u s t  d e s c r i b e d  c o u ld  
be used  in  a  p r a c t i c a l  s i t u a t i o n .  U n f o r t u n a t e l y ,  such a
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sys tem  has  z e r o  s t a t i c  s t i f f n e s s  t o  lo a d  a s  we can see t h i s  
f ro m  e q u a t i o n  ( 2 . 1 6 ) .  T h a t  i s ,  t h e  s u s p e n s io n  sys tem  w i l l  
c o l l a p s e  under  t h e  w e i g h t  o f  t h e  l o a d .  I t  i s  no t  d i f f i c u l t  
t o  v i s u a l i z e  t h i s  s i n c e  t h e  damper i s  no t  c a p a b l e  o f  t a k i n g  
up s t a t i c  f o r c e .  W i th  a  s t a t i c  f o r c e  a p p l i e d  t o  i t ,  th e  
damper w i l l  h i t  i t s  end o f  t r a v e l  when compressed or  
e x t e n d e d .  Thus t h e  s u s p en s io n  sys tem  w hich  c o n s i s t s  o f  a  
s p r i n g  and  a  damper in  s e r i e s  can not  be used in  p r a c t i c e  
bec ause  o f  i t s  z e r o  s t a t i c  s t i f f n e s s  even though i t  has v e r y  
good i s o l a t i o n - e x c u r s i o n  p e r f o r m a n c e  index  Mi .
2 . 6  The s u b - o p t i m a l  p a s s i v e  su s p e n s io n  system
B e f o r e  moving  on t o  a c t i v e  s u s p en s io n  sys tem s t h e r e  
i s  one p a s s i v e  system  w hich  i s  w o r th  m e n t i o n i n g .  A l th o u g h  
t h i s  sys tem  i s  s u b o p t im a l  in  v i b r a t i o n - i s o l a t i o n  p r o p e r t y  a s  
compared t o  th e  sys tem  d e s c r i b e d  in  th e  p r e v i o u s  s e c t i o n ,  i t  
m e e ts  t h e  c o n d i t i o n s  r e q u i r e d  f o r  a  system w o r k in g  under  i t s  
normal  o p e r a t i n g  mode. T h a t  i s ,  t h i s  system  has f i n i t e  
s t i f f n e s s  t o  s t a t i c  and dynamic l o a d .  I t  has z e r o  s t e a d y  gap 
d e f l e c t i o n  when t r a v e l l i n g  o v e r  a  ramp and i t  has good h ig h  
f r e q u e n c y  v i b r a t i o n  i s o l a t i o n  The s i m p l e s t  fo rm  o f  such a  
sys tem  was d e s c r i b e d  in  a  r e p o r t  by S. G. M e is e n h o l d e r  and  
T .  C. Wang [ 5 3 .  To a v o i d  t h e  p rob lem  o f  h a v in g  non­
d e c r e a s i n g  a c c e l e r a t i o n  p . s . d .  a t  h ig h  f r e q u e n c y ,  a s  
d e s c r i b e d  in  s e c t i o n  2 . 4 ,  t h e  damper i s  no lo n g e r  c o n n e c te d  
d i r e c t l y  a c r o s s  th e  v e h i c l e  and th e  s u r f a c e —f o l l o w i n g  
r o l l e r .  I n s t e a d ,  i t  i s  r e p l a c e d  by a  subassem bly  o f  a  s p r i n g  
and  a  damper in  s e r i e s ,  t h e  w h o le  a r r a n g e m e n t  i s  shown in
- 5 3 -
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Fig.2.7 Suboptimal passive suspension
I t  has been shown by M e i s e n h o l d e r  and Wang [ 5 ]  t h a t
by c h o o s in g  t h e  s p r i n g  in  t h e  subassem bly  t o  have  a
s t i f f n e s s  e i g h t  t im e s  l a r g e r  than  th e  o v e r a l l  p a r a l l e l
sys tem  s t i f f n e s s  and by c h o o s in g  th e  damping c o e f f i c i e n t  o f
t h e  c o m p le te  system  t o  be 0 . 7 0 7 ,  th e  mean s q u a re
a c c e l e r a t i o n  and  e x c u r s i o n  a r e  g iv e n  by
  AVKWo*






z ' ' = ( c = )
(A V Ü )*
25
4
( 2 . 2 1 )
( 2 . 22)




M g  — ———————————— —  ——— ( 2 . 2 4 )
400
T hus  t h e  p e r f o r m a n c e  in d e x  Mi o f  t h i s  system  i s  more than  14 
t im e s  l a r g e r  th an  t h a t  g i v e n  by t h e  system  in  s e c t i o n  2 . 5 ,  
a l t h o u g h  t h a t  sys tem  was taken  by many a s  th e  o p t im a l  
p a s s i v e  s y s te m .  However t h e  system  d e s c r i b e d  i n  t h i s  s e c t i o n  
m e e ts  t h e  p r a c t i c a l  r e q u i r e m e n t s  w h i l e  th e  one d e s c r i b e d  in  
t h e  p r e v i o u s  s e c t i o n  does n o t .  We can v e r i f y  t h i s  by
i n s p e c t i n g  t h e  two t r a n s f e r  f u n c t i o n s  o f  t h i s  sys tem  which  
a r e  g i v e n  b e l o w .
k i + k a  k i k a
z m mb
-  ( p )  = ------ :-----------------------------------------------------  ( 2 . 2 5 )
h k 2 k 11 k 2 k 1 k 2
P® + p 2 — — + p — —
b m mb
1 k =
— (  p + —  )
z m b
— ( p )  = ------------------------------------------------------------------------------ (  2 . 2 6 )
f  k-j5 ki+ksa k i k j j
p3 P^"*“ + p —»—• — — — — * ^ ——' — —
b m mb
So, t h i s  sys tem  has z e r o  s t e a d y - s t a t e  gap d e f l e c t i o n  f o r  
ramp i n p u t .  I t  has  an a c c e l e r a t i o n  p . s . d .  w h ic h  d e c r e a s e s  to  
z e r o  w i t h  i n c r e a s i n g  f r e q u e n c y  f o r  i n p u t  d i s p l a c e m e n t  p . s . d .  
o f  t h e  fo rm  A V /W ^ . I t  a l s o  has  f i n i t e  s t i f f n e s s  t o  s t a t i c  
and dynamic l o a d .  Because o f  t h a t ,  i t  i s  a  more r e a l i s t i c  
system t o  be used  a s  t h e  b a s i s  o f  com pa r ison  than  t h e  one  
d e s c r i b e  in  p r e v i o u s  s e c t i o n s .
I t  i s  w o r t h - n o t i n g  t h a t  th e  t r a n s f e r  f u n c t i o n s  o f  
v e h i c l e  d i s p l a c e m e n t  t o  gu idew ay  i n p u t ,  a s  shown in  e q u a t i o n  
( 2 . 2 5 ) ,  and  t o  l o a d  i n p u t ,  a s  shown in  e q u a t i o n  ( 2 . 2 6 ) ,
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have  t h e  same n a t u r a l  - f req u e n cy .  T h a t  means t h e  dynamic  
s t i f f n e s s  t o  g u idew ay  d i s p l a c e m e n t  and t h a t  t o  l o a d  a r e  t h e  
same.  I d e a l l y  we w o u ld  l i k e  th e  f o r m e r  t o  be low f o r  good  
r i d e  q u a l i t y  and  t h e  l a t t e r  t o  be h ig h  f o r  minimum gap 
d e v i a t i o n  under  l o a d .  The  sys tem s d e s c r i b e d  so f a r  a r e  
u n a b l e  to  do t h a t .  In  l a t e r  s e c t i o n s  we s h a l l  f i n d  a  way  
w h ic h  w i l l  e n a b l e  us t o  do t h a t .
2 . 7  T h e  two a c t i v e  su s p e n s io n  sys tem s
We have seen in  S e c t i o n  2 . 4  t h a t  th e  rea s o n  why t h e  
a c c e l e r a t i o n  p . s . d .  does n o t  d e c r e a s e  w i t h  i n c r e a s i n g  
f r e q u e n c y  i s  because  r e l a t i v e  v e l o c i t y  fe e d b a c k  i s  used when 
we c o n n e c t  t h e  damper d i r e c t l y  a c r o s s  th e  v e h i c l e  and  t h e  
s u r f a c e - f o l l o w i n g  r o l l e r .  The  a l t e r n a t i v e  way i s  no t  to  use  
r e l a t i v e  v e l o c i t y  f e e d b a c k  b u t  t o  p r o v i d e  t h e  r e q u i r e d  
damping by u s i n g  a b s o l u t e  v e l o c i t y  f e e d b a c k .  T h i s  a b s o l u t e  
v e l o c i t y  i s  t h e  r a t e  o f  change o f  p o s i t i o n  o f  t h e  v e h i c l e  
w i t h  r e f e r e n c e  t o  a  h o r i z o n t a l  l e v e l  in  an i n e r t i a l  f r a m e .  
S i n c e  t h e  t r a v e l l i n g  su s p e n s io n  system c an n o t  have a  
p h y s i c a l l y  f i x e d  i n e r t i a l  l e v e l  t o  w h ich  th e  damper can
a n c h o r ,  t h i s  l e v e l  can o n l y  be deduced f ro m  some o t h e r
m e a s u re m e n ts .  Such a  r e f e r e n c e  l e v e l  w i l l  then  be an 
i m a g i n a r y  one w h ich  seems t o  be f l o a t i n g  in  t h e  mid  a i r .
Hence t h i s  sys tem  i s  c a l l e d  a  skyhook damper C233. In
a c t u a l  i m p le m e n t a t i o n  th e  a b s o l u t e  v e l o c i t y  i s  deduced f ro m  
t h e  i n t e g r a t i o n  o f  t h e  a b s o l u t e  a c c e l e r a t i o n  s i g n a l  f ro m  an  
a c c e l e r o m e t e r .  T h i s  v e l o c i t y  s i g n a l ,  t o g e t h e r  w i t h  o t h e r  
f e e d b a c k  s i g n a l s ,  i s  used a s  t h e  i n p u t  to  a f o r c e  a c t u a t o r
—5 6 —
w h ic h  i s  c o n n e c te d  d i r e c t l y  a c r o s s  t h e  v e h i c l e  and  t h e  
s u r f a c e —f o l l o w i n g  r o l l e r .  The  s c h e m a t ic  d ia g r a m s  a r e  g i v e n  




Schematic for singal flow
Fig.2.8b 
Schematic for implementation
The d i f f e r e n t i a l  e q u a t i o n  t h a t  r e l a t e s  t h e  changes  
o f  gap and p o s i t i o n  w i t h  f o r c e  and g u i d e w a y - l e v e l  i n p u t  f o r  
t h i s  system i s
m z ' '  =  -  kc -  b z '  + f
U s in g  th e  t e c h n i q u e  a d o p te d  in  s e c t i o n  2 . 4 ,  t h e  f o l l o w i n g  
t r a n s f e r  f u n c t i o n s  a r e  f o u n d .
(i)o = 
p^ + 2%Wop +
w h ere  (Oo^ =  k/m
2%Wo = b/m
( 2 . 2 7 )
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c + 2%0)oP
- ( p )     ( 2 . 2 8 )
h p ^  + 2%WoP + ûïo^
z l /m
f  P *  ■*' 2^(0oP + 0)o^
Comparing t h e s e  t r a n s f e r  f u n c t i o n s  w i t h  th o s e  g i v e n  by
e q u a t i o n s  ( 2 . 1 4 ) ,  ( 2 . 1 5 )  and ( 2 . 1 6 )  f o r  a  sys tem  w i t h  s p r i n g
and  damper in  s e r i e s ,  we can see  t h a t ,  e x c e p t  f o r  t h e
t r a n s f e r  f u n c t i o n  z / f  ( p ) ,  t h e y  a r e  i d e n t i c a l .  H ence ,  t h i s
sys tem  w i l l  have  th e  same p e r f o r m a n c e  in d e x  Mi and  d e s ig n
in d e x  a s  th o s e  g i v e n  by e q u a t i o n s  ( 2 . 1 7 b )  and  ( 2 . 1 8 b ) .
From e q u a t i o n  ( 2 . 2 9 ) ,  we know t h a t  t h i s  sys tem  has  f i n i t e
s t i f f n e s s  t o  s t a t i c  and dynamic l o a d .  In  f a c t ,  t h i s  i s  t h e
same a s  t h a t  g i v e n  by e q u a t i o n  ( 2 . 1 2 )  f o r  th e  sys tem  u s i n g
r e l a t i v e  p o s i t i o n  and r e l a t i v e  v e l o c i t y  f e e d b a c k .  T h i s  i s
b e c a u s e ,  when th e  gu idew ay  l e v e l  i n p u t  i s  z e r o ,  t h e  a b s o l u t e
v e l o c i t y  i s  t h e  same a s  t h e  r e l a t i v e  v e l o c i t y  o f  t h e  s y s te m .
So, t h i s  sys tem  has th e  combined a d v a n t a g e  o f  th o s e  two
sys tem s g i v e n  in  S e c t i o n  2 . 4  and 2 . 5  w i t h o u t  h a v in g  t h e i r
d i  sadvan t a g e s .
One i m p o r t a n t  p r o p e r t y  o f  any  s u s p en s io n  sys tem  we
s t i l l  have  t o  c o n s i d e r  i s  t h e  s u r f a c e - f o l l o w i n g  c a p a b i l i t y  
when t h e  i n p u t  i s  a  ramp.  From e q u a t i o n  ( 2 . 2 7 )  we knew t h a t
t h e  t r a n s f e r  f u n c t i o n  z / h  w i l l  have s t e a d y  s t a t e  e r r o r  when
f o l l o w i n g  a  ramp i n p u t .  From e q u a t i o n  ( 2 . 2 8 )  we can f i n d  
t h a t  t h e  s t e a d y - s t a t e  gap d e f l e c t i o n  w i t h  a  ramp i n p u t ,  w i t h  
t h e  r a t e  o f  change o f  h e i g h t  b e i n g  v ,  i s
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css  =  p — ---- ---------------------------------------
p - > 0  p *  p *  + 2%Wop + Ci)o*
-2%v
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Hence t h e  s t e a d y - s t a t e  gap d e f l e c t i o n  i s  no t  z e r o  f o r  a  ramp 
i n p u t  o f  gu id ew ay  l e v e l .  I t  i s  a l s o  w o r th  n o t i n g  t h a t  t h e  
d e f l e c t i o n  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  damping and t h e  
r a t e  o f  change o f  h e i g h t  and  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  
t h e  n a t u r a l  f r e q u e n c y  o f  th e  s y s t e m . T h a t  i s ,  t h e  d e f l e c t i o n  
i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  
s t i f f n e s s .  T h i s  n o n - z e r o  s t e a d y - s t a t e  d e f l e c t i o n  i s  t h e  
d i r e c t  consequence  o f  u s i n g  t h e  raw a b s o l u t e  v e l o c i t y  
f e e d b a c k  w h ich  has n o n - z e r o  s t e a d y - s t a t e  v a l u e  when t h e  
a b s o l u t e  p o s i t i o n  o f  t h e  v e h i c l e  w i t h  r e f e r e n c e  t o  an 
i n e r t i a l  l e v e l  i s  c h a n g in g  w i t h  t i m e .  For  t h i s  r e a s o n ,  t h i s  
s u s p e n s io n  system  i s  n o t  s u i t a b l e  f o r  use in  sys te m s  w i t h  
s m a l l  r a t t l e s p a c e .  '
One common p r a c t i c e  o f  e l i m i n a t i n g  s t e a d y - s t a t e  
e r r o r  f o r  ramp i n p u t  i s  to  p u t  an i n t e g r a l - c o n t r o l  1 e r  in  t h e  
f o r w a r d  p a t h .  An exam ple  o f  such a  system i s  one w h ic h  uses  
t h e  sum o f  r e l a t i v e  p o s i t i o n ,  r e l a t i v e  v e l o c i t y  and  a b s o l u t e  
a c c e l e r a t i o n  s i g n a l s  f e e d i n g  back th ro u g h  an i n t e g r a l  
c o n t r o l l e r  t o  d r i v e  t h e  f o r c e - a c t u a t o r  c o n n e c te d  between th e  
v e h i c l e  and  t h e  s u r f a c e - f o l l o w i n g  r o l l e r .  The d i f f e r e n t i a l  
e q u a t i o n  s p e c i f y i n g  t h e  dynam ics  o f  t h i s  system i s  g iv e n  a s  
f o l 1 owed.
m z ' '  =  j c - k c - b c '  -  K a z "  3 d t  + f  
The t r a n s f e r  f u n c t i o n s  o f  t h e  system  a r e
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b k .
p — + —
z m m
- ( p )     ( 2 . 3 0 )
h Ka b k
p ®  + p ® —— + p — + —
m m m
Ka
— (  p ®  + p ®  —  )
c m
- ( p )  = --------------------------------------------------------------- ( 2 . 3 1 )
h Ka b k
p ®  + p ̂ —— + p — + —
m m m
z l / m
- ( p )  = --------------------------------------------------------------- ( 2 . 3 2 )
■f Ka b k
p ®  + p ^ -“”  + p — + —
m m m
w h ere  k =  r e l a t i v e  p o s i t i o n  fe e d b a c k  f a c t o r  
b =  r e l a t i v e  v e l o c i t y  f e e d b a c k  f a c t o r  
Ka =  a b s o l u t e  a c c e l e r a t i o n  f e e d b a c k  f a c t o r
From e q u a t i o n  ( 2 . 3 2 )  we can see  t h a t  th e  s t a t i c
s t i f f n e s s  o f  t h e  system  i s  k .  We a l s o  know f ro m  th e  e q u a t i o n
( 2 . 3 1 )  t h a t  t h e  s t a t i c  d e f l e c t i o n  f o r  a  ramp i n p u t  i s  z e r o .  
From e q u a t i o n  ( 2 . 3 0 ) ,  t h e  t r a n s f e r  f u n c t i o n  z / h ( p )  has a  
p o l e - z e r o  e x c e s s  o f  two.  Thus f o r  i n p u t  d i s p l a c e m e n t  p . s . d .  
o f  t h e  fo rm  AV/W= th e  a c c e l e r a t i o n  p . s . d .  d e c r e a s e s  to  z e r o
a s  f r e q u e n c y  i n c r e a s e s  t o  i n f i n i t y .  T h e r e f o r e  th e  r . m . s .
a c c e l e r a t i o n  i s  f i n i t e  f o r  t h i s  sys tem  i f  t h e  i n p u t  has  
p . s . d .  a s  g i v e n  e a r l i e r  on .  N u m e r ic a l  c o m p u ta t io n  showed 
t h a t  i f  t h e  system  c h a r a c t e r i s t i c ,  w h ich  i s  d e r i v e d  f ro m  t h e  
d e n o m in a to r  o f  i t s  t r a n s f e r  f u n c t i o n s ,  f o l l o w s  a  B u t t e r w o r t h  
r e s p o n s e  then  t h e  p e r f o r m a n c e  in d e x  Mi e q u a l s  t o  1 . 5 2  and  
t h e  i n d e x  M» e q u a l s  0 . 6 7 .  I f  i t  f o l l o w s  a  b in o m ia l  
(s y n c h r o n o u s )  re s p o n s e  Mi e q u a l s  0 . 7 4  and  Mg e q u a l s  0 . 4 3 .
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When compared w i t h  th e  s u b o p t im a l  p a s s i v e  sys tem  g i v e n  in  
t h e  p r e v i o u s  s e c t i o n ,  t h i s  i s  a  m arked  im p ro v e m e n t .  
T h e r e f o r e ,  t h i s  t h i r d  o r d e r  system m ee ts  a l l  th e  
r e q u i r e m e n t s  o f  a  p r a c t i c a l l y  u s a b l e  sys tem  and  has good  
a c c e l e r a t i o n - e x c u r s i o n  t r a d e - o f f  i n d e x .  H o w e v e r , l i k e  a l l  
sys te m s  m e n t io n e d  so f a r ,  i f  th e  n a t u r a l  f r e q u e n c y  i s  k e p t  
low f o r  good r i d e  q u a l i t y ,  t h e  s t i f f n e s s  i s  too  low f o r  th e  
l o a d i n g .  T h i s  c o n f l i c t i n g  r e q u i r e m e n t  s t i l l  needs r e s o l v i n g .  
I t  w o u ld  be i d e a l  i f  we can a c h i e v e  t h e  o p t i m i z a t i o n  o f  
p r o f i l e - f o l l o w i n g ,  v i b r a t i o n - i s o l a t i o n  and  s t i f f n e s s  t o  lo a d  
i n d e p e n d e n t l y .  We s h a l l  t r y  t o  a c h i e v e  t h i s  in  t h e  f o l l o w i n g  
s e c t i o n s .
2 . 8  The  i d e a l  v e h i c l e  su s p e n s io n  system  and i t s  p e r f o r m a n c e  
In  t h e  p r e v i o u s  s e c t i o n s ,  we have lo o k e d  a t  some
c o n v e n t i o n a l  p a s s i v e  and a c t i v e  su s p e n s io n  sys te m s  and have  
ta k e n  n o t e  o f  t h e i r  p e r f o r m a n c e s ,  l i m i t a t i o n  and
s h o r t c o m i n g s .  In  t h i s  s e c t i o n  and  th e  n e x t ,  we a r e  g o in g  t o  
s y n t h e s i z e  th e  i d e a l  system f ro m  th e  b a s i c  r e q u i r e m e n t s .  
H a v in g  fo u n d  t h e  b e s t  p o s s i b l e  system  we s h a l l  use t h e
t h e o r y  d e v e lo p e d  a s  a  g u id e  t o  s y n t h e s i z e  a  p r a c t i c a l l y  
r e a l i z a b l e  o p t i m a l  s ys te m .
In  th e  i n t r o d u c t o r y  s e c t i o n  we have seen t h a t  th e
p r i m a r y  o b j e c t i v e s  o f  a  su s p e n s io n  sys tem  a r e  s u r f a c e  
p r o f i l e - f o l l o w i n g ,  v i b r a t i o n -  i s o l a t i o n  and  h ig h  s t i f f n e s s  
t o  m a i n t a i n  t h e  gap e x c u r s i o n  under  l o a d  t o  be w i t h i n  t h e  
r a t t l e s p a c e .  We have  seen t h a t ,  i n  c o n v e n t i o n a l  s y s te m s ,  t h e  
h ig h  s t i f f n e s s  c o n f l i c t s  w i t h  t h e  r e q u i r e m e n t  o f  low n a t u r a l
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f r e q u e n c y  f o r  good v i b r a t i o n  i s o l a t i o n .  A l s o  t h e r e  i s  a  
t r a d e - o f f  r e l a t i o n s h i p  between t h e  mean s q u a r e  a c c e l e r a t i o n  
and  t h e  mean s q u a r e  e x c u r s i o n  o f  t h e  s u s p e n s io n  s y s te m .  I t  
w o u ld  be i d e a l  i f  t h e s e  t h r e e  p r i m a r y  o b j e c t i v e s  can be met  
w i t h o u t  c o n f l i c t  o r  com prom ise .  In d e e d  C .R .  G u en th er  [ 2 4 ]  
d i d  i n v e s t i g a t e  t h e  p o s s i b i l i t y  o f  d e c o u p l i n g  t h e s e  t h r e e  
m a jo r  r e q u i r e m e n t s .  U s in g  t h e  f e e d - f o r w a r d  c o n t r o l  o f  
d i s t u r b a n c e  ca u s e d  by l o a d ,  t h e  t r a c k i n g  and v i b r a t i o n -  
i s o l a t i o n  p r o b le m  was made i n d e p e n d e n t  o f  l o a d .  The  p ro b le m  
was f u r t h e r  p a r t i t i o n e d  i n t o  an o p t im a l  d e t e r m i n i s t i c  
c o n t r o l  p r o b le m  o f  p r o f i l e - f o l l o w i n g  and  an o p t im a l  
s t o c h a s t i c  c o n t r o l  p ro b lem  o f  v i b r a t i o n - i s o l a t i o n .  In  t h i s  
way t h e s e  t h r e e  p r i m a r y  o b j e c t i v e s  w ou ld  be o p t i m i z e d  
w i t h o u t  c o n f l i c t .  However ,  th e  use o f  f e e d - f o r w a r d  c o n t r o l  
r e q u i r e s  t h e  c o m p l e t e  know ledge  o f  a l l  s t a t i c  and  dynamic  
lo a d  a p p l i e d  t o  t h e  s y s te m .  T h i s  may be q u i t e  d i f f i c u l t  to  
im p le m e n t .  The  more s e r i o u s  p ro b le m  w i t h  t h e  method i s  in  
t h e  b a s i c  a s s u m p t io n  t h a t  t h e  s u r f a c e  p r o f i l e  and roug h n ess  
b e lo n g  t o  two s e p a r a t e  r e g im e s  o f  gu idew ay  d i s p l a c e m e n t .  In  
f a c t  t h i s  i s  n o t  s o .  F i r s t l y ,  t h e  s u r f a c e  p r o f i l e  w h ich  has  
lo n g  w a v e l e n g t h s  and th e  s u r f a c e  rough ness  w h ich  has  s h o r t  
w a v e l e n g t h s ,  a r e  d is p l a c e m e n t  c h a r a c t e r i s t i c s  o f  s u r f a c e  
i r r e g u l a r i t i e s  o v e r  a  w id e  c o n t i n u o u s  s p a t i a l  f r e q u e n c y  
s p e c t ru m  w i t h  no c l e a r l y  d i s t i n g u i s h a b l e  c r o s s o v e r  
f r e q u e n c y .  Even i f  t h e r e  i s  one such f r e q u e n c y ,  o r  one such 
f r e q u e n c y  i s  a r b i t r a r i l y  c h o se n ,  th e  m u l t i p l i c a t i o n  f a c t o r  
o f  th e  s p a t i a l  t o  tem pora l  f r e q u e n c y  t r a n s f o r m a t i o n  w i l l  
change w i t h  t h e  speed o f  t h e  v e h i c l e  th u s  p r o d u c in g  a  
c r o s s - o v e r  f r e q u e n c y  in  t h e  tem pora l  domain w h ich  changes
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w i t h  s p e e d .  As a  r e s u l t ,  t h e  a s s u m p t io n  o f  t h e  a b i l i t y  t o  
c o m p l e t e l y  s e p a r a t e  th e  gu idew ay  d i s p l a c e m e n t  due t o  p r o f i l e  
and t h a t  due t o  ro u g h n ess  by u s i n g  a  f i l t e r  in  t h e  tem p o ra l  
f r e q u e n c y  dcxnain i s  n o t  v a l i d  and  t h e  s t a g e  o f  f u r t h e r  
d e c o u p l i n g  o f  t h e  c o n t r o l  p ro b lem  i n t o  d e t e r m i n i s t i c  and
s t o c h a s t i c  o p t im a l  ones i s  n o t  p o s s i b l e .  In  t h e  pa p e r  E253 
s e p a r a t i n g  o f  p r o f i l e  and rou g h n ess  i n p u t  was im p le m e n te d
w i t h  a  f i r s t  o r d e r  f i l t e r .  As we s h a l l  see  in  t h e  n e x t  
s e c t i o n ,  t h i s  p a r t i c u l a r  f i l t e r  p ro d u c e s  s t e a d y - s t a t e  gap
d e f l e c t i o n  f o r  ramp i n p u t  o f  t r a c k  l e v e l .  T h i s  d e f e c t  can
e a s i l y  be r e c t i f i e d  by u s i n g  a  f i l t e r  o f  a  h i g h e r  t y p e
n u m b e r .
A l t h o u g h  th e  method d e s c r i b e d  by C .R .  G u e n th e r  has  
i t s  s h o r t c o m i n g s ,  t h e  t e c h n i q u e  o f  p a r t i t i o n i n g  o f  t h e  
c o n t r o l  p ro b le m  i s  w o r th  f u r t h e r  e x p l o r i n g .  Assuming t h a t ,  
by u s i n g  an i n t e g r a l  c o n t r o l l e r  and  a  h ig h  s t i f f n e s s  s y s te m ,  
we can m i n i m i z e  or  t o t a l l y  e l i m i n a t e  th e  e f f e c t  o f  s t a t i c  
and dynamic l o a d  on th e  p r o f i l e - f o l l o w i n g  and  v i b r a t i o n -  
i s o l a t i o n  c h a r a c t e r i s t i c s  our  n e x t  ta s k  i s  to  o p t i m i s e  t h e s e  
two c h a r a c t e r i s t i c s .  In  t h e  b e g i n n i n g  o f  t h i s  c h a p t e r  we
have  p o i n t e d  o u t  t h a t  t h e  s u s p e n s io n  system s h o u ld  behave
l i k e  a  1o w - p a s s - f i 1 t e r . L e t  us assume t h a t  an i d e a l  sys tem
beh aves  l i k e  a  p e r f e c t  1o w - p a s s - f i 1 t e r  w i t h  c u t - o f f  
f r e q u e n c y  o f  Wo in  th e  tem pora l  f r e q u e n c y  dom ain .  The c u t ­
o f f  f r e q u e n c y  i s  chosen t o  be in  t h e  tem pora l  f r e q u e n c y  
domain because  t h e  r i d e - q u a l i t y  f i g u r e ,  which  i s  in  te rm s  o f  
a c c e l e r a t i o n  and j e r k  i s  a  q u a n t i t y  in  t h i s  dcxnai n . So, we 
can assume t h a t  th e  p e r f e c t  f i l t e r i n g  c h a r a c t e r i s t i c s  o f  an
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i d e a l  s u s p e n s io n  sys tem  i s  one w h ich  - fo l lo w s  t h e  gu id e w a y  
p r o f i l e  p e r f e c t l y  when t h e  i n p u t  i s  b e low  t h e  f r e q u e n c y  (Oo 
and g i v e s  p e r f e c t  v i b r a t i o n - i s o l a t i o n  once i t  i s  ab o ve  t h i s  
f r e q u e n c y .  The t r a n s f e r  f u n c t i o n  o f  such a  sys tem  i s
z/h<(0> =  1 f o r  (0 < (Oo )
)
=  0 f o r  (0 > (Oo ) ( 2 . 3 3 )
The mode o f  c o n t r o l  w h ic h  i s  o p t i m i s e d  on g u idew ay  
p r o f i l e - f o l l o w i n g  i s  c a l l e d  c o n t o u r i n g  and  t h e  mode w h ic h  i s  
o p t i m i s e d  on v i b r a t i o n - i s o l a t i o n  by m a i n t a i n i n g  t h e  a b s o l u t e  
p o s i t i o n  in  an i n e r t i a l  f r a m e  i s  c a l l e d  p l a t f o r m i n g .  Thus an  
i d e a l  s u s p e n s io n  system  w o u ld  be one w h ic h  has i t s  f r e q u e n c y  
r e s p o n s e  s w i t c h e d  f ro m  p e r f e c t  c o n t o u r i n g  t o  p e r f e c t  
p l a t f o r m i n g  once i t  i s  abo ve  t h e  c r o s s - o v e r  f r e q u e n c y  (Do.
For  i n p u t  d i s p l a c e m e n t  p . s . d .  o f  AV/W= t h e  mean 











=  AV(Do ® / 3  ( 2 . 3 4 )
Because z = h c 
t h e r e f o r e  c /h ((D ) =  z /h ( (D )  -  1 















Z ' ' z  ( c = ) =  1
<AV1C)-* 31C*
3 . 4 2 2  X 10“ ®
dW
( 2 . 3 5 )
( 2 . 3 6 )
M: =  COn ̂  — 3 ( 2 . 3 7 )
The e q u i v a l e n t  b e s t  p e r f o r m a n c e  in d e x  and d e s ig n  in d e x  in  
te rm s  o f  peak a c c e l e r a t i o n  p . s . d .  can be o b t a i n e d  when t h e  
UTACV s p e c i f i c a t i o n  i s  u se d ,  i s  g i v e n  by
P . . '
AV 
= ------(D*
w =  w.




P . ' ,  ( c= )® 
(AVK)®  
3 . 2 2 5  X 10“ =
1
X'
P . - '
AV/Wo
=   Wo
AVWo =
( 2 . 3 9 )
=  1 ( 2 . 4 0 )
I f  an i d e a l  system  l i k e  t h i s  one can be c o n s t r u c t e d  
t o  have  a  maximum r . m . s .  a c c e l e r a t i o n  o f  3% ' g '  and maximum 
r . m . s .  e x c u r s i o n  o f  5mm when t r a c k  rough ness  c o e f f i c i e n t  A 
e q u a l s  2 K x 10“ ^ m - r a d i a n ,  then  by u s i n g  e q u a t i o n  ( 2 . 1 7 ) ,
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t h e  n a t u r a l  f r e q u e n c y  w i l l  be
1 3 z ' ' =  a
2K c®
= 1 . 6Hz
and t h e  maximum speed o f  th e  v e h i c l e  w i l l  be
  a
Vmax =  1 /A  C 3 x z ' x  <c^>® ]
=  4 0 1 . 7  m /s  =  897  mph
O r ,  i f  th e  peak a c c e l e r a t i o n  p . s . d .  i s  8 x l O “ * g = / H z  
a s  g i v e n  by t h e  UTACV s p e c i f i c a t i o n  w i t h  t h e  same maximum 
r . m . s .  e x c u r s i o n  and  ro u g h n e s s  c o e f f i c i e n t  th e  o p t im a l  
n a t u r a l  f r e q u e n c y  w ou ld  be 0 .2 0 4 H z  and  t h e  maximum speed  
w o u ld  o n l y  be 5 0 . 9  m / s .  O b v i o u s l y  p e r f o r m a n c e  o f  t h i s  k i n d  
i s  o n l y  a t t a i n a b l e  i f  t h e  sys tem  behaves  l i k e  a  p e r f e c t  
1o w - p a s s - f i l  t e r ,  w h ich  has i n f i n i t e  a t t e n u a t i o n  once t h e  
i n p u t  i s  ab o ve  th e  c u t - o f f  f r e q u e n c y .  In  p r a c t i c e ,  such a  
f i l t e r  does n o t  e x i s t .  A l s o ,  in  t h i s  s e c t i o n  we have  not  
been c o n s i d e r i n g  th e  re s p o n s e  o f  t h e  i d e a l  sys tem  t o  s t e p ,  
ramp and p a r a b o l i c  i n p u t  o f  gu idew ay  cha n g e .  N e i t h e r  have  
we been c o n s i d e r i n g  t h e  s t i f f n e s s  o f  th e  i d e a l  s y s t e m . We 
have  assumed t h a t  t h e  s t i f f n e s s  o f  th e  system i s  i n f i n i t e  
t h r o u g h o u t  t h e  w h o le  f r e q u e n c y  band .  In  t h e  n e x t  s e c t i o n ,  we 
s h a l l  d e v e lo p  t h e  t h e o r y  t o  c o v e r  sys tem s w i t h  f i n i t e  
s t i f f n e s s  and sys tem s u s i n g  p r a c t i c a l l y  r e a l i z a b l e  f i l t e r s .
2 . 9  Comp 1e m e n t a r y f i l t e r i n g  t e c h n i q u e
I n  t h i s  s e c t i o n  we s h a l l  e s t a b l i s h  t h e  t e c h n i q u e  o f  
c o m p le m e n t a r y -  f i l t e r i n g .  U s in g  t h i s  t e c h n i q u e  we s h a l l  see
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how we can r e s o l v e  t h e  c o n f l i c t i n g  d e s ig n  r e q u i r e m e n t s  o f
h ig h  s t i f f n e s s  t o  f o r c e  and  h ig h  c o m p l ia n c e  f o r  r i d e  
q u a l i t y .  W i th  t h i s  t e c h n i q u e  we s h a l l  t r y  to  d e s ig n
p r a c t i c a l l y  r e a l i z a b l e  sys tem s and see  how c l o s e  t h e i r
p e r f o r m a n c e s  a p p ro ach  t h a t  o f  t h e  t h e o r e t i c a l  l i m i t  g i v e n  by  
t h e  i d e a l  system j u s t  d e s c r i b e d .
From th e  p r e v i o u s  s e c t i o n ,  we have seen t h a t  an
i d e a l  s u s p e n s io n  sys tem  has t h e  c h a r a c t e r i s t i c s  o f  a  p e r f e c t
1 o w - p a s s - f i  1 t e r  in  t h e  tem pora l  f r e q u e n c y  dcxnain w h ic h  uses  
c o n t o u r i n g  mode t o  t r a c k  t h e  s u r f a c e  p r o f i l e  o f  low s p a t i a l  
f r e q u e n c y  and uses t h e  p l a t f o r m i n g  mode t o  sk im  o v e r  t h e  
ro u g h n e s s  o f  h ig h  s p a t i a l  f r e q u e n c y .  C o n t o u r in g  i s  good f o r  
p r o f i l e - f o l l o w i n g  b u t  n o t  f o r  v i b r a t i o n - i s o l a t i o n  w h i l e  
t h e  c o n v e r s e  i s  t r u e  f o r  p l a t f o r m i n g .  A l t h o u g h  by i t s e l f  
p l a t f o r m i n g  mode o f  c o n t r o l  can g i v e  p e r f e c t  i s o l a t i o n
f ro m  t r a c k  l e v e l  c h a n g e s ,  i t  i s  i n c a p a b l e  o f  f o l l o w i n g
th o s e  g r a d u a l  and  l a r g e  a m p l i t u d e  changes in  t h e  l e v e l  o f  
t h e  g u idew ay  and u n a b le  t o  cope w i t h  g r a d i e n t s  and  
t r a n s i t i o n  c u r v e s .  I f  p o s s i b l e  we w o u ld  l i k e  t o  combine t h e  
v i b r a t i o n - i s o l a t i o n  a b i l i t y  o f  th e  p l a t f o r m i n g  mode and  
th e  p r o f i l e - f o l l o w i n g  c a p a b i l i t y  o f  t h e  c o n t o u r i n g  mode.  
To a c h i e v e  t h i s  a im  a  h y b r i d  c o n t r o l  scheme w h ich  f e e d s  back  
r e l a t i v e  p o s i t i o n  and  v e l o c i t y  and a b s o l u t e  a c c e l e r a t i o n  
s i g n a l s  has been used by t h e  West Germany group C IS ]  w i t h  
some s u c c e s s .  However f u r t h e r  improvement  can be o b t a i n e d  by  
s w i t c h i n g  o v e r  f ro m  p l a t f o r m i n g  mode t o  c o n t o u r i n g  mode 
when t h e  g u idew ay  l e v e l  i n p u t  s i g n a l  i s  abo ve  a  chosen  
f r e q u e n c y .  In  t h i s  way t h e  a d v a n t a g e s  o f  b o th  modes o f
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c o n t r o l  can be i n c o r o p a t e d  t o  g i v e  an o p t im a l  s y s te m .
F o r  t h e  i d e a l  system j u s t  d e s c r i b e d ,  we have assumed  
t h a t  i t  i s  p o s s i b l e  to  s w i t c h  f ro m  c o n t o u r i n g  t o  p l a t f o r m i n g  
a b r u p t l y .  I n  r e a l  sys tem s t h i s  i s  n o t  p o s s i b l e .  We now 
have t o  f i n d  a  means o f  i m p le m e n t i n g  t h e  method w i t h  
r e a l i z a b l e  s y s te m s .  One way o f  i m p le m e n t i n g  t h i s  scheme i s  
by f e e d i n g  back t h e  s i g n a l s  f ro m  t h e  m o t io n  o f  t h e  v e h i c l e  
r e l a t i v e  t o  t h e  gu idew ay  th ro u g h  a  1o w - p a s s - f i l  t e r  in  t h e  
tem pora l  f r e q u e n c y  domain and  f e e d i n g  back t h e  s i g n a l  f ro m  
a b s o l u t e  m o t io n  th ro u g h  a  h i g h - p a s s - f i 1 t e r  w i t h  f r e q u e n c y  
re s p o n s e  c o m p le m e n ta ry  t o  t h a t  o f  t h e  1o w - p a s s - f i l  t e r .  I f  
t h e  t r a n s f e r  f u n c t i o n  o f  t h e  1o w - p a s s - f i 1 t e r  i s  H f ( J w ) ,  i t s  
c o m p le m e n ta ry  h i g h —p a s s - f i 1 t e r  w i l l  have  t h e  t r a n s f e r  
f u n c t i o n  1 -  H^<ûw).
For  a  s e c o n d - o r d e r  sys tem  th e  two c o n t r o l  modes a r e  
r e p r e s e n t e d  by s c h e m a t ic  d ia g r a m s  F i g . 2 . 9a  and  2 . 9 b .  I t  i s  
not  d i f f i c u l t  t o  see  t h a t  t h e s e  sys tem s do have th e  
c h a r a c t e r i s t i c s  o f  t h e  c o n t o u r i n g  and p l a t f o r m i n g  modes we 
have d e s c r i b e d .  W i t h  th e  com p le m e n ta ry  f i l t e r s  t h e  combined  
system  can be r e p r e s e n t e d  by th e  s c h e m a t ic  d ia g r a m  F i g . 2 . 9 c .  
The e q u a t i o n  , a f t e r  L a p la c e  t r a n s f o r m  , w h ich  d e s c r i b e s  th e  
system i s
p ^ z  =  - k c  H f ( p )  -  pbc H f ( p )
—k z I l - H f ( p ) ]  — p b z l l —H f ( p ) ]  + f ( p )  ( 2 . 3 9 )  
w h e re  z =  h + c
an d  H ^ ( p )  = t r a n s f e r  f u n c t i o n  o f  t h e  L . P . F .
The  t r a n s f e r  f u n c t i o n s ,  w i t h  a p p l i e d  f o r c e  f ( p )  =  0 ,  a r e
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F ig .2 .9b Platforming mode
F ig .2 .9a Contouring-mode
k-
ion with complementary-filteringF ig .2 .9c Suspension
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z H f ( p )  pb + H f ( p )  k
- ( p )  = -------------------------------------------
h p ^  + pb + k
2^CûoP + Wo*
= H f ( p )  --------------------------------------------  ( 2 . 4 0 )
p *  + 2%ü)oP + (do =
w h ere  (Oq*  = k/m
2%(0o = b/m
and c / h ( p )  = z / h ( p )  -  1 ( 2 . 4 1 )
A l s o  w i t h  th e  g round  i n p u t  h ( p )  =  0 ,  
t h e  f o r c e  t o  d i s p l a c e m e n t  t r a n s f e r  f u n c t i o n  i s  
z 1 2SWoP + Wo=
- ( p )  = -------------------------------------------------------- ( 2 . 4 2 )
f  m p^ + 2%(0oP + 0)o*
From e q u a t i o n ( 2 . 4 2 )  we can see  t h a t ,  when t h e  s u r f a c e
i r r e g u l a r i t y  i n p u t  i s  z e r o ,  t h e  re s p o n s e  o f  t h e  system  t o
f o r c e  a p p l i e d  i s  in d e p e n d e n t  o f  t h e  f i l t e r  and i s  t h e  same
a s  t h a t  g iv e n  by t h e  system  u s i n g  a  s p r i n g  and a  damper in
p a r a l l e l .  Frcwn e q u a t  i on ( 2 . 4 0  ) we can see  t h a t  t h e  t r a n s f e r
f u n c t i o n  z / h  c o n s i s t s  o f  two p a r t s .  One p a r t  i s  f ro m  t h e
f i l t e r  r e s p o n s e  and th e  o t h e r  p a r t  i s  f ro m  t h e  main fe e d b a c k
l o o p .  The  r e s u l t a n t  re s p o n s e  o f  t h e  system  t o  s u r f a c e
i r r e g u l a r i t y  i s  then  g o v e rn e d  by th e  dom inant  p a r t  o f  t h e
tw o ,  t h a t  i s  t h e  p a r t  w i t h  t h e  lo w e r  c u t - o f f  f r e q u e n c y .  Thus
t h e  sys tem  s t i f f n e s s  i s  d e t e r m in e d  by t h e  c u t - o f f  f r e q u e n c y
o f  t h e  main loop  a l o n e  w h i l e  t h e  p r o f i l e - f o l l o w i n g  and
v i b r a t i o n - i s o l a t i n g  p r o p e r t i e s  a r e  d e t e r m in e d  e i t h e r  by t h e
main loop  or  t h e  f i l t e r  r e s p o n s e ,  d e p e n d in g  on w h ic h  p a r t  i s
d o m in a n t .  In  t h i s  w ay ,  i f  we choose t h e  c u t - o f f  f r e q u e n c y  o f
t h e  f i l t e r  t o  be lo w e r  than t h a t  o f  t h e  main l o o p ,  we can
fo rm  a  sys tem  w i t h  h ig h  s t i f f n e s s  t o  f o r c e  and a  h ig h
c o m p l ia n c e  or  low s t i f f n e s s  f o r  good p r o f i l e - f o l l o w i n g  and
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v i b r a t i o n  i s o l a t i n g  c h a r a c t e r i s t i c s .  T h i s  c h a r a c t e r i s t i c  can  
be more e a s i l y  u n d e r s to o d  i f  we draw t h e  s c h e m a t ic  d i a g r a m , 
a s  shown in  F i g , 2 . 1 0 ,  and t r a c e  o u t  t h e  s i g n a l  f l o w  .
L o w - pcjss-'-pftter
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Pig.2.10 Black diagram showing the signal—flow of a second order suspension 
system with complementary filtering.
Any a p p l i e d  f o r c e  w i l l  cause an i d e n t i c a l  change i n  a b s o l u t e  
and r e l a t i v e  p o s i t i o n  o f  t h e  v e h i c l e .  T hese  s i g n a l s  a f t e r  
p a s s in g  th ro u g h  t h e  co m plem entary  f i l t e r  p a i r  w i l l  add  up t o  
g i v e  a  r e s u l t a n t  s i g n a l  w h ich  i s  in d e p e n d e n t  o f  th e  f i l t e r  
c h a r a c t e r i s t i c .  T h u s ,  d i s p l a c e m e n t  caused by f o r c e  w i l l  be  
a f f e c t e d  by t h e  main loop b u t  n o t  th e  f i l t e r  c h a r a c t e r i s t i c .  
T r a c k  d i s p l a c e m e n t ,  h o w e v e r , w i l l  o n l y  d i r e c t l y  a f f e c t  th e  
r e l a t i v e  p o s i t i o n .  T h i s  s i g n a l  p asses  th ro u g h  t h e  l o w - p a s s — 
f i l t e r  p a r t  o f  t h e  co m plem entary  p a i r  and  th e  th e  m a in -1 o o p  
f e e d b a c k  s e c t i o n  a s  w e l l  a s  th e  s e c t i o n  w h ich  r e p r e s e n t s  t h e  
dynam ics  o f  v e h i c l e .  Thus t h e  system r e s p o n s e  t o  g u idew ay  
l e v e l  change i s  d e t e r m in e d  by t h e  1o w - p a s s - f i 1 t e r  o f  t h e
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p a i r  and  t h e  m ain  loop r e s p o n s e ,  a s  g i v e n  in  e q u a t i o n  
( 2 . 4 0 ) .  The  same c o n c l u s i o n  w i l l  be a r r i v e d  a t  i f  we 
exa m in e  th e  e f f e c t  o f  f o r c e  and  g u idew ay  l e v e l  change t o  t h e  
a b s o l u t e  p o s i t i o n  o f  th e  v e h i c l e  a s  r e p r e s e n t e d  in  F i g . 2 . 9 c .
So f a r  we have  n o t  s p e c i f i e d  t h e  t r a n s f e r  f u n c t i o n  
o f  t h e  1o w - p a s s - f i 1 t e r  H * ( p ) .  We s t a r t  by ass um ing  t h a t  i t  
i s  a  p e r f e c t  l o w - p a s s -  f i l t e r  so t h a t  we can f i n d  out  th e  
b e s t  p e r f o r m a n c e  in d e x  Mi o b t a i n a b l e  in  t h e o r y .  Hence t h e  
t r a n s f e r  f u n c t i o n  o f  t h e  p e r f e c t  1o w - p a s s - f i 1 t e r  w i l l  be  
H f ( j W )  = 1  W < Wf
HU(jW) =  0 W > Wf
w h ere  i s  t h e  c u t - o f f  f r e q u e n c y  o f  t h e  f i l t e r  and i t s
c o m p lem en ta ry  h i g h - p a s s - f i l  t e r  w i t h  have t h e  t r a n s f e r  
f u n c t i o n  g i v e n  by
1 -  H f ( j W )  = 0 W < Wf
1 -  H f ( j W )  =  1 W > Wf
By n u m e r i c a l  c o m p u ta t io n  we o b t a i n e d  a  graph o f  
p e r f o r m a n c e  i n d e x  Mi v e r s u s  f r e q u e n c y  r a t i o  r f = W f / W o ,  f o r  
t h e  system  w i t h  s e c o n d - o r d e r  main loop r e s p o n s e ,  a s  shown in  
F i g . 2 . 1 1 .  We can see  t h a t  w i t h  f r e q u e n c y  r a t i o ,  r f ,  l e s s  
than  0 . 2  p e r f o r m a n c e  in d e x  Mi e q u a l s  3 . 4  x 10“ ® . T h i s
v a l u e  i s  t h e  same a s  t h e  one o b t a i n e d  f o r  an i d e a l  
su s p e n s io n  sys tem  w hich  beh aves  l i k e  a  p e r f e c t - l o w - p a s s  
f i l t e r .  I f  we p l o t  t h e  same r e l a t i o n s h i p  f o r  a  t h i r d  o r d e r  
system  l i k e  t h e  one e x p r e s s e d  in  e q u a t i o n  ( 2 . 3 0 )  we g e t  a  
graph l i k e  t h e  one g iv e n  i n  F i g . 2 . 1 2 .  A g a i n ,  we f i n d  t h a t  
w i t h  f r e q u e n c y  r a t i o  r f  l e s s  than 0 . 2 ,  t h e  p e r f o r m a n c e  in d e x  
Ml e q u a l s  3 . 4  x 10"® .  W i t h  f r e q u e n c y  r a t i o  r f  g r e a t e r  than  2
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Ml e q u a l s  1 . 5 2  f o r  t h e  sys tem  w i t h  th e  d e n o m in a to r s  o f  t h e  
t r a n s f e r  f u n c t i o n s  in  B u t t e r w o r t h  form  and e q u a l s  0 . 7 4  f o r
th o s e  in  b in o m ia l  ( or  s y n c h ro n o u s )  f o r m .  T h i s  i s  bec au se  f o r  
f r e q u e n c y  r a t i o  g r e a t e r  than  1 t h e  dom inant  p a r t  o f  th e  
t r a n s f e r  f u n c t i o n  i s  t h a t  o f  t h e  main l o o p .  As we s h a l l  see  
l a t e r ,  t h e  v a l u e s  o f  p e r f o r m a n c e  in d ex  Mi a r e  d e t e r m in e d
m a i n l y  th e  dom inan t  p a r t  o f  t h e  combined t r a n s f e r  f u n c t i o n .
H a v in g  seen t h e  k i n d  o f  re s p o n s e  a v a i l a b l e  f ro m  an
i d e a l  sys tem  or  an i d e a l  com p lem en ta ry  f i l t e r  p a i r  we 
c o n t i n u e  t o  i n v e s t i g a t e  th e  k i n d  o f  re s p o n s e  o b t a i n a b l e  f ro m  
p r a c t i c a l l y  r e a l i z a b l e  f i l t e r s  and  t o  lo o k  a t  th e  k i n d  o f  
f i l t e r s  w h ic h  a r e  s u i t a b l e  f o r  use in  c o m p lem en ta ry  
f i 1 t e r i n g .
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Performance index Mf vs crossover frequency ratio (Co^/coo) 
of 3rd order suspension system with abrupt change over from 
contouring to platforming mode at angular frequency COj: .
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2 . 1 0  F i l t e r s  s u i t a b l e  f o r  use  in  c o m p lem en ta ry  f i l t e r i n g  
and b e s t  p e r f o r m a n c e  a t t a i n a b l e  by p r e s e n t  day f i l t e r  
d e s ig n
In  c h o o s in g  t h e  f i l t e r  f o r  c o m p lem en ta ry  f i l t e r i n g ,  
f i r s t l y  we have  t o  d e c i d e  w h e t h e r  n o n - z e r o  s t e a d y - s t a t e  gap 
d e f l e c t i o n  to  s t e p ,  ramp or  p a r a b o l i c  i n p u t  o f  g u idew ay  
l e v e l  i s  a c c e p t a b l e  or  n o t .  H a v in g  done t h a t  we s h a l l  lo o k  
a t  t h e  sys tem  r e s p o n s e  to  see  w h e t h e r  t h i s  f i l t e r  m ee ts  t h e  
abo ve  r e q u i r e m e n t .  In  g u id e d  l a n d  t r a n s p o r t  s y s te m s ,  
e s p e c i a l l y  t h o s e  w h ic h  a r e  n o n - c o n t a c t i n g  and have  sm a l l  gap 
between v e h i c l e  and g u id e w a y ,  n o n - z e r o  s t e a d y - s t a t e  gap 
e r r o r  f o r  s t e p  and  ramp i n p u t  i s  u n a c c e p t a b l e .  On t h e  o t h e r  
hand ,  n o n - z e r o  s t e a d y - s t a t e  gap e r r o r  f o r  p a r a b o l i c  i n p u t s  
i s  a c c e p t a b l e  a s  lo n g  a s  t h e  dynamic e x c u r s i o n  o f  t h e  
v e h i c l e  in  a  t r a n s i t i o n - c u r v e  i s  n o t  e x c e s s i v e .  T h i s  i s  so  
b e c a u s e ,  a s  t h e  name i m p l i e s ,  t r a n s i t i o n - c u r v e , a r e  
t r a n s i t i o n a l  in  n a t u r e  w h i l e  s t e p s ,  ramps or  g r a d i e n t s  
s t r e t c h  o v e r  a  c o n s i d e r a b l e  l e n g t h  o f  th e  g u id e w a y .
I n  s e c t i o n  2 . 8  we have seen t h a t  a  f i r s t - o r d e r  
f i l t e r  was used by C .R .  G u en th er  t o  o b t a i n  th e  s i g n a l  t o  
deduce t h e  g e n e r a l  p r o f i l e  o f  t h e  g u id e w a y .  I f  we use t h i s  
f i r s t  o r d e r  1o w - p a s s - f i l  t e r  in  t h e  c o m p lem en ta ry  p a i r  in  a  
system  w i t h  second o r d e r  r e s p o n s e ,  we have th e  f o l l o w i n g .
H f ( p )  =  l / ( l + p T )
From e q u a t i o n  ( 2 . 4 0 )
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z 1 2^0)oP + COô
- ( p )  = ---------  ------------------------------------
h 1+pT p *  + 2^C0oP + 0)o*
C z
- ( p )  =  - ( p )  -  1
h h
p®T + ( 1 + 2^WoT ) p *  + (i)o* T p
=  -  [  ]
p®T+ ( 1 +2%WoT)p^+(Wo^T+2%Wo ) p+tOo*
W i th  ramp i n p u t  h ( p )  =  v / p =
th e  s t e a d y - s t a t e  gap d e f l e c t i o n  w i l l  be
l i m  V c
cssramp =  E—  p - < p ) 3
p—>0 p *  h
= —vT *  0
In  f a c t ,  t h i s  i s  t h e  same a s  t h a t  g iv e n  by h a v in g  t h e  ramp
i n p u t  f e e d i n g  i n t o  th e  f i l t e r  a l o n e .  Thus t h e  l o w - p a s s —
f i l t e r  used must n o t  g i v e  s t e a d y - s t a t e  e r r o r  f o r  s t e p  or
ramp i n p u t  i f  i t  i s  to  be used in  susp en s io n  d e s i g n .  T h i s
w o u ld  r e q u i r e  t h e  1o w - p a s s - f i l  t e r  t o  have an i n p u t - o u t p u t
t r a n s f e r  f u n c t i o n  o f  t h e  f o l l o w i n g  f o r m .
y C n P " + C n - i P " " * + . . . . + C 2 p=+d ip+do
- (  p )    ( 2 . 4 3 )
r  p " + d n - i P " " * + . . . . + d 2 P=+dip+do
w here  cj ( i = 2 , 3 , . . . , n )  may be z e r o .
T h a t  i s ,  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  f i l t e r  must be o f  t y p e
number two or  h i g h e r .  The  lo w e s t  o r d e r  1o w - p a s s - f i l  t e r  o f
t h i s  fo rm  i s  one o f  second o r d e r  l i k e  th e  one g i v e n  be low
2 SfW^p + (1)4:=
H f ( p )
p 2  +  2 % f W f P  +  iù / -
I f  t h i s  f i l t e r  i s  used in  t h e  com plem enta ry  f i l t e r i n g  we 
o b t a i  n
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z + 0)+^ 2%oWoP + (i)o*
— ( p )  = ------------------------------------ * ---------------------   ( 2 . 4 4 )
h p *  + 2%*WfP + Wf^ p *  + 2%oWoP + Wo'2
For  t h i s  system t h e  s t e a d y - s t a t e  gap d e f l e c t i o n  t o  ramp 
i n p u t  i s  z e r o .  For  p a r a b o l i c  i n p u t  o f  t h e  fo rm  h ( p ) = a / p ®  
, t h e  s t e a d y - s t a t e  gap d e f l e c t i o n  i s  g iv e n  as
a(Ci)o^ + Wf^)
css  p a r a  =  - [ ---------------------------- 3 ( 2 . 4 5 )
COo*
We n o t i c e  t h a t  t h e  two e x p r e s s i o n  on t h e  r i g h t - h a n d - s i d e  o f  
e q u a t i o n ( 2 . 4 4 )  a r e  s y m m e t r i c a l .  The  f i r s t  p a r t  r e p r e s e n t s  
t h e  f i l t e r  r e s p o n s e  and  t h e  second p a r t  r e p r e s e n t s  t h e  main  
loop  r e s p o n s e .  T hese  r e s p o n s e s  can be chosen i n d e p e n d e n t l y .  
I t  i s  n o t  d i f f i c u l t  t o  v e r i f y  t h a t  f o r  z e r o  s t e a d y - s t a t e  gap 
d e f l e c t i o n ,  bo th  p a r t s  o f  t h e  t r a n s f e r  f u n c t i o n  z / h  s h o u ld  
have th e  fo rm  g iv e n  by e q u a t i o n ( 2 . 4 3 ) . For  t h e  main loop  
r e s p o n s e ,  t h i s  fo rm  i s  a l w a y s  a c h i e v e d ,  even in  sys tem s o f  
h ig h  o r d e r  w i t h  i n t e g r a l  c o n t r o l l e r s  and h ig h  d e r i v a t i v e s  
f e e d b a c k ,  p r o v i d e d  t h a t  r e l a t i v e  or  compel emen t a r  y - f  i 1 t e r e d  
p o s i t i o n  and v e l o c i t y  fe e d b a c k  s i g n a l s  a r e  u s e d .
Thus we can g e n e r a l i z e  t h e  t r a n s f e r  f u n c t i o n  z / h  t o  
have th e  f o l l o w i n g  f o r m .
z / h ( p )  =  H f ( p )  *  l -U (p)  ( 2 . 4 6 )
w h ere  ( p )  i s  t h e  p a r t  w h ich  r e p r e s e n t s  t h e  f i l t e r
re s p o n s e  w h i l e  l -U(p)  i s  t h a t  w h ich  r e p r e s e n t s  t h e  main loop  
r e s p o n s e .  Both p a r t s  t a k e  up t h e  fo rm  g i v e n  by  
e q u a t i o n ( 2 . 4 3 )  and t h e y  can be chosen i n d e p e n d e n t l y .  As we 
have seen in  e q u a t i o n ( 2 . 4 2 )  in  th e  p r e v i o u s  s e c t i o n ,  th e  
r e s p o n s e  to  f o r c e  i s  d e t e r m in e d  by th e  main loop  re s p o n s e  
w h i l e  t h e  p r o f i l e - f o l l o w i n g  and v i b r a t i o n  i s o l a t i n g  
c h a r a c t e r i s t i c s  a r e  d e t e r m in e d  by t h e  dom inant  p a r t  o f  t h e
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t r a n s f e r  f u n c t i o n  z / h  in  e q u a t i o n ( 2 . 4 6 ) .  By c h o o s in g  t h e  
f i l t e r  r e s p o n s e  p a r t  t o  be d o m in a n t ,  we can t a i l o r  th e  
sys tem  r e s p o n s e  t o  f o r c e  and t o  g u idew ay  i r r e g u l a r i t y  q u i t e  
i n d e p e n d e n t l y .  I t  must be em phas ized  t h a t  p a r t i t i o n i n g  o f  
d e s ig n  can o n l y  be done when t h e  f i l t e r  re s p o n s e  i s  dom inan t  
o v e r  t h e  main loop  r e s p o n s e  in  z / h .  T h a t  i s ,  t h e  f i l t e r  has  
a  c u t - o f f  f r e q u e n c y  w h ich  i s  lo w e r  than  t h a t  o f  t h e  main  
1 o o p .
I n t u i t i v e l y ,  we may a l s o  see  t h a t  t h e  p e r f o r m a n c e  
in d ex  Mi i s  d e t e r m i n e d  by t h e  dom inant  p a r t  o f  t h e  t r a n s f e r  
f u n c t i o n  z / h .  T h i s  i n t u i t i v e  u n d e r s t a n d i n g  i s  c o n f i r m e d  by  
p l o t t i n g  Ml a g a i n s t  t h e  f r e q u e n c y  r a t i o  r f  =  (Ô /COo • The  
p e r f o r m a n c e  in d e x  Mi w i l l  o n l y  f o l l o w  t h a t  g i v e n  by t h e  
dom inan t  p a r t  o f  e q u a t i o n  ( 2 . 4 6 )  i f  t h e r e  i s  dom inance .  
When t h e  two c u t - o f f  f r e q u e n c i e s  a r e  n e a r  t o  each o t h e r ,  
t h a t  i s  when t h e r e  i s  no dom inance ,  th e  two p a r t s  o f  th e  
t r a n s f e r  f u n c t i o n  i n t e r a c t  t o  p ro d u ce  a  peak in  t h e  v a l u e  o f  
Ml th u s  c a u s in g  a  d e t e r i o r a t i o n  o f  p e r f o r m a n c e ,  a s  shown in  
F i g , 2 . 1 3 .  When s t r o n g  dominance i s  p r e s e n t ,  t h e  p e r f o r m a n c e  
in d e x  Mi i s  equal  t o  t h a t  g iv e n  by i t s  dom inant  p a r t .  We 
r e c a l l  t h a t  t h e s e  p a r t s  must have th e  fo rm  g iv e n  by  
e q u a t i o n ( 2 . 4 3 )  i f  th e  s t e a d y - s t a t e  gap d e f l e c t i o n  t o  ramp 
i n p u t  i s  to  be z e r o .  The v a l u e s  o f  Mi f o r  some f i l t e r s  
h a v in g  t h e i r  t r a n s f e r  f u n c t i o n s  a d h e r i n g  t o  t h i s  fo rm  a r e  
g i v e n  i n  T a b l e  2 . 1 .
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3 r d  o r d e r  4 t h  o r d e r  5 t h  o r d e r
B u t t e r w o r t h  1 . 5 0 3  7 . 5 0 3  3 3 . 7 1
B in o m ia l  0 . 7 4 1 3  1 . 5 1 0  3 .2 7 1
Bessel  0 . 9 4 3 2  2 . 8 6 1  8 . 6 6 4
Chebyshev 2 . 3 7 2  1 8 . 1 8  1 3 5 . 5
( O . l d B  r i p p l e >
T a b l e  2 .1  P e r fo r m a n c e  index  Mi f o r  some f i l t e r s  o f  th e  
fo rm  g iv e n  in  e q u a t i o n ( 2 . 4 3 )
I n  T a b l e  2 . 1  i t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  t h e  same
t y p e  o f  r e s p o n s e  t h e  v a l u e  o f  Mi i n c r e a s e s  w i t h  sys tem
o r d e r .  T h i s  i s  t h o u g h t  t o  be t h e  r e s u l t  o f  h i g h e r  r e s t o r i n g
f o r c e  t o  gap d e v i a t i o n  when a  h i g h e r  o r d e r  f i l t e r  g i v e s  a
u s u a l l y  h i g h e r  r a t e  o f  r o l l - o f f  a t  t h e  s w i t c h i n g —o v e r
f r e q u e n c y .  T h i s  w i l l  i n e v i t a b l y  i n c r e a s e  t h e  r . m . s .
a c c e l e r a t i o n  th u s  i n c r e a s i n g  t h e  v a l u e  o f  t h e  p e r f o r m a n c e
in d e x  M i .
In  T a b l e  2 . 1 ,  we have n o t  i n c l u d e d  t h e  second o r d e r  
s y s te m .  T h i s  i s  because  t h e  s e c o n d - o r d e r  t r a n s f e r  f u n c t i o n s  
c o n fo r m in g  t o  t h e  fo rm  o f  e q u a t i o n ( 2 . 4 3 )  w i l l  have  a  p o l e -  
z e r o  e x c e s s  o f  1 .  T h i s  w i l l  g i v e  i n f i n i t e  r . m . s .
a c c e l e r a t i o n  and t h e  v a l u e  o f  p e r f o r m a n c e  i n d e x  Mi w i l l  a l s o  
be i n f i n i t y .  Hcxvever, t h e  ccmbined t r a n s f e r  f u n c t i o n  z / h  
fo rm ed  f ro m  t h e  two p a r t s  each o f  s e c o n d - o r d e r , w i l l  have a  
p o l e - z e r o  e x c e s s  o f  tw o .  T h i s  combined t r a n s f e r  f u n c t i o n  
w i l l  g i v e  a  f i n i t e  v a l u e  in d e x  Mi f o r  f r e q u e n c y  r a t i o  W^/Wo 
a ro u n d  1 when n e i t h e r  p a r t  o f  th e  sys tem  i s  s t r o n g l y  
d o m in a n t .  When th e  f r e q u e n c y  r a t i o  i s  much g r e a t e r  o r  l e s s  
than  on e ,  t h e  v a l u e  o f  Mi i n c r e a s e s  w i t h o u t  bound because  
one p a r t  i s  s t r o n g l y  dom inant  and t h e  combined t r a n s f e r
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■funct ion b eh aves  in  th e  same way a s  t h i s  dom inan t  p a r t ,  
w hic h  has a  p o l e - z e r o  exc e s s  o f  1 .  The c h a r a c t e r i s t i c s  j u s t  
m e n t io n e d  can be seen in  F i g . 2 . 1 3 .  The  same d ia g r a m  shows 
t h a t  t h e  index  Mi has two m in im a  o f  0 . 7 9  a t  f r e q u e n c y  r a t i o  
o f  1 / 5  and 5 ,  when th e  damping c o e f f i c i e n t  i s  0 . 7 0 7 .  T h i s  
c h a r a c t e r i s t i c s  s e v e r e l y  l i m i t s  t h e  c h o i c e  o f  f r e q u e n c y  
r a t i o  f o r  o p t i m a l  d e s i g n .  However i f  we p l o t  a c c e l e r a t i o n  
p . s . d .  a g a i n s t  f r e q u e n c y  a s  in  F i g . 2 . 1 4 ,  we can s e e  t h a t  t h e  
a c c e l e r a t i o n  p . s . d .  c o n t i n u e s  t o  peak between t h e  two c u t ­
o f f  f r e q u e n c i e s .  T h i s  phenomenon, t o g e t h e r  w i t h  t h e  
l i m i t a t i o n  o f  c h o i c e  o f  f r e q u e n c y  r a t i o  W*/Wo,  r e s t r i c t s  us  
t o  s e t  th e  f i l t e r  c u t - o f f  f r e q u e n c y  t o  0 . 2 H z  and  t h e  main  
loop  f r e q u e n c y  a t  l . O H z ,  i f  t h e  UTACV s p e c i f i c a t i o n  o f
a c c e l e r a t i o n  p . s . d .  i s  to  be s a t i s f i e d .  T h i s  r e s t r i c t i o n  
does no t  o n l y  l i m i t  th e  d e s ig n  f re e d o m  bu t  w i l l  g i v e  a
sys tem  s t i f f n e s s  to o  lew f o r  most a p p l i c a t i o n s .  Thus f o r  a
good d e s i g n ,  w h ic h  has i t s  r e s p o n s e s  t o  f o r c e  and t o  
i r r e g u l a r i t y  c o m p l e t e l y  i n d e p e n d e n t ,  t h e  t r a n s f e r  f u n c t i o n  
o f  t h e  dom inant  p a r t  s h o u ld  have  p o l e - z e r o  e x c e s s  g r e a t e r  
than  one .
So a  b e t t e r  c h o i c e  i s  t o  have  a  sys tem  w i t h  a  
t h i r d - o r d e r  1o w - p a s s - f i l  t e r  w i t h  b i n o m ia l  re s p o n s e  and  a  
main loop  o f  s e c o n d - o r d e r  B u t t e r w o r t h  r e s p o n s e .  T h i s  c h o i c e
w ou ld  p ro d u ce  a  sys tem  w i t h  p e r f o r m a n c e  i n d e x  Mi n o t  g r e a t e r  
than  0 . 7 5  f o r  a l l  f r e q u e n c y  r a t i o  /  Wo l e s s  than  0 . 0 3 .
T h i s  means t h a t  we w i l l  have  a  system  w i t h  dom inan t  c u t - o f f  
f r e q u e n c y  f o r  t h e  t r a n s f e r  f u n c t i o n  z / h  s e t  a r o u n d  or  b e low  
IH z  and  a  main loop  c u t - o f f  f r e q u e n c y  a b o v e  30Hz-  T h i s  w i l l
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Fig.2.13 Performance index M^vs cutoff frequency ratio 
( main loop = 2nd order Butterworth response 





Fig.2.14 Normalized acceleration p.s.d. for system with 
2nd order Butterworth response for both 
main loop and low—pass—filter
—82—
g i v e  a  s u s p e n s io n  sys tem  w i t h  h ig h  s t i f f n e s s  t o  f o r c e  y e t  a  
h ig h  c o m p l i a n c e  t o  g u id ew ay  i r r e g u l a r i t y  f o r  good r i d e
q u a l i t y .  The  change o f  p e r f o r m a n c e  in d e x  Mi w i t h  f r e q u e n c y
r a t i o ,  r f , i s  shown in  F i g .  2 . 1 5 .  We can e q u a l l y  choose a  
system  w i t h  t h i r d  o r d e r  b in o m ia l  re s p o n s e  b o th  f o r  t h e  
f i l t e r  and  t h e  main  l o o p .  The  p e r f o r m a n c e  in d e x  Mi v e r s u s  
f r e q u e n c y  r a t i o  i s  g i v e n  i n  F i g .  2 . 1 6 .  However ,  to  a t t a i n  
t h e  low v a l u e  o f  in d e x  Mi t h e  f r e q u e n c y  r a t i o  o f  t h e  sys tem  
has t o  be l e s s  than  0 . 0 1  o r  g r e a t e r  than  10 0 .  T h i s  may n o t  
be d e s i r a b l e  o r  p r a c t i c a l l y  a c h i e v a b l e .  However ,  t h i s  d e s ig n  
has t h e  a d v a n t a g e  o f  h a v i n g  a  h i g h e r  r o l l - o f f  r a t e  f o r
a c c e l e r a t i o n  p . s . d .  f o r  f r e q u e n c i e s  abo ve  t h e  c u t - o f f  
f r e q u e n c y  o f  t h e  f i l t e r ,  a s  shown in  F i g .  2 . 1 7 .  T h i s  f e a t u r e  
may be u s e f u l  in  d e s i g n i n g  a  system  t o  s a t i s f y  t h e  UTACV 
spec i f  i c a t  i  o n .
- 8 3 -







Eig.2.15 Performance index TM̂ - v s ’cutoff frequency ratio
main loop = 2nd order Butterworth response 
filter = 3rd binomial response
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Fig2.16 Performance index vs cutoff frequency ratio,3rd order





Fig.2.17 Normalized acceleration p.s.d. for a system with 
2nd order Butterworth response for main loop 
and 3rd order binomial response for l.p.f.
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Fig.2.18 Acceleration p.s.d. versus main loop frequency 
main loop = 2nd order Butterworth response 




T h e r e  i s  a  sys tem  c o n - f i g u r a t i o n  w h ic h  m ee ts  t h e
d e s ig n  r e q u i r e m e n t s  and s h a r e s  many o f  t h e  p r o p e r t i e s  o f  t h e
t y p e  d e s c r i b e d .  I t  uses p o l e - z e r o  1 o w -p a s s —f i 1 t e r  o f  t h e
fo rm  g i v e n  in  e q u a t i o n ( 2 . 4 3 )  f o r  r e l a t i v e  p o s i t i o n  f e e d b a c k
b u t  an a l l - p o l e  f i l t e r  f o r  r e l a t i v e  v e l o c i t y  f e e d b a c k  w i t h
t h e i r  r e s p e c t i v e  c o m p le m e n ta ry  h i g h - p a s s - f i 1 t e r  f o r  a b s o l u t e
p o s i t i o n  and  v e l o c i t y  f e e d b a c k .  For  such a  sys tem  w i t h  a
s e c o n d - o r d e r  main loop  r e s p o n s e ,  th e  t r a n s f e r  f u n c t i o n  i s
z Hv( p ) 2 ^ o P  + Hp<p)(Oo*
- ( p )  =    ( 2 . 4 7 )
h p *  + 2 %oG)oP + 0 )o^
w h e re  H p (p )  i s  th e  r e s p o n s e  o f  t h e  f i l t e r  used f o r  
p o s i t i o n  fe e d b a c k
and Hv<p) i s  t h e  re s p o n s e  o f  t h e  f i l t e r  used f o r  
v e l o c i t y  f e e d b a c k .
I f  t h e  f i l t e r s  a r e  s e c o n d - o r d e r  w i t h  t h e  d e n o m in a to r s  o f  
t h e i r  t r a n s f e r  f u n c t i o n  f o l l o w i n g  a  B u t t e r w o r t h  re s p o n s e  o f  
t h e  fo rm  p^+2^^Wfp+W^^ Then t h e  t r a n s f e r  f u n c t i o n  i s  
z ( 2 %oWoWf ̂ + 2 %f WfWo^) p + Wf
- ( p )  = --------------------------------------------------------------------------------------- ( 2 . 4 8 )
h ( p^+ 2 ^^W^p+W.f ^ )  ( p^+ 2 %oWop+Wo^)
T h i s  t r a n s f e r  f u n c t i o n  has one z e r o  l e s s  than t h a t  
g iv e n  by e q u a t i o n ( 2 . 4 4 )  th u s  g i v i n g  a  p o l e - z e r o  e x c ess  o f  
t h r e e . T h i s  f e a t u r e  n o t  o n l y  i n c r e a s e s  t h e  a s y m p t o t i c  r o l l ­
o f f  r a t e ,  b u t  a l s o  removes th e  p e a k i n g  i n  re s p o n s e  f o r  
f r e q u e n c y  j u s t  be low  t h e  c u t - o f f  p o i n t  o f  t h e  m ain  l o o p ,  a s  
can be seen in  F i g .  2 . 1 8 .  T h e r e  a r e  two s l i g h t  d ra w b a c k s .  
F i r s t l y ,  t h i s  sys tem  w i l l  o n l y  g i v e  a  low p e r f o r m a n c e  in d e x  
Ml f o r  f r e q u e n c y  r a t i o  (0 ^ / ( 0 o l e s s  than  0 . 0 1  o r  g r e a t e r  than  
100 .  S e c o n d l y ,  t h e  s t e a d y - s t a t e  gap d e f l e c t i o n  due t o  
p a r a b o l i c  i n p u t  i s  g r e a t e r  than  t h a t  g i v e n  i n  e q u a t i o n ( 2 . 4 5 )
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and i s  equal  to
a ( 4 % o % 4 = W o W 4 :  +  W o ^  +  
c s p a r a  =  - [ ---------------------------------------------------------1 ( 2 . 4 9 )
(Oo* Wf ̂
T h i s  s u g g e s t s  t h a t  t h e  dynamic e x c u r s i o n  o f  t h e  gap when 
n e g o t i a t i n g  a  t r a n s i t i o n  c u r v e  may a l s o  be g r e a t e r .
One l a s t  sys tem  c o n f i g u r a t i o n  w o r t h - m e n t i o n i n g  h e r e  
i s  t h a t  w h ic h  uses r e l a t i v e  p o s i t i o n  f e e d b a c k  and an a l l ­
p o l e  1 o w - p a s s - f i 1 t e r  f o r  r e l a t i v e  v e l o c i t y  and  i t s  
comp 1e m e n t a r y f i l t e r  f o r  a b s o l u t e  v e l o c i t y  f e e d b a c k .  T h i s  
scheme i s  used by some r e s e a r c h  g ro u p s  l i k e  th e  one a t  
G en era l  M o to r  in  USA C143. The m a j o r  drawback o f  t h i s  
method i s  t h a t  th e  a c c e l e r a t i o n  p . s . d .  c o n t i n u o u s  t o  
i n c r e a s e  between t h e  c u t - o f f  f r e q u e n c i e s  o f  t h e  
c o m p lem en ta ry  p a i r  and th e  main l o o p .  I n  t h i s  r e s p e c t ,  i t s  
c h a r a c t e r i s t i c  i s  s i m i l a r  t o  t h e  sys tem  w h ic h  has th e  two  
p a r t s  o f  i t s  t r a n s f e r  f u n c t i o n  both  o f  second o r d e r .  For  
t h e  same r e a s o n , t h i s  c o n t r o l  scheme l i m i t s  t h e  h i g h e s t  main  
loop  c u t - o f f  f r e q u e n c y  t o  I H z .
T h u s ,  u s i n g  c « n p 1e m e n ta ry  f i l t e r i n g  w i t h  th e  c u t - o f f
f r e q u e n c y  o f  t h e  f i l t e r  much lo w e r  than  t h a t  o f  t h e  main
l o o p ,  we can o b t a i n  a  system  w i t h  h ig h  s t i f f n e s s  t o  f o r c e  
and h ig h  c o m p l ia n c e  t o  s u r f a c e  i r r e g u l a r l y  and a  p e r f o r m a n c e  
in d e x  M± a s  low a s  0 . 7 5 .
In  t h i s  s e c t i o n ,  we have fo u n d  t h a t  f o r  th e  system
t o  have z e r o  s t e a d y - s t a t e  gap d e f l e c t i o n  f o r  ramp i n p u t ,
bo th  p a r t s  o f  t r a n s f e r  f u n c t i o n  z / h  need t o  have  t h e  fo rm  
g iv e n  by e q u a t i o n ( 2 . 4 3 ) . For  c o m p le t e  p a r t i t i o n i n g  o f
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r e s p o n s e  t o  -Force and t o  s u r f a c e  i r r e g u  1 a r i  t y , t h e  p a r t  
r e p r e s e n t i n g  t h e  f i l t e r  re s p o n s e  s h o u ld  be dom inant  in  t h a t  
t r a n s f e r  f u n c t i o n  and have a  p o l e - z e r o  e x c e s s  g r e a t e r  than  
o n e . We have  a l s o  lo o k e d  a t  t h e  v a l u e  o f  t h e  p e r f o r m a n c e  
in d e x  Mi g i v e n  by some common1 y used f i l t e r s  and fo u n d  t h a t  
t h e  b in o m ia l  f i l t e r  i s  t h e  b e s t  so f a r  and a  1 o w -o r d e r  
f i l t e r  p e r f o r m s  b e t t e r  than  a  h i g h - o r d e r  one o f  th e  same 
t y p e .
In  t h e  f o l l o w i n g  s e c t i o n  we w i l l  d e v e lo p  a  more  
d e t a i l e d  d e s ig n  p r o c e d u r e  f o r  an o p t im a l  system  and f i n d  o u t  
what  k i n d  o f  p e r f o r m a n c e  t h e  r e s u l t a n t  system  w i l l  g i v e .
2 . 1 1  P r o c e d u r e  f o r  d e s i g n i n g  an o p t im a l  s u s p e n s io n  
system u s i n g  c o m p lem en ta ry  f i l t e r i n g  t e c h n i q u e s  and  
t h e  p e r f o r m a n c e  o f  such a  system
In  t h i s  s e c t i o n  we a r e  g o in g  t o  d e s c r i b e  th e  s t e p s  
in  th e  d e s ig n  o f  an o p t im a l  s u s p e n s io n  system  u s i n g  
comp 1 e m e n ta r y  f i l t e r i n g  t e c h n i q u e s ,  and  t o  a p p l y  t h i s  
p r o c e d u r e  t o  d e s ig n  an o p t im a l  sys te m .
In  s e c t i o n  2 . 6  we have seen how t h e  p r o f i l e -  
f o l l o w i n g  and  v i b r a t i o n - i s o l a t i o n  t r a d e - o f f  c h a r a c t e r i s t i c s  
i s  g o v e rn e d  by p e r f o r m a n c e  in d e x  Mi and  how t h e  o p t im a l  
c r o s s - o v e r  f r e q u e n c y  i s  g o v ern ed  by t h e  d e s ig n  in d e x  Mg. In  
s e c t i o n  2 . 8  we have seen how t h e s e  two i n d i c e s  w e re  used t o  
f i n d  th e  maximum rou g h n ess  c o e f f i  c i e n t - s p e e d  p r o d u c t  and  
o p t im a l  n a t u r a l  f r e q u e n c y  o f  a  t h e o r e t i c a l 1 y i d e a l  sys tem  
when g iv e n  t h e  maximum a l l o w a b l e  mean s q u a r e  e x c u r s io n  and  
a c c e l e r a t i o n .  When u s i n g  com plem enta ry  f i l t e r i n g  t e c h n i q u e
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to  o b t a i n  p a r t i t i o n i n g  o f  re s p o n s e  t o  f o r c e  and
i r r e g u 1 a r i t y , we must have  t h e  f i l t e r  r e s p o n s e  d o m in a n t .  
Thus c h o o s in g  t h e  c u t - o f f  f r e q u e n c y  o f  t h e  f i l t e r  r e s p o n s e  
i s  more c r i t i c a l  than  t h a t  o f  th e  main loop r e s p o n s e .  So we 
can d e f i n e  a  more a p p r o p r i a t e  d e s ig n  in d e x  M» g i v e n  by
c *
M a  = ------------- (Of < 2 . 5 0 )
z ' '  =
When t h e  a c c e l e r a t i o n  s p e c i f i c a t i o n  i s  g iv e n  a s  
w e i g h t e d  r . m . s .  v a l u e  l i k e  t h a t  g i v e n  in  F i g .  2 . 2 ,  an  
e q u i v a l e n t  s e t  o f  i n d i c e s  P i ,  Pg and Pa a r e  r e q u i r e d  and  a r e  
g iv e n  a s  f o l l o w e d .
Z ^ - ^ ' z  ( c Z ) 3
P i = ------------------------  ( 2 . 5 1 )
(AVK)-»
c *
Pa = ----------------(Oo  ̂ ( 2 . 5 2 )
c *
Pa = --------------(Of ^ ( 2 . 5 3 )
When t h e s e  t h r e e  i n d i c e s  w e re  c a l c u l a t e d  
n u m e r i c a l l y ,  i t  was n o t e d  t h a t  t h i s  s e t  o f  i n d i c e s  was  
u n l i k e  th e  p r e v i o u s  s e t , w h ic h  depends on t h e  r a t i o  o f  c u t ­
o f f  f r e q u e n c i e s  bu t  n o t  t h e  f r e q u e n c i e s  t h e m s e l v e s .  In  f a c t ,  
th e s e  i n d i c e s  a r e  s l i g h t l y  dependent  on th e  c u t - o f f  
f r e q u e n c y  and  t h e  t y p e  o f  w e i g h t i n g  f u n c t i o n .  T a k e  t h e  
exam ple  o f  a  sys tem  w i t h  s e c o n d - o r d e r  m a i n - 1 oop re s p o n s e  and  
t h i r d - o r d e r  t y p e - t w o  f i l t e r .  The  p e r f o r m a n c e  in d e x  Pi and  
th e  d e s ig n  in d e x  Pa w h ich  a r e  p l o t t e d  a g a i n s t  f r e q u e n c y  
r a t i o  a r e  g i v e n  in  F i g . 2 , 1 9  and F i g . 2 . 2 0  r e s p e c t i v e l y .  I t  
i s  seen t h a t  b o th  i n d i c e s  depend s l i g h t l y  on t h e  f i l t e r  
c u t - o f f  f r e q u e n c y  cho sen .  H e n c e , a f t e r  s e t t i n g  f o r  a
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p a r t i c u l a r  w e i g h t i n g  f u n c t i o n ,  t h e  o p t im a l  d e s ig n  i n v o l v i n g  
w e i g h t e d  r . m . s .  a c c e l e r a t i o n  r e q u i r e s  a  c e r t a i n  amount o f  
i t e r a t i o n  t o  f i n d  th e  o p t im a l  c u t - o f f  f r e q u e n c y .
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Fig.2.19 Performance index versus cutoff frequency ratio
main loop = 2nd order Butterworth response 
filter = 3 rd order binomial response
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Fig.2.20 Design index P 3  versus cutoff frequency ratio 
main loop = 2nd Butterworth response 
filter = 3rd order binomial response
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The p r o c e s s  s t a r t s  w i t h  t a k i n g  a  rough e s t i m a t e  o f  
t h e  f i l t e r  c u t - o f f  f r e q u e n c y .  A f a m i l y  o f  c u r v e s  o f  in d e x  
Pa v e r s u s  f r e q u e n c y  r a t i o  i s  then  p l o t t e d  w i t h  each member 
t a k i n g  up a  v a l u e  o f  c u t - o f f  f r e q u e n c y  equal  t o  o r  a r o u n d  
t h i s  f i r s t  e s t i m a t e  c h o sen .  F i g . 2 . 2 0  i s  a  t y p i c a l  exa m p le  
o f  such g r a p h .  From th e  s p r e a d  o f  t h e  c u r v e s  w i t h i n  t h e  
f a m i l y  we can see  t h a t  th e  in d e x  i s  o n l y  s l i g h t l y  dep enden t  
on t h e  c u t - o f f  f r e q u e n c y .  A t  t h e  f r e q u e n c y  r a t i o  w h ic h  i s  
chosen upon t h e  b a s i s  o f  p e r f o r m a n c e  in d e x  P i  and loop  g a i n ,  
a  median v a l u e  o f  in d e x  Pa i s  r e a d .  T o g e t h e r  w i t h  t h e  
chosen r . m . s .  e x c u r s i o n  and w e i g h t e d  r . m . s .  a c c e l e r a t i o n ,  an  
e s t i m a t e  o f  t h e  o p t im a l  f i l t e r  c u t - o f f  f r e q u e n c y  i s  then  
c a l c u l a t e d .  I f  t h i s  v a l u e  i s  n o t  fo u n d  w i t h i n  t h e  r a n g e  o f  
f r e q u e n c y  w h ic h  fo rm s  th e  f a m i l y  o f  c u r v e s ,  t h e  graph i s  
p l o t t e d  a g a i n  w i t h  t h e  new ly  c a l c u l a t e d  f r e q u e n c y  a s  t h e  
median o f  t h e  f a m i l y .  The  p r o c e s s  i s  r e p e a t e d  u n t i l  t h e  
c a l c u l a t e d  f i l t e r  f r e q u e n c y  i s  w i t h i n  t h e  g ro u p .  When t h i s  
c a l c u l a t e d  e s t i m a t e  i s  in  good ag re e m e n t  w i t h  t h a t  w h ic h  i s  
used t o  p l o t  t h a t  p a r t i c u l a r  g r a p h ,  we can e i t h e r  t a k e  t h a t  
a s  t h e  o p t i m a l  f r e q u e n c y  or  c o n t i n u e  t o  o b t a i n  a  b e t t e r  
e s t i m a t e  by i n t e r p o l a t i o n  to  o b t a i n  a  b e t t e r  e s t i m a t e  o f  t h e  
in d e x
To d e s ig n  an o p t im a l  s u s p e n s io n  system  w i t h  
c o m p lem en ta ry  f i l t e r i n g  we f o l l o w  th e  s t e p s  l i s t e d  b e lo w .
1.  Choose t h e  c o n f i g u r a t i o n  and o r d e r  o f  m a in -1 o o p  and  
f i l t e r  r e s p o n s e .  We a im  a t  f i n d i n g  a  system  w i t h  a  good
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r o u g h n e s s - i s o l a t i o n  t o  p r o f i l e - f o l l o w i n g  t r a d e - o f f  
c h a r a c t e r i s t i c  a s  i n d i c a t e d  by a  1 w  v a l u e  o f  in d e x  P i .  
T h i s  s h o u ld  be a t t a i n a b l e  a t  a  m o d e r a te  v a l u e  o f  m a i n -  
1oop t o  f i l t e r  c u t - o f f  f r e q u e n c y  r a t i o .  I t  i s  b ecause  
such c h o i c e  w i l l  g i v e  a  system  w i t h  h ig h  s t i f f n e s s  t o  
f o r c e  w i t h o u t  r e q u i r i n g  an e x c e s s i v e l y  h ig h  loop  g a i n .  
F u r t h e r m o r e  th e  system s h o u ld  have no s t e a d y - s t a t e  gap 
e r r o r  when t r a v e r s i n g  a  ramp.  As seen in  F i g . 2 . 1 9 ,  second  
o r d e r  m a i n - 1 oop r e s p o n s e  w i t h  c o m p lem en ta ry  f i l t e r  o f  
t h i r d - o r d e r  and t y p e - t w o  b in o m ia l  re s p o n s e  w i l l  s a t i s f y  
t h e  r e q u i r e m e n t s  w i t h  a  v a l u e  o f  in d ex  Pi  equal  t o  a b o u t
0 . 5  a t  a  c u t - o f f  f r e q u e n c y  r a t i o  h i g h e r  than  3 0 .  T h i s  
v a l u e  o f  Pi i s  s l i g h t l y  dependent  o f  t h e  f i l t e r  f r e q u e n c y  
c h o s e n .
2 .  Se t  t h e  a c c e l e r a t i o n  s p e c i f i c a t i o n  and p a r a m e t e r s  l i k e  
roug h n ess  c o e f f i c i e n t ,  A ,  t h e  t a r g e t  c r u i s i n g  s p e e d ,  V , 
and t h e  r . m . s .  e x c u r s i o n ,  c ,  wh ich  i s  one t h i r d  o f  t h e  
gap w i d t h .  The  a c c e l e r a t i o n  s p e c i f i c a t i o n  chosen f o r  a  
system  w i t h o u t  s e c o n d a r y  su s p e n s io n  i s  o f t e n  a  w e i g h t e d  
r . m . s .  v a l u e  o f  2 . 2 % ' g '  f o r  human pas sen g e r  m ak ing  a  
j o u r n e y  o f  up to  e i g h t  h o u r s .  The rough ness  c o e f f i c i e n t ,  
A,  chosen i s  u s u a l l y  th e  lo w e s t  v a l u e  w h ich  can be  
e c o n o m i c a l l y  a c h i e v e d  w i t h  e x i s t i n g  t e c h n o lo g y  o f  t r a c k  
l a y i n g  and m a i n t e n a n c e .  The c h o i c e  o f  gap e x c u r s i o n  and  
gap w i d t h  i s  r e l a t e d  t o  th e  method o f  s u s p e n s io n  and t o  
th e  ro u g h n ess  o f  th e  t r a c k .  For  E . M . S .  th e  gap w i d t h  i s  
between 5 t o  20mm.
3 .  W i t h  t h e  a c c e l e r a t i o n  s p e c i f i c a t i o n  and t h e  o t h e r  
p a r a m e t e r s  chosen th e  e x p r e s s i o n  P i  i s  w orked  o u t .  I f
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t h i s  v a l u e  i s  be low  what  is attainable-^ t h e  a c c e l e r a t i o n  
o f  t h e  r e s u l t a n t  system  w i l l  n o t  meet  t h e  s p e c i f i c a t i o n .  
T h i s  c o u ld  mean t h a t  s e c o n d a r y  s u s p e n s io n  i s  r e q u i r e d .  
A l t e r n a t i v e l y  t h e  d e s ig n  p a r a m e t e r s  have  t o  be t i g h t e d .  
To a  c e r t a i n  e x t e n t  t h i s  may be a c h i e v e d  by l o w e r i n g  th e  
roug h n ess  c o e f f i c i e n t  by u s i n g  t r a c k s  o f  g r e a t e r  
smoothness a t  t h e  exp ense  o f  r a i s e d  c o s t  o f  c o n s t r u c t i o n  
and  m a i n t e n a n c e .  O r ,  t h e  gap w i d t h  can be i n c r e a s e d  
s l i g h t l y ,  a t  t h e  exp ense  o f  i n c r e a s e d  power consum pt ion  
and equ ipm en t  c o s t  and w e i g h t .  I f  t h e s e  a r e  n o t  p o s s i b l e  
t h e  t a r g e t  c r u i s i n g  speed may have  t o  be r e d u c e d .  When a  
new s e t  o f  p a r a m e t e r s  a r e  chosen t h e  v a l u e  o f  P i  w i l l  
have t o  be c a l c u l a t e d  and  checked  a g a i n s t  t h a t  a t t a i n a b l e  
by t h a t  p a r t i c u l a r  system c o n f i g u r a t i o n .  T h i s  s t e p  has to  
be r e p e a t e d  u n t i l  an a t t a i n a b l e  v a l u e  i s  o b t a i n e d .  I f  th e  
v a l u e  o f  t h e  c a l c u l a t e d  e x p r e s s i o n  i s  h i g h e r  than  th e  
v a l u e  o f  Pi th e  r e s u l t a n t  system  w i l l  have  a c c e l e r a t i o n  
lo w e r  than t h e  minimum v a l u e  r e q u i r e d  by th e  
s p e c i f i c a t i o n .  We may e i t h e r  l e a v e  t h e  sys tem  u n a l t e r e d  
or s l a c k e n  system  p a r a m e t e r s  and  then  p e r f o r m  th e  check  
a g a i n .
4 .  We then p r o c e e d  t o  f i n d  t h e  o p t im a l  c u t - o f f  f r e q u e n c y  of  
th e  f i l t e r  by u s i n g  t h e  d e s ig n  in d e x  Pa and th e  
p r o c e d u r e  d e s c r i b e d  e a r l i e r  on in  t h i s  s e c t i o n .
5 .  W i th  th e  f i l t e r  c u t - o f f  f r e q u e n c y  known, t h e  m a in -1 o o p  
c u t - o f f  f r e q u e n c y  can be fo u n d  s i m p l y  by m u l t i p l y i n g  th e  
f o r m e r  by t h e  f r e q u e n c y  r a t i o .
6 . A more e x a c t  v a l u e  o f  t h e  w e i g h t e d  r . m . s .  a c c e l e r a t i o n  
can be fo u n d  by u s i n g  t h e  a c t u a l  w e i g h t i n g  f u n c t i o n  and
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summing t h e  o u t p u t ,  a s  t h e  s u s p en s io n  i s  s u b j e c t e d  t o  
ro u g h n e s s  i n p u t  o f  g iv e n  d i s p l a c e m e n t  p . s . d .  and s p e e d .
We now a p p l y  t h i s  d e s ig n  p r o c e d u r e  t o  c o n s t r u c t  a  
sys te m  w h ic h  m ee ts  a l l  o t h e r  s p e c i f i c a t i o n s  b u t  l e a v i n g  t h e  
maximum speed n o t  s p e c i f i e d .  T h i s  i s  t o  a l l o w  us t o  f i n d  
o u t  t h e  maximum speed p e r m i t t e d  by th e  d e s i g n .  H a v in g  chosen  
t h e  sys tem  w h ic h  c o n s i s t s  o f  a  dom inant  f i l t e r  r e s p o n s e  o f  
t h i r d - o r d e r  b in o m ia l  t y p e  and t h e  main loop re s p o n s e  o f  
s e c o n d - o r d e r  B u t t e r w o r t h  t y p e ,  we can p l o t  g ra p h s  o f  i n d i c e s  
M l , Ma , Pi  and  Pa a l l  v e r s u s  r f  w i t h  f i l t e r  c u t - o f f  
f r e q u e n c y  o f  1 . 0 ,  1 . 2 5 ,  1 . 5 ,  1 . 7 5  and 2 . 0 H z .  From t h e  g ra p h s  
o f  Ml v e r s u s  f r e q u e n c y  r a t i o ,  r f , a s  in  F i g . 2 . 1 5  o r  P i  
v e r s u s  f r e q u e n c y  r a t i o ,  r f ,  a s  in  F i g . 2 . 1 9 ,  we have fo u n d  
t h a t  a  f r e q u e n c y  r a t i o  o f  1 / 3 0  i s  q u i t e  a d e q u a t e .  From t h e  
grap h  o f  Pa v e r s u s  r f , in  F i g .  2 . 2 0 ,  i t  can be seen t h a t  Pa 
i s  a p p r o x i m a t e l y  10“ °-®=^ f o r  r f  =  1 / 3 0  and between 1 . 0  
and  2 . 0 H z .  I f  we s p e c i f y  t h e  r . m . s .  e x c u r s i o n  t o  be 5mm and  
a  w e i g h t e d  r . m . s .  a c c e l e r a t i o n  o f  2 . 2 % ' g '  then  o p t im a l  
f i l t e r  c u t - o f f  f r e q u e n c y  w i l l  be
1 p .  %
2 t  cz
=  0 .9 3 5 H z
I f  we l e t  t h e  o p t im a l  f i l t e r  f r e q u e n c y  t o  be 1 Hz then  t h e  
p e r f o r m a n c e  in d e x  Pi i s  0 . 5 2 9 ,  f ro m  F i g . 2 . 1 9 .  Then t h e  
c o r r e s p o n d i n g
1 Z w / ' =  (c  = ) %
AVmax =  C------------------------] =  6 . 1 3  x 10“ ®
2lt Pi
W i t h  th e  c o e f f i c i e n t  o f  ro u g h n ess  A equal  to  2lC x 10"^  m - r a d
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f o r  s t a n d a r d  t r a c k ,  t h e  maximum v e h i c l e  speed w i l l  be
V =  9 7 . 5 5  m /s  =  2 1 7 . 7 3  mph.
N u m e r i c a l l y  i n t e g r a t i o n  u s i n g  th e  e x a c t  w e i g h t i n g  f u n c t i o n ,  
g i v e n  by B r i t i s h  R a i l  ( F i g . 2 . 2 ) ,  w ou ld  g i v e  a  p e r f o r m a n c e  
in d e x  o f  0 . 4 8  and  a  maximum speed o f  100 m /s  f o r  t h e  same 
s e t  o f  d e s ig n  s p e c i f i c a t i o n .  I f  t h e  maximum w e i g h t e d  r . m . s .  
a c c e l e r a t i o n  i s  s e t  a t  6 .43%  ' q '  and maximum r . m . s .
e x c u r s i o n  a t  5 .09mm, l i k e  t h e  one g i v e n  in  t h e  r e p o r t  [ 1 5 ]  
by t h e  B r i t i s h  R a i l  r e s e a r c h  g r o u p ,  w i t h  t h e  same roug h n ess  
c o e f f i c i e n t  o f  gu idew ay  t h e  o p t im a l  f i l t e r  f r e q u e n c y  was  
fo u n d  t o  be a r o u n d  1 . 5 8 H z .  When t h i s  f r e q u e n c y  was chosen t o  
be 1 .5H z  t h e  maximum speed a l l o w e d  was fo u n d  t o  be 1 7 1 .1  m /s  
w i t h  r . m . s .  e x c u r s i o n  o f  5.18mm and w e i g h t e d  r . m . s .  
a c c e l e r a t i o n  o f  5 .79%  ' g '  w i t h  p e r f o r m a n c e  in d e x  Pi  o f  0 . 4 8 .  
T h i s  i s  t o  be compared w i t h  t h e  p e r f o r m a n c e  r e c o r d e d  in  t h a t  
r e p o r t  w h ich  has an r . m . s .  a c c e l e r a t i o n  equal  t o  6 .43%  ' g '  
and r . m . s .  e x c u r s i o n  equal  t o  5.04mm, w i t h  a  maximum speed  
o f  140 m /s  and  an a p p r o x i m a t e  p e r fo r m a n c e  in d e x  Pi o f  1 . 1 2 .
The d e s ig n  exam ple  p r e s e n t e d  abo ve  has shcxun t h a t  
w i t h  a  gap o f  15mm, i . e .  an r . m . s .  e x c u r s io n  o f  , and  th e  
w e ig h t e d  r . m . s .  a c c e l e r a t i o n  a t  2 . 2 % " g" t h e  o p t im a l  c u t - o f f  
f r e q u e n c y  f o r  t h e  f i l t e r  re s p o n s e  i s  a t  l .O H z  w h ich  con fo rm s  
to  t h e  k i n d  o f  re s p o n s e  r e q u i r e d  by t h e  UTACV s p e c i f i c a t i o n  
and i s  a  f r e q u e n c y  chosen f o r  most s u s p e n s io n  d e s i g n s .  The  
maximum speed o v e r  a  g u idew ay  o f  rough ness  c o e f f i c i e n t  o f  
2lC X 10“ ^ m - r a d  ( t h e  v a l u e  f o r  w e ld e d  r a i l w a y  t r a c k ) ,  i s  
lOOm/s or  2 2 3 . 2  mph. A l t h o u g h  t h i s  i s  o n l y  30% o f  t h a t  
o b t a i n a b l e  f ro m  a  t h e o r e t i c a l l y  i d e a l  s u s p e n s io n  s y s te m ,  i t
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shows a  many - fo ld  improvement  o v e r  e a r l i e r  d e s ig n s  l i k e  t h e  
one g iv e n  by P o l l a r d  and W i l l i a m s  [ 2 6 ]  o f  t h e  B r i t i s h  R a i l  
R e search  and a  20% improvement  in  maximum speed o v e r  t h a t  
r e p o r t e d  by o t h e r  r e s e a r c h e r s  o f  th e  same group in  t h e  
r e p o r t  TR-EDYNIO [ 1 5 ]  in  1 9 7 7 .
When we lo o k  a t  t h e  f r e q u e n c y  r e s p o n s e  o f  t h e  
d e s i g n ,  a s  shown in  F i g . 2 . 2 1  and  2 . 2 2 ,  we f i n d  t h a t ,  w i t h  
t h e  maximum A . V  p r o d u c t ,  th e  peak a c c e l e r a t i o n  p . s . d .  i s  
more than 50 t im e s  t h a t  a l l o w e d  by UTACV s p e c i f i c a t i o n .  T h i s  
c a n n o t  be im p ro ved  on w i t h o u t  r e d u c i n g  t h e  c u t - o f f  f r e q u e n c y  
o f  th e  f i l t e r  and  i n c r e a s i n g  t h e  r a t t l e s p a c e  r e q u i r e d .  I t  
was fo u n d  ou t  t h a t ,  i f  t h e  UTACV s p e c i f i c a t i o n  i s  to  be  
s a t i s f i e d ,  t h e  maximum speed can o n l y  be 5 0 . 9  m /s  even w i t h  
t h e  t h e o r e t i c a l l y  i d e a l  su s p e n s io n  s y s te m .  T h u s ,  we have  to  
be s a t i s f i e d  w i t h  a s s u m p t io n  t h a t  t h e  w e i g h t e d  r . m . s .  
a c c e l e r a t i o n  c r i t e r i o n  i s  a  s u f f i c i e n t  s p e c i f i c a t i o n .
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Fig2.21 Amplitude transmission characteristics'
main loop = 2nd order Butterworth response 
filter = 3rd order binomial response
lo g ^ ^ f re q









Fig.2.22 Acceleration p.s.d. characteristic
main loop = 2nd order Butterworth response 
filter = 3nd order binomial response
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2 . 1 2  C o n c lu s io n
In  t h i s  c h a p t e r  we have seen t h a t  by h a v in g  a  
s u s p e n s io n  sys tem  w hich  f e e d s  back th e  r e l a t i v e  p o s i t i o n  and  
v e l o c i t y  s i g n a l s  th ro u g h  l o w - p a s s - f i I t e r s  and  a b s o l u t e  
p o s i t i o n  and v e l o c i t y  s i g n a l s  th ro u g h  t h e i r  r e s p e c t i v e  
c o m p le m e n ta ry  f i l t e r s ,  and  s e t t i n g  t h e  c u t - o f f  f r e q u e n c y  o f  
th e  f i l t e r  much lo w e r  than  t h a t  o f  t h e  main  l o o p ,  we can 
p a r t i t i o n  t h e  sys tem  re s p o n s e  t o  f o r c e  and t o  i r r e g u l a r i t y  
t o  g i v e  i t  h ig h  s t i f f n e s s  t o  f o r c e  and h i g h  c o m p l ia n c e  t o  
i r r e g u l a r i t y  f o r  good r i d e  q u a l i t y .  We have  a l s o  seen t h a t  
t h e  system re s p o n s e  o f  p r o f i l e - f o l l o w i n g  and  r o u g h n e s s — 
i s o l a t i o n  can n o t  be f u r t h e r  p a r t i t i o n e d  b u t  th e  
c h a r a c t e r i s t i c s  f o l l o w  a  t r a d e - o f f  r e l a t i o n s h i p .  By c h o o s in g  
t h e  r i g h t  k i n d  o f  f i l t e r  and main loop r e s p o n s e  we can 
o b t a i n  a  h ig h  d e g r e e  o f  p a r t i t i o n i n g  o f  s ys te m  re s p o n s e  t o  
f o r c e  and t o  i r r e g u l a r i t y  and have a  sys tem  w h ic h  does no t  
have s t e a d y - s t a t e  gap d e f l e c t i o n  f o r  ramp i n p u t  in  g u idew ay  
l e v e l .  By c h o o s in g  t h e  r a t i o  o f  c u t - o f f  f r e q u e n c i e s  o f  t h e  
f i l t e r  and main loop  r e s p o n s e ,  we can have a  good t r a d e - o f f  
r e l a t i o n s h i p  w h ic h  i s  g i v e n  by a  low v a l u e  o f  p e r f o r m a n c e  
in d e x  Mi or  P i .  T a b l e s ,  c u r v e s  and d e s ig n  p r o c e d u r e s  a r e  
d e v i s e d  t o  e n a b l e  us t o  d e s ig n  t h e  system  w h ic h  em ploys t h e  
co m p lem en ta ry  f i l t e r i n g  t e c h n i q u e .  An exa m p le  was a l s o  
i n c l u d e d .  The r e s u l t a n t  sys tem  g i v e s  an im provem ent  o f  a t  
l e a s t  2 0 % in  maximum speed o v e r  th e  b e s t  known sys tem  and a  
many f o l d  i n c r e a s e  in  system  s t i f f n e s s .
T h i s  improvement  i s  modest when compared w i t h  t h e  
t h e o r e t i c a l l y  i d e a l  s u s p e n s io n  sys tem  and f u r t h e r
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improvement  may s t i l l  be p o s s i b l e .  P e r h a p s ,  t h i s  i s  what  th e  
a u t h o r s  o f  one paper  1261 meant  when t h e y  s a i d  t h a t  th e  
p e r f o r m a n c e  was v e r y  much l i m i t e d  by t h e  p r e s e n t  day  
t e c h n o lo g y  o f  f i l t e r  d e s i g n .
O th e r  than  th o s e  a r e a s  e x c lu d e d  f ro m  t h i s  s t u d y  
w h ic h  have s t a t e d  in  t h e  b e g i n n i n g  t h e r e  a r e  s t i l l  a r e a s  
w h ic h  need f u r t h e r  i n v e s t i g a t i o n .  F i r s t l y ,  t h e r e  i s  p l e n t y  
o f  room f o r  improvement  in  p e r f o r m a n c e  i f  a  b e t t e r  1 ow-
p a s s - f i l t e r  can be c o n s t r u c t e d .  P e rh a p s  t h e  c u r r e n t  
adv a n c e m e n ts  i n  s t a t i s t i c a l  f i l t e r i n g  and  e s t i m a t i o n
t e c h n i q u e s  may p r o v i d e  th e  a n s w e r .  T h i s  a p p ro a c h  may be  
e s p e c i a l l y  s u i t a b l e  when t h e  t r a c k  i r r e g u l a r i t i e s  a r e  
d e f i n e d  in  te rm s  o f  s t a t i s t i c a l  q u a n t i t i e s .  H ow ever ,  more  
e f f o r t  i s  r e q u i r e d  t o  f i n d  o u t  t h e  r i d e - q u a l i t y  and p r o f i l e ,  
ramp and t r a n s i t i o n  c u r v e  f o l l o w i n g  c a p a b i l i t y  o f  su s p en s io n  
u s i n g  t h i s  k i n d  o f  f i l t e r s .  S e c o n d l y ,  t h e  f r e q u e n c y  
dependence o f  human t o l e r a n c e  t o  j e r k  and  t h e  maximum
w e i g h t e d  r . m . s .  j e r k  s p e c i f i c a t i o n  i s  s t i l l  unknown and has  
n o t  be i n c o r p o r a t e d  in  t h e  f o r m u l a t i o n  o f  t h e  p e r f o r m a n c e  
i n d e x .  I t  w o u ld  be u s e f u l  i f  a  L i n e a r  Q u a d r a t i c  G auss ian  
t y p e  o f  p e r f o r m a n c e  in d ex  w h ic h  i n c l u d e s  e x c u r s i o n ,  
a c c e l e r a t i o n ,  j e r k ,  s t i f f n e s s  and  power co n sum pt ion  can be
f o r m u l a t e d  and system  d e s ig n  o p t i m i z e d  a c c o r d i n g  to  t h i s
i n d e x .  One a r e a  o f  o p t im a l  su s p e n s io n  d e s ig n  w h ic h  has been 
used b u t  n o t  s t u d i e d  s y s t e m a t i c a l l y  h e r e  o r  e l s e w h e r e  i s  th e  
n o n l i n e a r  s u s p e n s i o n .  Hardened or  s o f t e n e d  s p r i n g ,  n o n l i n e a r  
dampers and  bump s to p  have been w i d e l y  u s e d .  Hcxvever due to  
th e  d i f f i c u l t i e s  in  t h e  a n a l y s i s  and  o p t i m i s a t i o n  o f
-TOO —
n o n l i n e a r  s y s te m s ,  t h i s  f i e l d  has been l e f t  u n e x p l o r e d .  
A l t h o u g h  some a t t e m p t  have  been made in  t h i s  c h a p t e r  t o  
f u r t h e r  t h e  u n d e r s t a n d i n g  o f  su s p e n s io n  s y s te m ,  i t  i s  f e l t  
t h a t  a  l o t  more can be done.
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CHAPTER 3
THE ELECTROMAGNETIC SUSPENSION ( E . M . S . )
3 .1  I n t r o d u c t i o n - T h e  b a s ic  c h a r a c t e r i s t i c s  o f  t h e  system
I n  t h e  p r e v i o u s  c h a p t e r  we have  l o o k e d  a t  th e  
s y n t h e s i s  o f  o p t i m a l  l i n e a r  s u s p e n s io n  sys tem s w i t h o u t  
r e g a r d i n g  t h e  method o f  p r o v i d i n g  t h e  s u s p e n s i o n .  For  
r e a s o n s  g i v e n  in  c h a p t e r  one we have d e c id e d  t h a t  
e l e c t r o m a g n e t i c  a t t r a c t i o n  w i l l  be used t o  p r o v i d e  t h e  
f o r c e .  In  t h i s  c h a p t e r  we w i l l  f i n d  ou t  t h e  i n h e r e n t  
c h a r a c t e r i s t i c s  o f  th e  n o n - c o n t a c t i n g  e l e c t r o m a g n e t i c  
s u s p e n s io n  sys tem  by d e v e l o p i n g  t h e  m a t h e m a t ic a l  m ode ls  o f  
t h e  sys tem  and then  a n a l y s i n g  them. The m odels  d e v e lo p e d  
w i l l  be used in  t h e  e s t i m a t i o n  o f  some i m p o r t a n t  sys tem  
v a r i a b l e s  w h ic h  may be used l a t e r  on f o r  f e e d b a c k  c o n t r o l .  
The se  m o d e ls  w i l l  a l s o  be used in  s y n t h e s i z i n g  th e  c o n t r o l  
sys tem s r e q u i r e d  f o r  o p t im a l  su s p e n s io n  s y s te m s .
The  n o n - c o n t a c t i n g  e l e c t r o m a g n e t i c  su s p e n s io n  
s y s te m ,  w h ic h  we w i l l  s t u d y ,  i s  e s s e n t i a l l y  fo rm e d  o f  a  
v e h i c le suspended u n d e r n e a t h  th e  g u i d i n g  s u r f a c e  or  r a i l s ,  
made o f  f e r r o - m a g n e t i c  m a t e r i a l , by means o f  th e  a t t r a c t i v e  
f o r c e  o f  t h e  c o n t r o l l e d  d . c .  e l e c t r o m a g n e t s .  T h e se  m agnets  
a r e  s i t u a t e d  a t  th e  c o r n e r s  o f  t h e  v e h i c l e ,  and  som et imes  
a l o n g  i t s  s i d e s  a s  w e l l .  The  s u s p e n s io n  sys tem  i s  non­
c o n t a c t i n g  bec a u s e  t h e  su s p e n s io n  m agnets  a r e  s e p a r a t e d  f ro m  
t h e  r e a c t i o n  r a i l s  or  g u i d i n g  s u r f a c e s  by a i r  g ap s .  I t  i s  
t h i s  e l e c t r o m a g n e t i c  a t t r a c t i o n  w h ich  i s  used t o  p r o v i d e  t h e
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s u s p e n s io n  f o r c e  t o  c o u n t e r a c t  t h e  w e ig h t  o f  t h e  v e h i c l e  and  
t h e  f o r c e s  a p p l i e d  t o  i t .  The  a t t r a c t i o n  f o r c e  i s  t h e  r e s u l t  
o f  t h e  f l u x  l i n k a g e  between t h e  m agnets  and  t h e  r a i l  s . T h i s  
f l u x  i n  t u r n  i s  g e n e r a t e d  by th e  c u r r e n t  f l o w i n g  i n  th e  c o i l  
o f  t h e  e l e c t r o m a g n e t .  The  e n e r g y  f o r  t h i s  s u s p e n s io n  f o r c e  
i s  t a k e n  f ro m  a  d . c .  v o l t a g e  s u p p ly  w h ich  i s  g e n e r a t e d  on 
b o a rd  o f  t h e  v e h i c l e  o r  c o l l e c t e d  f ro m  t r a c k - s i d e  s u p p l y .
As we s h a l l  see  l a t e r ,  t h e  open-1oop e l e c t r o m a g n e t i c  
s u s p e n s io n  sys tem  i s  u n s t a b l e  and h i g h l y  n o n l i n e a r .  The  
o b j e c t i v e  o f  s y n t h e s i z i n g  a  s t a b l e  c l o s e d - l o o p  system  w i t h  
good r i d e  q u a l i t y  and b e i n g  o p t im a l  i s  no t  e a s i l y  m e t .  Thus  
we s h a l l  have  t o  p ro c e e d  by s o l v i n g  th e  s y n t h e s i s  p rob lem  
s t e p  by s t e p .  F i r s t l y ,  we s h a l l  s t u d y  th e  c h a r a c t e r i s t i c s  o f  
t h e  b a s i c  e l e c t r o m a g n e t  s u s p e n s io n  system in  t h i s  c h a p t e r .  
H a v in g  g a in  some u n d e r s t a n d i n g  o f  th e  c h a r a c t e r i s t i c s  we 
s h a l l  l a t e r  on p ro c e e d  to  f i n d  th e  c o n t r o l  law s  w h ich  w i l l  
t a k e  us san e  way to w a rd s  t h e  f u l f i l l m e n t  o f  t h e  above  
o b j e c t i v e s .  T o g e t h e r  w i t h  sane a d d i t i o n a l  d e s ig n  c r i t e r i a ,  
t h e s e  o b j e c t i v e s  w i l l  be used a s  s t a n d a r d s  a g a i n s t  w h ich  
c l o s e d - l o o p  sys te m s  u s in g  d i f f e r e n t  c o n t r o l  law s  w i l l  be 
co m p a re d .
Because o f  th e  c o m p l e x i t y  o f  t h e  p r o b le m  we s h a l l  
l i m i t  o u r s e l v e s  to  t h e  i n v e s t i g a t i o n  o f  t h e  fu n d a m e n ta l  
a s p e c t s  o f  t h e  s y s te m .  Thus we s h a l l  o n l y  c o n s i d e r  th e  
dynam ics  o f  one such e l e c t r o m a g n e t .  T h i s  magnet  has a  U -  
shaped c o r e  w i t h  two c u r r e n t - c a r r y i n g  c o i l s ,  one on each  
l i m b .  T h e s e  c o i l s  can e i t h e r  be c o n n e c te d  in  s e r i e s  o r  in  
p a r a l l e l  to  match th e  v o l t a g e  and c u r r e n t  c a p a b i l i t y  o f  th e
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d r i v i n g  a m p l i f i e r  o f  t h e  m a g n e t .  T h i s  magnet i s  assumed to  
be suspended u n d e r n e a t h  a  h o r i z o n t a l  r a i l  o f  r e c t a n g u l a r  
c r o s s - s e c t i o n  w h ich  have t h e  same w i d t h  a s  th e  m a g n e t ,  l i k e  
th e  one shown in  F i g u r e  3 . 1  . F u r t h e r m o r e  t h e  magnet i s
r e s t r i c t e d  t o  move in  t h e  v e r t i c a l  d i r e c t i o n  o n l y .  Thus t h e  
system i s  assumed t o  be s u b j e c t e d  t o  no a n g u l a r  moment and  
no f o r c e ,  a p a r t  f ro m  t h a t  o f  t h e  v e r t i c a l .  The gap w i d t h  o f  
t h e  two l im b s  o f  th e  magnet i s  assumed t o  be t h e  same. The  
a t t r a c t i v e  f o r c e  i s  assumed t o  be a c t i n g  a l o n g  th e  same l i n e  
a s  th e  l o a d  so t h a t  no t o r q u e  i s  g e n e r a t e d .  We s h a l l  a l s o  
e x c lu d e  f ro m  t h i s  s t u d y  t h e  e l a s t i c i t y  e f f e c t  o f  t h e  r a i l  
and th e  m a g n e t .  T h a t  i s ,  t h e  magnet and  t h e  r a i l  a r e  assumed  






Fig.3.1 Schematic diagram of the electromagnetic suspension system
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H a v in g  d e f i n e d  t h e  scope o f  th e  i n v e s t i g a t i o n  we 
s h a l l  p ro c e e d  t o  s t u d y  t h e  b a s i c  c h a r a c t e r i s t i c s  o f  t h e
s y s te m .  T h i s  s t u d y  i s  based on t h e  m a t h e m a t ic a l  m o d e ls  w h ic h  
a r e  in  th e  fo rm  o f  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l
e q u a t i o n s .  The se  e q u a t i o n s  a r e  d e v e lo p e d  w i t h  t h e  a i d  o f
bond g ra p h s  in  A p p e n d ic e s  A 3 .1  and  A 3 . 2 .  The  l i n e a r i z a t i o n  
o f  t h e s e  e q u a t i o n s  p ro d u c e s  s t a t e  e q u a t i o n s  w h ich  w i l l  then  
be used t o  g i v e  t h e  l e a d i n g  t r a n s f e r  f u n c t i o n s  f o r  t h e  s t u d y  
o f  sm a l l  p e r t u r b a t i o n  c h a r a c t e r i s t i c s  o f  th e  s y s te m .  The  
same t r a n s f e r  f u n c t i o n s  w i l l  a l s o  be used t o  f i n d  o u t  t h e
e f f e c t  o f  change o f  p r i m a r y  system  v a r i a b l e s ,  l i k e  mass and  
gap w i d t h ,  on t h e  system  d y n a m ic s .  Then t h e  i m p o r t a n t  
s e c o n d a r y  e f f e c t s ,  l i k e  e d d y - c u r r e n t  l o s s  and f l u x  l e a k a g e ,  
w i l l  be i n c o r p o r a t e d  i n t o  t h e  r e f i n e d  model and  t h e i r  
i n f l u e n c e  on t h e  system  w i l l  be i n v e s t i g a t e d .  The  
m a t h e m a t ic a l  m ode ls  d e v e lo p e d  w i l l  a l s o  be used t o  f i n d  ou t  
t h e  p o s s i b i l i t y  o f  d e d u c in g  sys tem  s t a t e s  frcwn o t h e r  more  
r e a d i l y  a v a i l a b l e  s t a t e s .  T h i s  i s  done a s  an a t t e m p t  t o  do 
away w i t h  t h e  need o f  u s i n g  s o p h i s t i c a t e d ,  e x p e n s i v e  o r  l e s s  
r e l i a b l e  measurement sys tem s , or  t o  have a  b e t t e r  c l o s e d -  
loop r e s p o n s e .  F i n a l l y  t h e  f i n d i n g s  w i l l  be used t o  deduce  
g u i d e l i n e s  t o  t h e  d e s ig n  o f  th e  magnet  and th e  r a i l . T h e y  
w i l l  a l s o  be used in  t h e  s y n t h e s i s  o f  th e  c o n t r o l  law s  f o r  
t h e  sys tem  in  l a t e r  c h a p t e r s .
3 . 2  The b a s ic  c h a r a c t e r i s t i c s  o f  t h e  EMS
H a v in g  d e f i n e d  t h e  pu rp o se  and t h e  scope o f  t h i s  
c h a p t e r ,  we p r o c e e d  t o  d e s c r i b e  t h e  dynamic c h a r a c t e r i s t i c s
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o f  t h e  e l e c t r o m a g n e t  su s p e n s io n  s y s t e m .
In  t h e  i n t r o d u c t o r y  s e c t i o n ,  we have  m e n t io n e d  t h a t  
t h e  s u s p e n s io n  f o r c e  i s  t h e  r e s u l t  o f  t h e  f l u x  l i n k a g e  
between t h e  r a i l  and  th e  m a g n e t .  F r a n  e n e rg y  c o n s i d e r a t i o n  
we can t a k e  t h i s  f o r c e  t o  be t h e  r e s u l t  o f  t h e  change o f  
s t o r e d  e n e r g y  w i t h  t h e  change o f  d i s t a n c e
i . e .  F =  dE /dx
w h e re  F i s  th e  f o r c e ,
E i s  t h e  s t o r e d  e n e r g y  and  
X  i s  t h e  gap w i d t h .
For  t h e  n o n - c o n t a c t i n g  s u s p e n s io n  th e  m a j o r i t y  o f  t h e  e n e rg y  
i s  s t o r e d  a s  m a g n e t i c  f l u x  in  t h e  a i r  g ap s .  T h i s  i s  because  
t h e  m a g n e t o - m o t i v e - f o r c e < m m f > drop round t h e  m a g n e t ic  
c i r c u i t  i s  m a i n l y  a c r o s s  t h e  a i r  g ap s .  A p p l y i n g  t h e  b a s i c  
laws  o f  p h y s i c s ,
En erg y  s t o r e d  p e r  u n i t  vo lume =  % BH ( 3 . 1 )
=  BZ/2P ( 3 . 2 a )
=  $ = /2P A =  ( 3 . 2 b )
w h ere  $ =  f l u x  in  th e  a i r  gap
B =  f l u x  d e n s i t y  in  t h e  gap
H =  m a g n e t i c  f i e l d  s t r e n g t h  in  t h e  gap 
=  a b s o l u t e  p e r m e a b i l i t y  o f  a i r  
A =  e f f e c t i v e  a r e a  o f  t h e  p o l e  f a c e  o f  t h e  magnet  
For  t h e  sys tem  r e p r e s e n t e d  by t h e  s c h e m a t ic  d ia g r a m  F i g .  3 . 1
th e  t o t a l  e n e r g y  s t o r e d  in  t h e  gaps i s
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E = 2 x A x c x --------
2PA=
=  c X —  ( 3 . 3 )
MA
w here  c i s  t h e  w i d t h  o f  one g a p .
T o t a l  f o r c e  g e n e r a t e d  by t h e  magnet i s  g iv e n  by  
F =  dE /dc  
I f  t h e  f l u x  i s  k e p t  c o n s t a n t  a t
F =  $o=/MA ( 3 . 4 )
I f  so th e  f o r c e  g e n e r a t e d  i s  i n d e p e n d e n t  o f  gap
wi d t h .
However th e  f l u x  in  t h e  gap depends on t h e  gap
w i d t h .  N e g l e c t i n g  s e c o n d a r y  e f f e c t s  f o r  t h e  sys tem  we a r e
s t u d y i n g ,  we have
M =  NI  ( 3 . 5 )
$ =  MAM/2C = MANI /2C ( 3 . 6 )
w here  M = rranf drop a c r o s s  t h e  gap
N =  number o f  t u r n s  in  t h e  c o i l  o f  t h e  m a g n e t .
From e q u a t i o n s  ( 3 . 4 )  and ( 3 . 6 )
F =  MAN^Iz /  4c2  ( 3 . 7 )
T h i s  su s p e n s io n  f o r c e  i s  t o  be e q u i v a l e n t  t o  th o s e  
g i v e n  by c o i l -  or  l e a f - s p r i n g s  or  a i r b a g s  in  o t h e r  t y p e s  o f  
v e h i c l e  su s p e n s io n  s y s te m s .  In  t h e  same w ay ,  we can deduce
s t i f f n e s s  t o  f o r c e  e q u i v a l e n t  t o  th o s e  g i v e n  by o t h e r  system
by e x a m in in g  t h e  e x p r e s s i o n  0 F / 0 C . In  t h i s  e l  ectrcwrjagnet  
s u s p e n s i o n ,  a t  a  s e t  c u r r e n t  i n  t h e  c o i l .
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0F
de I =  Io  
C = C o
-P A N = Io =
2 co®
( 3 . 8 )
The  n e g a t i v e  s ig n  in  th e  e x p r e s s i o n  i n d i c a t e s  t h a t
t h e  s t i f f n e s s  i s  n e g a t i v e  w h e a ra s  a  p o s i t i v e  s t i f f n e s s
i s  r e q u i r e d  f o r  a l l  su s p e n s io n  s y s te m s .  T h i s  r e l a t i o n s h i p  
can be c l e a r l y  seen in  F i g .  3 . 2  i n  w h ich  a  f a m i l y  o f  c u r v e s
o f  f o r c e  v e r s u s  gap w i d t h  a t  some s e t  v a l u e s  o f  c o i l
c u r r e n t s  a r e  p l o t t e d .
Force A
gapCo
Fig.3.2 Suspension force versus gap width
for some fixed value of coil current
The  n e g a t i v e  s t i f f n e s s  p ro d u c e s  an u n s t a b l e  
s u s p e n s io n  s y s te m .  T h i s  i n s t a b i l i t y  in  m a i n t a i n i n g  a  f i x e d  
p o s i t i o n  i s  what  e v e r y o n e  who has p l a y e d  w i t h  m agnets  w ou ld  
have e x p e r i e n c e d .  We can u n d e r s t a n d  t h i s  phenomenon in  
e l e c t r o m a g n e t i c  su s p e n s io n  by t a k i n g  an exam ple  of  an 
e l e c t r o m a g n e t  which  has a  f i x e d  c u r r e n t  f l o w i n g  in  i t s  c o i l .  
A s l i g h t  i n c r e a s e  in  gap caused by a  d o w n w a r d -a c t in g  f o r c e  
or o t h e r  system d i s t u r b a n c e s  w i l l  r e s u l t  in  a  r e d u c t i o n  o f  
u p w a r d - a c t i n g  s u s p e n s io n  f o r c e ,  a s  can be seen in  F i g .  3 . 2 .  
T h i s  c r e a t e s  a  f u r t h e r  im b a la n c e  o f  f o r c e  w i t h  t h e  r e s u l t a n t
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f o r c e  i n c r e a s i n g  in  th e  downward d i r e c t i o n  th u s  c a u s in g  a  
f u r t h e r  i n c r e a s e  in  gap w i d t h .  T h i s  then  c o m p le t e s  t h e
u n s t a b l e  p o s i t i v e  fe e d b a c k  a c t i o n  and causes  t h e  magnet t o
f a l l  f u r t h e r  under  g r a v i t a t i o n a l  p u l l .  S i m i l a r l y ,  i f  a  
d i s t u r b a n c e  cau ses  t h e  gap w i d t h  t o  d e c r e a s e ,  t h e  u n s t a b l e  
p o s i t i v e  fe e d b a c k  a c t i o n  w i l l  cause  t h e  gap w i d t h  t o  
d e c r e a s e  f u r t h e r  u n t i l  th e  e l e c t r o m a g n e t  i s  f i r m l y  a t t a c h e d  
t o  t h e  f e r r o - m a g n e t i c  r a i l .  Thus t h e  system i s  i n h e r e n t l y  
open-1oop  u n s t a b l e .  I t  can not  m a i n t a i n  a  f i x e d  gap w i d t h  f o r  
t h e  p urpo se  o f  n o n - c o n t a c t i n g  su s p e n s io n  u n l e s s  f e e d b a c k  i s  
a p p l i e d .  U s u a l l y  t h e  gap w i d t h ,  p r o b a b l y  t o g e t h e r  w i t h  i t s  
d e r i v a t i v e s ,  a r e  f e d  back t o  c o n t r o l  th e  c o i l  c u r r e n t  t o
m a i n t a i n  a  s t a b l e  gap .  The  c l o s e d - l o o p  c o n t r o l  w o u ld  have t o
f e e d b a c k  t h e  c u r r e n t  in  such a  way t h a t  t h e  f o r c e - g & p  
r e l a t i o n s h i p  w o u ld  have a  p o s i t i v e  s l o p e  t o  g i v e  t h e  
p o s i t i v e  s t i f f n e s s  r e q u i r e d .  I f  th e  su s p en s io n  sys tem  i s  t o  
behave  l i k e  t h o s e  g iv e n  by l i n e a r  or  n o n l i n e a r  h a rd e n e d  o r  
s o f t e n e d  s p r i n g s ,  t h e  f o r c e - g a p  r e l a t i o n s h i p  w i l l  have t o  
f o l l o w  th e  c u r v e  A ,B  or  C in  F i g .  3 . 2 ,  r e s p e c t i v e l y .
3 . 3  The b a s ic  m a th e m a t ic  model o f  t h e  e l e c t r o m a g n e t i c  
su s p e n s io n  system
H a v in g  o b s e r v e d  t h e  b a s i c  c h a r a c t e r i s t i c s  o f  t h e  EMS 
sys tem  we s h a l l  p ro c e e d  to  d e s c r i b e  i t  in  g r e a t e r  d e t a i l  
by e x a m in in g  t h e  m a t h e m a t ic a l  m odels  o f  th e  s y s te m .  
The  e q u a t i o n s  g o v e r n in g  t h e  b e h a v i o u r  o f  t h e  e l e c t r o — 
m a g n e to -m e c h a n ic a l  system r e p r e s e n t e d  by F i g .  3 . 1 ,  w i t h  
s e c o n d a r y  e f f e c t s  i g n o r e d ,  a r e  d e r i v e d  in  A ppend ix  A 3 . 1 a
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and a r e  g i v e n  a s  e q u a t i o n s ( 3 . 9 )  t o  ( 3 . 1 1 )
c '  =  h '  -  2 '  ( 3 . 9 )
z ' "  =  $ +  F * /m  - g  ( 3 . 1 0 )
-  2R«c V
♦ t  '  =   $ t + — ( 3 . 1 1 )
HANz N
In  t h e s e  e q u a t i o n s  we have  chosen th e  gap w i d t h  as  
t h e  o u t p u t  o f  t h e  system  s i n c e  a  s u s p e n s io n  sys tem  can be  
seen a s  a  r e g u l a t o r  o f  t h i s  v a r i a b l e .  The system i n p u t  i s  
t a k e n  a s  a  c o n t r o l l e d  v o l t a g e  s o u rc e  i n s t e a d  o f  a  c o n t r o l l e d  
c u r r e n t  s o u r c e .  The c h o i c e  was made because  a c u r r e n t  s o u rc e  
w hich  i s  n o t  a f f e c t e d  by i t s  l o a d  i s  h a r d l y  r e a l i z a b l e  in  
p r a c t i c e .  In  A p pend ix  A 3 .1  we can o b s e r v e  t h a t  e i t h e r  the  
gap f l u x  o r  th e  c o i l  c u r r e n t  can be chosen a s  a  s t a t e  o f  th e  
m o d e l .  T h e r e  w i l l  be no d i f f e r e n c e  between th e  two 
a l t e r n a t i v e s  i f  t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  a r e  
used d i r e c t l y .  H o w e v e r , when we a r e  d e r i v i n g  t h e  t r a n s f e r  
f u n c t i o n s  by l i n e a r i z i n g  t h e  e q u a t i o n s ,  th e  r e s u l t s  w i l l  be 
d i f f e r e n t  f o r  t h e  two a l t e r n a t i v e  m o d e ls .  T h i s  i s  because  
t h e  l i n e a r i z a t i o n  o f  one model t a k e s  t h e  p a r t i a l  
d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  c o n s t a n t  c u r r e n t .  The model  
u s in g  c u r r e n t  a s  a  s t a t e  has th e  a p p a r e n t  a d v a n t a g e  s i n c e  
c u r r e n t  can be measured  d i r e c t l y  and a c c u r a t e l y  w h i l e  th e  
measurement  o f  f l u x  i s  made i n d i r e c t l y  th ro u g h  m e a s u r in g  
f l u x  d e n s i t y  a t  a  p o i n t .  Such measurement i s  s u b j e c t  to  
e r r o r  when f r i n g i n g  o f  t h e  f i e l d  i s  p r e s e n t ,  even when 
l e a k a g e  f l u x  and e d d y - c u r r e n t - 1 o s s  i s  i g n o r e d .  How ever ,  th e  
model u s i n g  f l u x  a s  a  s t a t e  has th e  a d v a n t a g e  o f  knowing  th e  
su s p e n s io n  f o r c e  w h ich  i s  d i r e c t l y  p r o p o r t i o n a l  t o  th e  
s q u a re  o f  t h e  f l u x  and does no t  depend on th e  gap w i d t h .
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T h i s  gap in d e p e n d e n c y  s i m p l i f i e s  t h e  w o r k in g  o u t  o f  t h e  
d e s ig n  p a r a m e t e r s  because  l i n e a r i z a t i o n  a b o u t  o n l y  one  
v a r i a b l e ,  w h ich  i s  t h e  f l u x  l i n k a g e ,  i s  r e q u i r e d .  A l t h o u g h  
t h e  d e s ig n  o f  t h e  c o n t r o l  w i l l  be based on t h e  l i n e a r i z e d  
m o d e ls ,  th e  a c t u a l  t im e - d o m a in  s i m u l a t i o n  model w i l l  be  
based upon t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  d i r e c t l y .  
T h i s  w i l l  e n s u r e  t h a t  s t a b i l i t y  in  t h e  s i m u l a t i o n  w o u ld  
t r u l y  r e p r e s e n t  s t a b i l i t y  in  t h e  a c t u a l  s y s te m ,  assum ing  
t h a t  t h e  n o n l i n e a r  model i s  a d e q u a t e .  In  t h i s  work t h e
m a g n e t ic  f l u x  in  t h e  gap i s  used a s  a  s t a t e  in  t h e
l i n e a r i z e d  m o d e l .  T h i s  i s  a l s o  f o r  h i s t o r i c a l  r e a s o n s  t h a t
t h e  same c h o i c e  was made by most o t h e r  r e s e a r c h e r s  in  t h e
p a s t .  By a d o p t i n g  t h e  same c h o i c e  d i r e c t  com par ison  o f
f i n d i n g s  i s  made e a s i e r .
3 . 4  The l i n e a r i z e d  model o f  t h e  E . M .S .
These  e q u a t i o n s  r e p r e s e n t i n g  t h e  m a t h e m a t ic a l  model  
a r e  l i n e a r i z e d  t o  g i v e  s t a t e  e q u a t i o n s  w h ich  w i l l  be used  
f o r  s t u d y i n g  t h e  sys tem  c h a r a c t e r i s t i c s  and f o r  i m p le m e n t i n g  
t h e  c o n t r o l  l a w s .  The  s e t  o f  s t a t e  e q u a t i o n s  w h ic h  uses  gap 
w i d t h ,  a b s o l u t e  v e l o c i t y  and gap f l u x  a s  i t s  s t a t e s ,  i s
g iv e n  a s
X '  = AX + BU ( 3 . 1 2 )
w here  t h e  s t a t e  v e c t o r  X =  ( c , z ' , $ * ) t
t h e  i n p u t  v e c t o r  U =  ( h ' , z ' , V ) * ,
and Z d ' '  =  F * /m  -  g
The v a r i a b l e s  a r e  d e f i n e d  in  F i g . 3 . 1 .  
t h e  J a c o b ia n  m a t r i x  A i s  g i v e n  by
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The l e a d i n g  t r a n s f e r  f u n c t i o n  c / v ,  c / z * " ,  and  c / h '  a r e  g iv e n  
a s  be low
-  2*o/FAm oc
- ( p )
V
c
—  ( p )
F .
c
—  ( p )
h '
2 c q R^  2 * 0  2  R f
p  ̂ p  ̂ ^
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P ̂ 9  ̂ p2  ̂  ̂— ^
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( 3 . 1 3 )
( 3 . 1 4 )
( 3 . 1 5 )
W i t h  t h e  c o n v e n t io n  chosen in  F i g .  3 . 1  a l l  th e  
system p a r a m e t e r s  g iv e n  in  e q u a t i o n s  ( 3 . 1 3 )  t o  ( 3 . 1 5 )  a r e  
p o s i t i v e .  By i n s p e c t i n g  t h e  c o e f f i c i e n t s  o f  t h e  d e n o m in a to r  
o f  t h e s e  t r a n s f e r  f u n c t i o n s  we see  t h a t  t h e  system i s  
u n s t a b l e .  By D e s c a r te s 's  r u l e  o f  s i g n s  o f  c o e f f i c i e n t s  o f  a  
p o ly n o m ia l  C273 we know t h a t  t h e  t r a n s f e r  f u n c t i o n s  have one 
r e a l  p o s i t i v e  p o l e  on t h e  r i g h t - h a n d - h a l f  o f  t h e  complex  
f r e q u e n c y  p l a n e  and  two p o l e s  on t h e  l e f t - h a n d - h a l f  p l a n e
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w h ic h  e x i s t  e i t h e r  a s  c o n j u g a t e  p a i r s  o r  a s  two r e a l  
n e g a t i v e  p o l e s .  The  dynamic r e s p o n s e s  o f  such a  sys tem  w i l l  
be one which  has  u n s t a b l e  p o s i t i v e  fe e d b a c k  w i t h  s t a b l e  
a s y m p t o t i c  or  o s c i l l a t o r y  re s p o n s e  su p e r im p o s e d  on i t .  S in c e  
t h e  system  i s  u n s t a b l e  no s t e a d y - s t a t e  a n a l y s i s  o f  the
d yn am ics  can be p e r f o r m e d .  However t h e  c a l c u l a t i o n ,  which  
was based on t h e  p a r a m e t e r s  o f  th e  o l d  and and  t h e  new LSM, 
d i d  show t h a t  a  s te p  i n c r e a s e  in  upward f o r c e  o r  in  v o l t a g e  
w o u ld  cause t h e  gap w i d t h  to  d e c r e a s e .  T h e se  p a r a m e t e r s  a r e
g i v e n  in  A p p e n d ic e s  A 3 . 1 ,  3 . 4  and 3 . 5 .
3 . 5  E f f e c t  o f  c h a n g in g  mass and  gap w i d t h  on t h e  system  
dynami cs
U s ing  t h e  t r a n s f e r  f u n c t i o n ,  c / v ,  g i v e n  by
e q u a t i o n < 3 . 1 3 )  we can f i n d  o u t  t h e  e f f e c t s  o f  c h a n g in g  gap
w i d t h  or  l o a d i n g  on t h e  dynam ics  o f  t h e  sys te m .
E q u a t i o n < 3 . 1 3 )  can be t r a n s f o r m e d  i n t o  one w h ic h  i s  n o t  a  
f u n c t i o n  o f  gap f l u x .  T h i s  e q u a t i o n  i s  g i v e n  a s  f o l l o w e d
g %
c ( FA) ® mo
- ( p )  = -----------------------------------------------  ( 3 . 1 6 )
V 2RfCo 4R
p3 + p Z -------------— — —---Q
FAN* FAN*
I t  can be seen f ro m  t h i s  e q u a t i o n  t h a t  t h e  p o l e s  o f  
t h i s  system  a r e  in d e p e n d e n t  o f  mass. Hcxvever, t h e y  do v a r y  
w i t h  gap w i d t h .  From t h e  c o e f f i c i e n t  o f  th e  l a s t  te rm  o f  th e  
d e n o m in a to r  we see  t h a t  t h e  p r o d u c t  o f  t h e  p o l e s  i s  
i n d e p e n d e n t  o f  gap w i d t h .  The n e g a t i v e  o f  t h e  sum o f  th e  
p o l e s ,  w h ich  i s  g i v e n  by t h e  p *  c o e f f i c i e n t  , i s  d i r e c t l y
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p r o p o r t i o n a l  t o  t h e  gap w i d t h .  In  f a c t  t h i s  c o e f f i c i e n t  i s  
equa l  t o  t h e  r e c i p r o c a l  o f  t h e  t im e  c o n s t a n t  o f  t h e  c o i l .  
The  r o o t  l o c u s  d ia g ra m s  o f  t h e  p o l e s  o f  t h e  t r a n s f e r  
f u n c t i o n  w i t h  v a r y i n g  gap w i d t h  a r e  g i v e n  in  F i g .  3 . 3  and  
3 . 4  f o r  th e  o l d  and  t h e  new LSM r e s p e c t i v e l y .  T h e s e  d ia g r a m s  
r e v e a l e d  a  g e n e r a l  t r e n d  o f  t h e  p o l e — p o s i t i o n s  moving  
to w a rd s  th e  l e f t - h a n d - h a l f  o f  t h e  p l a n e  a s  t h e  gap w i d t h  
i n c r e a s e s .  T h i s  c o n f i r m s  th e  a n a l  y t ic a l  sol  u t i o n  w h ich  shows 
t h e  p r o p o r t i o n a l  r e l a t i o n s h i p  between th e  n e g a t i v e  o f  t h e  
sum o f  p o l e s  and  t h e  gap w i d t h .
By c o m p a r in g  th e  two d ia g ra m s  we see  t h a t  th e  p o l e -
p o s i t i o n s  o f  t h e  o l d  LSM i s  much more s e n s i t i v e  to  change in
gap w i d t h  than  t h a t  o f  th e  new one .  T h i s  i s  because  t h e  
s e n s i t i v i t y  o f  t h e  r e c i p r o c a l  o f  t im e  c o n s t a n t  t o  changes in  
gap w i d t h  i s  much h i g h e r  f o r  th e  o l d  LSM. A p p en d ix  A 3 . 3  
shows t h a t  t h i s  s e n s i t i v i t y  i s  p r o p o r t i o n a l  t o  t h e  q u o t i e n t  
o f  th e  p o l e  w i d t h  and th e  window a r e a  between t h e  two l im b s  
o f  th e  c o r e  o f  th e  LSM. For  t h e  o l d  LSM in  A p p e n d ix  3 . 2  t h e  
s e n s i t i v i t y  w h ic h  i s  g iv e n  by 2 < R / L ) / 2 C  i s  3 . 2 9  x 10*  ̂ w h i l e  
th e  s e n s i t i v i t y  v a l u e  i s  3 . 5 9  x 1 0 *  f o r  t h e  new LSM. T h i s  
r e l a t i v e  i n s e n s i t i v i t y  o f  p o l e - p o s i t i o n s  t o  gap w i d t h  makes  
t h e  c l o s e d - l o o p  c o n t r o l  o f  th e  m otor  s l i g h t l y  e a s i e r .
W h i l e  t h e  t r a n s f e r  f u n c t i o n ,  c / v  has  p o l e  p o s i t i o n s  
d ependent  o f  gap w i d t h  bu t  no t  o f  mass,  t h e  c o n v e r s e  i s  t r u e  
f o r  th e  m a g n i t u d e  o f  i t s  f o r w a r d  p a th  g a i n ,  w h ic h  i s  g i v e n
by i t s  n u m e r a t o r .  From e q u a t i o n < 3 . 1 6 )  we can see  t h a t  t h i s
g a in  m a g n i tu d e  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  
o f  mass or  l o a d i n g .  T h i s  i m p l i e s  t h a t  t h e  a d d i t i o n a l  g a i n ,
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Fig.3.3 Pole position of electromagnet, gap varying from 0.1 to 
10mm (Re = 0, Cj_- 0)
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w hich  has t o  be i n c o r p o r a t e d  t o  g i v e  t h e  c l o s e d - l o o p  
s t a b i l i t y ,  has t o  be so chosen t h a t  i t  w i l l  g u a r a n t e e  
s t a b i l i t y  even up t o  t h e  maximum l o a d i n g .  T h i s  a l s o  i m p l i e s  
t h a t  f o r  c o n t r o l  methods w h ich  have th e  damping c o e f f i c i e n t  
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  t o t a l  f o r w a r d  p a th  g a i n ,  
damping w i l l  d e c r e a s e  w i t h  a  r e d u c t i o n  o f  l o a d i n g .
Su m m ar is ing  t h e  f i n d i n g s  in  t h i s  s e c t i o n  we have  
fo u n d  t h a t  t h e  f o r w a r d  p a th  g a i n  o f  th e  t r a n s f e r  f u n c t i o n  
c / v  o f  t h e  sm a l l  p e r t u r b a t i o n  model i s  in d e p e n d e n t  o f  gap 
w i d t h  b u t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  th e  s q u a r e  r o o t  o f  
l o a d i n g .  Thus t h e  a d d i t i o n a l  g a i n  t o  be i n c o r p o r a t e d  t o  g i v e  
c l o s e d - l o o p  s t a b i l i t y  has t o  be chosen f o r  t h e  maximum 
l o a d i n g  b u t  does n o t  have  t o  be co n c e rn e d  w i t h  gap w i d t h .  On 
th e  c o n t r a r y  t h e  p o l e  p o s i t i o n s  o f  t h e  t r a n s f e r  f u n c t i o n  i s  
i n d e p e n d e n t  o f  mass.  The open-1oop  system i s  u n s t a b l e  b u t  
becomes l e s s  u n s t a b l e  and l e s s  o s c i l l a t o r y  in  i t s  dynamic  
re s p o n s e  w i t h  i n c r e a s e  in  gap w i d t h .  A l t h o u g h  t h i s  f e a t u r e  
makes th e  sys tem  more c o n t r o l l a b l e  a t  l a r g e r  gap w i d t h  t h e  
f a c t  t h a t  th e  s t e a d y - s t a t e  c u r r e n t  i s  p r o p o r t i o n a l  t o  gap 
w i d t h  causes  t h e  pcxver consum pt ion  to  go up a s  th e  s q u a r e  o f  
gap w i d t h .  The i n c r e a s e  in  power consum pt ion  r e q u i r e s  
h e a v i e r  p o w e r - c o n d i t i o n i n g  equ ipm ent  th u s  p u s h in g  t h e  mass  
o f  t h e  v e h i c l e  and t h e  power consum pt ion  even f u r t h e r .  
Because o f  t h e s e  c o n s i d e r a t i o n s  i t  w ou ld  be unw ise  t o  choose  
a  l a r g e  o p e r a t i n g  gap w i d t h .
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3 . 6  The  m a t h e m a t ic a l  model w h ich  i n c l u d e s  e d d y - c u r r e n t  l o s s  
and f l u x  l e a k a g e  e f f e c t
H a v in g  d i s c o v e r e d  th e  c h a r a c t e r i s t i c s  o f  t h e  b a s ic  
sys tem  we s h a l l  p ro c e e d  t o  exam ine  t h e  two most i m p o r t a n t  
s e c o n d a r y  e f f e c t s  nam ely  th e  e d d y - c u r r e n t  l o s s  and  f l u x  
l e a k a g e .  The e d d y - c u r r e n t  i s  caused by t h e  t i m e - v a r y i n g  
e x c i t a t i o n  f i e l d  o r  by t h e  r e l a t i v e  m o t io n  o f  a  c o n d u c t o r  to  
t h e  m a g n e t ic  f i e l d .  T h e s e  s e c o n d a r y  e f f e c t s  a r e  s i g n i f i c a n t  
b e c a u s e ,  even when t h e  v e h i c l e  i s  a t  s t a n d s t i l l ,  i t  w i l l  
g r e a t l y  i n c r e a s e  t h e  t i m e - c o n s t a n t  o f  th e  open-1oop  system  
t h u s  m ak ing  i t  d i f f i c u l t  t o  s t a b i l i z e .  The  m o t io n a l  1 y 
in d u c e d  e l e c t r o —m o t i v e - f o r c e  in  t h e  f e r r o m a g n e t i c  r a i l  w i l l  
cau se  a d d i t i o n a l  eddy c u r r e n t  t o  f l o w  in  i t .  T h i s  a d d i t i o n a l  
c u r r e n t ,  w h ich  d e r i v e s  i t s  e n e r g y  f ro m  t h e  f o r w a r d  m o t i o n ,  
w i l l  no t  o n l y  p ro d u ce  d r a g  b u t  w i l l  a l s o  p ro d u c e  an 
m a g n e t o - m o t i v e - f o r c e , mmf , w h ich  opposes th e  main f l u x .  T h i s  
o p p o s in g  mmf w i l l  d e l a y  t h e  b u i l d i n g  up o f  th e  f l u x  in  th e  
gap a t  t h e  f r o n t  end o f  t h e  m a g n e t . The  r e s u l t  i s  a  l o s s  o f  
l i f t  o f  up t o  70% [ 2 8 ]  a t  t h e  f r o n t  end i f  t h e  v e h i c l e  i s  
t r a v e l l i n g  a t  a  speed in  e x c e s s  o f  260mph. I f  t h e  same 
f l u x  i s  used t o  i n t e r a c t  w i t h  an a l t e r n a t i n g  f l u x  t o  p rodu ce  
t h r u s t  t h e r e  w i l l  a l s o  be a  r e d u c t i o n  o f  t h r u s t  a t  th e  f r o n t  
i n  a d d i t i o n  t o  an i n c r e a s e  o f  d r a g .
W h i l e  t h e  emf caused by t h e  t i m e - v a r y i n g  f i e l d  ru n s  
c i r c u m f e r e n t i a l 1 y in  t h e  c o r e  and t h e  r a i l ,  t h e  m o t io n a l  1 y 
in d u c e d  em f ,  w h ic h  i s  p r o p o r t i o n a l  to  t h e  c r o s s - p r o d u c t  o f  
f o r w a r d  v e l o c i t y  and f l u x  d e n s i t y  in  t h e  v e r t i c a l  d i r e c t i o n ,  
i s  p o i n t i n g  in  t h e  l a t e r a l  d i r e c t i o n  on t h e  s u r f a c e  o f  t h e
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p o l e  p i e c e .  A r e d u c t i o n  o f  e d d y - c u r r e n t  l o s s  can be b r o u g h t  
a b o u t  by e i t h e r  o f  t h e  two m eth o d s .  One s t a n d a r d  method i s  
t o  l a m i n a t e  t h e  r a i l  w i t h  t h e  normal v e c t o r  o f  th e  
l a m i n a t i o n  a l w a y s  o r t h o g o n a l  t o  th e  d i r e c t i o n  o f  t r a v e l  but  
t a n g e n t i a l  t o  t h e  d i r e c t i o n  o f  th e  c o r e  f l u x  so t h a t  th e  
e d d y - c u r r e n t  caused by m o t io n  and  by t i m e - v a r y i n g  f i e l d  can 
be r e d u c e d  a t  th e  same t i m e .  The  o t h e r  method i s  t o  r e d u c e  
t h e  w i d t h  o f  t h e  p o l e  f a c e  b u t  t o  i n c r e a s e  i t s  l e n g t h  by th e  
same p r o p o r t i o n  so t h a t  t h e  a r e a  i s  k e p t  c o n s t a n t .  T h i s  i s  
t h e  method s u g g e s t e d  by r e s e a r c h e r s  l i k e  Yamamura £2 9 3 .  
However bo th  methods have t h e i r  d i s a d v a n t a g e s .  The  
l a m i n a t i o n  o f  r a i l  w ou ld  u n d o u b t e d l y  i n c r e a s e  t h e  c o s t  o f  
m a n u f a c t u r i n g  , c o n s t r u c t i n g  and  m a i n t a i n i n g  t h e  t r a c k .  
S t r u c t u r a l  r i g i d i t y  o f  th e  r a i l  w i l l  be s l i g h t l y  r e d u c e d .  
The second method o f  u s i n g  m agnets  w i t h  lo n g  and t h i n  p o l e  
s u r f a c e s  w ou ld  cause  an i n c r e a s e  in  l e a k a g e  f l u x  w h ich  would  
r e q u i r e  an i n c r e a s e  in  s t e a d y - s t a t e  c u r r e n t  t o  compensate  
t h i s  i n c r e a s e d  l e a k a g e .  A l s o ,  a  lo n g  and t h i n  p o l e  s u r f a c e  
w i l l  compromise on t h e  s t r u c t u r a l  r i g i d i t y  o f  t h e  c o r e  o f  
th e  m a g n e t .  B e s id e s  t h e  g r e a t e r  l e n g t h  r e q u i r e d  may no t  be 
a c c e p t a b l e  to  t h e  d e s ig n  o f  t h e  v e h i c l e .  F u r t h e r m o r e  an  
i n c r e a s e  in  l e a k a g e  permeance o f  th e  magnet w o u ld  i n c r e a s e  
i t s  t im e  c o n s t a n t  thus  a c t i n g  a g a i n s t  th e  i n t e n t i o n  o f  
r e d u c i n g  i t  by r e d u c i n g  e d d y - c u r r e n t  l o s s .  However t h i s  
method does n o t  r e q u i r e  t h e  use o f  t h e  more e x p e n s i v e  
l a m i n a t e d  r a i l .  W i th  t h e  a d v a n t a g e s  and d i s a d v a n t a g e s  of  
t h e s e  two m eth o d s ,  a  c a r e f u l  s t u d y  i s  r e q u i r e d  i f  th e  
r e s u l t a n t  m a g n e t ic  s u s p e n s io n  system  i s  t o  be o p t im a l  in  
w e i g h t ,  power c o n s u m p t io n ,  system  dynam ics  and  t o t a l  c o s t .
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We s h a l l  p r o c e e d  w i t h  t h e  s t u d y  o f  t h e s e  e f f e c t s  in  
a way s i m i l a r  t o  t h a t  in  t h e  p r e v i o u s  model by m ak ing  use o f  
t h e  m a t h e m a t ic a l  model d e v e lo p e d  w i t h  th e  a i d  o f  bond graph  
in  Append ix  A 3 . l b .  T h i s  m a t h e m a t ic a l  model i s  r e p r e s e n t e d  by  
t h e  s e t  o f  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  g i v e n  a s  
f o i l  owed.
c '  =  h '  -  z '  ( 3 . 1 7 )
z" =  * t= /P A m  + F * /m  -  g ( 3 . 1 8 )
=  N I / R e  -  2$ tC /P A R e  ( 3 . 1 9 )
R^ 1 2 $ t  c V
j  ̂ =  — ( ———— + ————) I + —— ———— + — —— ( 3 . 2 0  )
N=C, ReC, l^ANReC, N=C,
w here  I  =  c u r r e n t  in  t h e  c o i l
Re =  E d d y - c u r r e n t - c o n d u c t a n c e  
Cl =  L e a k a g e - f 1u x -p e rm e a n c e  
A l t e r n a t i v e l y  l e a k a g e  f l u x ,  $ i , can be used a s  a  s t a t e
i n s t e a d  o f  t h e  magnet  c u r r e n t ,  I .  H o w ev er , c u r r e n t  i s  chosen  
a s  a s t a t e  in  p r e f e r e n c e  to  l e a k a g e  f l u x  bec au se  t h e  f o r m e r  
can be d i r e c t l y  measured  and i t s  e f f e c t  p e r c e i v e d  more  
e a s i 1 y .
U n l i k e  t h e  e q u a t i o n s  w h ic h  d e f i n e  t h e  sys tem  w i t h o u t  
s e c o n d a r y  e f f e c t ,  th e s e  two a l t e r n a t i v e  ways o f  m o d e l l i n g  
th e  system  p ro d u c e  t h e  same s e t  o f  l e a d i n g  t r a n s f e r
f u n c t i o n s  a f t e r  l i n e a r i z a t i o n .  Thus t h e  c h o i c e  o f  one r a t h e r  
than th e  o t h e r  p ro d u ces  no d i f f e r e n c e  a s  f a r  a s  th e  o p e n -  
1oop dynam ics  and t h e  c l o s e d - l o o p  c o n t r o l  i s  c o n c e r n e d .
As b e f o r e ,  we o b t a i n  th e  l i n e a r i z e d  model in  t h e
fo rm  o f  s t a t e  e q u a t i o n s .  Th e y  a r e  g iv e n  a s  f o l l o w e d .
X = JX + BU ( 3 . 2 1 )
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w h e re  t h e  s t a t e  v e c t o r  X =  ( c , z ' , $ t , I )  ̂
t h e  i n p u t  v e c t o r  U =  ( h ' ,  z ^ " ,  V ) *  
t h e  J a c o b ia n  m a t r i x  J i s  g i v e n  by
=  / 0 - 1




2 0 *  
HAm 








and t h e  i n p u t  m a t r i x  B g i v e n  by
0 
0
0 0 0 
\0 0 i / N * c , y
The  l e a d i n g  t r a n s f e r  f u n c t i o n s  a r e  then  
c —20 *
- < p )  =  /  d e t ( p I - J )
V H fü n N R e C i
( 3 . 2 2 )
c 2c o R.f 1
 ( p )  =  —( p + -------- ) ( p + — —  + ---------- ) /  d e t ( p l —J)  ( 3 . 2 3 )
Zd" PARe N=Ci ReC,
c 2co Rf 1
 ( p )  = p ( p + -------- ) ( p + --------- + ------- —) /  d e t ( p l —J )  ( 3 . 2 4 )
h '  FARe N=C, ReC,
w h ere  d e t ( p l  -  J )  =  d e t e r m i n a n t  o f  m a t r i x  ( p i  -  J )
2co R^ 1
— p^ + p® — + ------------- + ————) +
PARe N=C, ReC,
2co R^ 1 2 0 * z  1
pZ + ————) — ( ————) ———— ( 3 . 2 5 )
PARe N=C, ReC, PARe moC,
O r ,  t h i s  e x p r e s s i o n  can be r e w r i t t e n  t o  e l i m i n a t e  t h e  mass 
and  gap f l u x  th u s  g i v i n g
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2co Rf  1
d e t ( p l —J)  — p^ + p® ( —— — + ———— + — ——) +
PARe N=C, ReC,
2 c o  R-f 1 4 g
p 2 -------- ( -------- + ----------- ) — ——————— ( 3 . 2 6 )
PARe N=Ci ReC, PARe=C,
T h e  same o p e r a t i o n  on e q u a t i o n < 3 . 2 2 )  w i l l  p r o d u c e  
c g % 1
— ( p )  =  —2  ( -----------)  * ----------------------------— -------- ( 3 . 2 7 )
V ^̂ Amo NReC, * d e t  ( p I - J )
From e q u a t i o n ( 3 . 2 6 )  we can once a g a i n  see  t h a t  th e  sm al l
p e r t u r b a t i o n  re s p o n s e  a s  g i v e n  by t h e  l i n e a r i z e d  model i s
u n s t a b l e .  A l s o  t h e  p o l e s  Of t h e  t r a n s f e r  f u n c t i o n s  a r e
i n d e p e n d e n t  o f  mass o f  t h e  s u s p e n s i o n .  A g a i n ,  th e  f o r w a r d
p a t h  g a i n  o f  t h e  t r a n s f e r  f u n c t i o n ,  c / v ,  i s  i n d e p e n d e n t  o f
gap w i d t h  b u t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t
o f  mass.  The  s e n s i t i v i t y  o f  p o l e - p o s i t i o n s ,  h o w e v e r , can not
be e s t i m a t e d  by i n s p e c t i o n  a s  e a s i l y  a s  t h e  s i m p l e r  second
o r d e r  m o d e l . We s h a l l  have  to  f i n d  t h e  p o l e - p o s i i o n s
n u m e r i c a l l y  in  th e  n e x t  s e c t i o n .
3 . 7  I n f l u e n c e  o f  e d d y - c u r r e n t  l o s s  and f l u x  l e a k a g e  on th e  
open lo o p  c h a r a c t e r i s t i c s
When th e  p a r t  o f  t h e  bond graph w h ic h  m ode ls  th e  
e d d y - c u r r e n t  l o s s  and f l u x - 1 e a k a g e ,  g iv e n  in  A p p e n d ix  A 3 . l b ,  
i s  i s o l a t e d  f o r  s t u d y  an e q u i v a l e n t  c i r c u i t  l i k e  t h a t  in  
F i g .  3 . 5  can be draw n.
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NI = m.m.f. of the coil 
(j)m = rate of change of 
flux in the coil 
01  = rate of change of 
. I flux in the air gap
A /"K p  Ci = leakage permeance
|\| I I ( ^ )  --- — p_ L-^ Ct = main gap pearmeance
Re = eddy-current conductance
Fig.3.5 Equivalent circuit of magnetic path
U s in g  t h e  v a l u e s  o f  l e a k a g e  permeance o f  th e
e l e c t r o m a g n e t  and  o f  t h e  m o t o r ,  a s  d e r i v e d  in  A p pend ix  A 3 . 4 ,  
and t h e i r  edd y—c u r r e n t - c o n d u c t a n c e  v a l u e s ,  a s  d e r i v e d  in  
A ppend ix  A 3 . 5 ,  t h e  r o o t  l o c u s  d ia g ra m s  o f  t h e i r  p o l e -  
p o s i t i o n s  a r e  o b t a i n e d .  They  a r e  g i v e n  in  F i g u r e s  3 . 6 ,  3 . 9 ,
3 . to and 3 . 1 1. From t h e s e  d ia g ra m s  we can o b s e r v e  t h a t  
t h e  i n c r e a s e  o f  e d d y - c u r r e n t  c o n d u c ta n c e  or  l e a k a g e  
permeance r e d u c e s  th e  speed o f  re s p o n s e  o f  t h e  system
d yn am ics .  F u r t h e r m o r e ,  when we compare F i g u r e s  3 . 6  and
3 . 7  , w h ich  show t h a t  r o o t  l o c i  w i t h  c h a n g in g  gap w i d t h  f o r  
th e  nominal  v a l u e s  o f  e d d y - c u r r e n t  c o n d u c ta n c e  and  l e a k a g e  
perm eance ,  w i t h  F i g u r e s  3 . 3  and 3 . 4  we see t h a t  t h e s e
s e c o n d a ry  e f f e c t s  have  made t h e  p o l e - p o s i t i o n s  h i g h l y
i n s e n s i t i v e  t o  change o f  gap w i d t h .  T h i s  d i f f e r e n c e  i s  more  
marked f o r  t h e  o l d  LSM, a s  we can see  t h a t  f ro m  F i g u r e s  3 . 3  
and 3 .  6 , b ecause  t h e  p o s i t i o n s  o f  i t s  p o l e s  w e re  o r i g i n a l l y  
v e r y  s e n s i t i v e  t o  gap w i d t h  when t h e s e  s e c o n d a ry  e f f e c t s  
a r e  a b s e n t .
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Fig.3.6 Pole-position of.electromagnet,, with eddy current conductance
'J. • 5Re = 5x10 S, for gap varying from 0.1mm to 10mm
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Fig.3.7 Pole-position of LSM with eddy current conductance
Re = 1.8x10 S for gap width varying from 0.1mm to 25mm
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Fig.3.8 Pole position of electromagnet, with gap width = S.Zmm^ 
for eddy-current conductance varying from 0.01 to 5x10 S
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Fig.3.9 Pole-position of LSM, with gap width = 10mm, ^
for eddy current conductance varying from 0.01 to 10
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Fig.3.10 Pole position of electromagnet, with eddy-current conductance
= 5x10^3, for leakage permeance varying from 10 to 10 ^ 
Wb/Amp
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Fig.3.11 Pole position of LSM for leakage permeance 
10 to 5x10 ^Wb/Amp (Re.= 1.5x10^3)
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T h i s  phenomenon becomes a p p a r e n t  i f  we s t u d y  t h e  
m a g n e t ic  c i r c u i t  g i v e n  by F i g .  3 . 5 .  The l e a k a g e  permeance i s  
a c t i n g  l i k e  a  s t o r a g e  c a p a c i t o r  f o r  f l u x ,  $ ,  and  t h e  e d d y -  
c u r r e n t  c o n d u c ta n c e  i s  r e s i s t i n g  t h e  r a t e  o f  change o f  f l u x  
in  t h e  gap ,  They  t o g e t h e r  r e d u c e  t h e  speed o f  r e s p o n s e
o f  t h e  open-1oop  system dynam ics  a s  w e l l  a s  r e d u c i n g  t h e  
e f f e c t  o f  change o f  gap w i d t h  t o  th e  s y s te m .  A l t h o u g h  t h e  
i n s e n s i t i v i t y  o f  p o l e - p o s i t i o n  t o  gap w i d t h  may make t h e  
d e s ig n  o f  s u s p e n s io n  c o n t r o l  e a s i e r ,  t h e  s e r i o u s  s l o w i n g  
down e f f e c t  cau ses  d i f f i c u l t y  in  p r o d u c in g  a  s t a b l e  c l o s e d -  
loop  system w h ic h  has a  q u i c k  dynamic r e s p o n s e .  A t  nominal  
gap w i d t h ,  t h e  e q u i v a l e n t  t im e  c o n s t a n t s  a r e  0 . 1 1  sec f o r  
th e  o l d  LSM and  0 . 4 8  sec f o r  t h e  new LSM. W i th  such v a l u e s ,  
th e  s p e e d in g  up o f  th e  sys tem  to  a t t a i n  th e  c l o s e d - l o o p  
c u t - o f f  f r e q u e n c y  o f  a b o u t  20Hz w i l l  r e q u i r e  f a i r l y  h ig h  
loop g a in  and  s i g n i f i c a n t  p h a s e - 1 e a d  com pe nsa t io n  f o r  
s t a b i l i t y .  U n f o r t u n a t e l y t h e r e  i s  s e v e r e  l i m i t a t i o n  o f  t h e  
ra n g e  o f  s u s p e n s io n  f o r c e  a v a i l a b l e .  The u p w a r d - a c t i n g  
s u s p e n s io n  f o r c e  i s  l i m i t e d  by t h e  d r i v i n g  v o l t a g e  and  t h e  
s a t u r a t i o n  o f  t h e  m ag n e t .  S i n c e  th e  e l e c t r o m a g n e t  can not  
g e n e r a t e  a  r e p u l s i v e  f o r c e  t h e  o n l y  downward-  a c t i n g  f o r c e  
a v a i l a b l e  i s  t h a t  due t o  g r a v i t y .  H e n c e , f o r  s t a b i l i t y  o f  
t h e  s u s p e n s io n  t h e  i n f l u e n c e  o f  t h e s e  s e c o n d a ry  e f f e c t s  has  
t o  be r e d u c e d .  As we have seen in  th e  p r e v i o u s  s e c t i o n ,  t h e  
r e d u c t i o n  o f  t h i s  s e c o n d a r y  e f f e c t s  can be b r o u g h t  a b o u t  by  
u s in g  m agnets  o f  lo n g  and n a r ro w  p o l e  f a c e  or  by l a m i n a t i n g  
th e  r a i l .  We s h a l l  exam ine  t h e  fo r m e r  method f i r s t .
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I f  t h e  w i d t h  o f  th e  p o l e  f a c e  i s  re d u c e d  by a  f a c t o r  
o f  n and i t s  l e n g t h  i s  i n c r e a s e d  by t h e  same f a c t o r  to  
m a i n t a i n  t h e  a r e a  and th e  t o t a l  f l u x ,  t h e  e d d y - c u r r e n t  
c o n d u c ta n c e  w i l l  be re d u c e d  by a  f a c t o r  o f  n *  . I f  t h e  
window a r e a  between t h e  two l im b s  o f  t h e  magnet i s  k e p t  
c o n s t a n t  th e  l e a k a g e  permeance i s  i n c r e a s e d  by a  f a c t o r  o f  
n .  By A p pend ix  A 3 . 3 ,  w i t h  h i g h e r  o r d e r  e f f e c t  i g n o r e d ,  such  
change w i l l  r e d u c e  th e  p r i m a r y  t im e  c o n s t a n t  o f  t h e  c o i l  by  
a  f a c t o r  o f  n . The  o v e r a l l  e f f e c t  i s  an a p p r o x i m a t e l  y  
p r o p o r t i o n a l  r e d u c t i o n  o f  e f f e c t i v e  t im e  c o n s t a n t  to w a rd s  
z e r o .  T h i s  f a v o u r s  t h e  use o f  magnet w i t h  lo n g  and  narrcxv 
p o l e - f a c e . F i g .  3 . 1 2  shows t h e  r o o t  l o c i  o f  t h e  open-1oop  
t r a n s f e r  f u n c t i o n ,  w i t h  a i r  gap v a r y i n g  f ro m  0 , 1  t o  10mm, o f  
th e  o l d  w i t h  p o l e  f a c e s  w h ich  a r e  3 i n . ,  1 . 5 i n . ,  0 . 7 5 i n . ,
0 . 3 7 5 i n . and  0 . 2 5 i n . w i d e .  The  p o s i t i o n s  o f  p o l e s  a t  gap 
w i d t h  0.1mm and  a t  th e  ncxninal gap w i d t h  o f  3.2mm a r e  g iv e n  
i n T a b l e  3 . 1 .
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Fig.3.12 Pole-position of electromagnet (gap width = 0.1 to 10mm)
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W id th  ( i n )
Pol e 1 Pol e 2 Pol e 3 Pol e 4
0 .  1mm 3 ( 1 7 , 0 ) ( - 8 . 7 , - 1 5 j ) ( - 8 . 7 , 1 5 j ) ( - 5 1 0 , 0 )
1 1 / 2 ( 2 7 , 0 ) ( - 1 4 ,  - 2 4 j ) ( - 1 4 , 24  j ) ( - 5 2 0 , 0 )
3 / 4 ( 4 3 , 0 ) ( - 2 2 ,  - 3 7 J ) ( - 2 2 , 37 j ) ( - 5 3 0 , 0 )
3 / 8 ( 6 7 , 0 ) ( - 3 4 ,  - 5 8 j ) ( - 3 4 , 58  j ) ( - 5 7 0 , 0 )
1 / 4 ( 8 6 , 0 ) ( - 4 5 ,  - 7 4 j ) ( - 4 5 , 74 j ) ( - 6 0 0 , 0 )
3 .  2mm 3 ( 1 7 , 0 ) ( - 8 7 ,  - 1 5 j ) ( - 8 7 , 1 5 j ) ( - 5 1 0 , 0 )
1 1 / 2 ( 2 6 , 0 ) ( - 1 5 ,  - 2 4 j ) ( - 1 5 , 24 j ) ( - 5 2 0 , 0 )
3 / 4 ( 3 9 , 0 ) ( - 2 6 ,  - 3 7 j ) ( - 2 6 , 37  j ) ( - 5 4 0 , 0 )
3 / 8 ( 5 4 , 0 ) ( —5 2 ,  —5 3 j ) ( - 5 2 , 53  j ) ( - 5 8 0 , 0 )
1 / 4 ( 6 2 , 0 ) ( - 8 2 ,  - 5 4 j ) ( - 8 2 , 54  j ) ( - 6 3 0 , 0 )
T a b l e  3 . 1  P o l e - p o s i t i o n  o f  o l d  LSM f o r  v a r y i n g  p o l e  w i d t h
In  a  s i m i l a r  m anne r ,  th e  r o o t  l o c i  o f  t h e  open-1oop t r a n s f e r  
f u n c t i o n  o f  th e  new w i t h  w i d t h  o f  th e  p o l e  f a c e  b e i n g
1 2 0 ,  6 0 ,  3 0 ,  15 and 10mm, w i t h  a i r  gap v a r y i n g  f ro m  0 . 1  t o  
25r*n, a r e  g i v e n  in  F i g u r e  3 . 1 3  and t h e  pol e - p o s i  t i o n s  a t  t h e  
a i r  gaps o f  w i d t h  0.1mm and t h e  o p e r a t i n g  w i d t h  o f  10mm a r e  
q i v e n  in  T a b l e  3 . 2 .





W id th  (mm)
Pol e 1 Pol e 2 Pol e 3 P o l e  4
0 .  1mm 120 ( 4 . 3 , 0 ) ( —2 . 1 , —3 . 7 j ) ( - 2 . 1 , 3 . 7 j )  ( - 2 5 , 0 )
60 ( 6 . 7 , 0 ) ( —3 . 4 , —5 . 8 j ) ( - 3 . 4 , 5 . 8 j )  ( - 2 5 , 0 )
30 (11 , 0 ) ( - 5 . 4 ,  - 9 j ) ( - 5 . 4 , 9 j )  ( - 2 6 , 0 )
15 ( 1 7 , 0 ) ( - 8 . 7 ,  - 1 4 j ) ( - 8 . 7 , 1 4 j )  ( - 2 7 , 0 )
10 (21 , 0 ) ( - 1 2 ,  - 1 8 j ) ( - 1 2 , 1 8 j )  ( - 2 8 , 0 )
10mm 120 ( 4 . 2 , 0 ) ( - 2 . 1 , - 3 . 7 j ) ( - 2 . 1 , 3 . 7 j )  ( - 2 5 , 0 )
60 ( 6 . 7 , 0 ) ( - 3 . 4 , - 5 . 8 j ) ( - 3 . 4 , 5 . 8 j )  ( - 2 5 , 0 )
30 ( 1 0 , 0 ) ( - 5 . 6 ,  - 9 j ) ( - 5 . 6 , 9 j )  ( - 2 6 , 0 )
15 ( 1 6 , 0 ) ( - 9 . 5 ,  - 1 4 j ) ( - 9 . 5 , 1 4 j )  ( - 2 8 , 0 )
10 ( 2 0 , 0 ) ( - 1 4 ,  - 1 7 j ) ( - 1 4 , 1 7 j )  ( - 2 9 , 0 )
T a b l e  3 . 2  P o le  P o s i t i o n  o f  new LSM f o r  v a r y i n g  p o l e  w i d t h
I t  i s  o b v io u s  t h a t ,  by k e e p in g  t h e  windcw a r e a  o f  
t h e  magnet  and th e  a r e a  o f  t h e  p o l e  f a c e  c o n s t a n t ,  a  
r e d u c t i o n  in  th e  w i d t h  o f  t h e  p o l e  f a c e  w i l l  b r i n g  a b o u t  a  
r e d u c t i o n  in  th e  combined e f f e c t  o f  e d d y -  c u r r e n t  l o s s  and  
f l u x  l e a k a g e .  The q u e s t i o n  o f  w h e th e r  t h i s  r e d u c t i o n  i s  
s u f f i c i e n t  w o u ld  have t o  be d e c id e d  d u r i n g  t h e  d e s ig n  o f  th e  
c o n t r o l  l a w .  A l s o ,  a  lo n g  and n a r ro w  p o l e  f a c e  w i l l  r e s u l t  
i n  an i n c r e a s e  in  f r i n g i n g  f i e l d .  T h i s  e f f e c t  can not  be  
d e t e r m i n e d  by s i m p le  a l g e b r a i c  a n a l y s i s  b u t  r e q u i r e s  a  s t u d y  
by f i e l d  p l o t t i n g  and by e x p e r i m e n t a l  w o r k .
T h e  o t h e r  method o f  r e d u c i n g  t h e  combined e f f e c t  o f  
e d d y -  c u r r e n t  l o s s  and f l u x  l e a k a g e  i s  by l a m i n a t i n g  th e
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r a i l .  A l a m i n a t i o n  f r e q u e n c y  o f  n w i l l  r e d u c e  t h e  e d d y -  
c u r r e n t  l o s s  by a  f a c t o r  o f  n * .  The  f l u x  l e a k a g e  e f f e c t  and  
t h e  p r i m a r y  t im e  c o n s t a n t  w i t h  s e c o n d a ry  e f f e c t s  i g n o r e d  
a r e , h o w e v e r ,  l i t t l e  a f f e c t e d  i f  t h e r e  i s  no change in  
g e o m e t r y .  The f a c t  t h a t  t h i s  s o l u t i o n  does not  r e q u i r e  a  
change in  g e o m e try  i s  a  m a jo r  a d v a n t a g e .  F i g u r e s  3 . 8  and  
3 . 9  show t h e  e f f e c t  o f  l a m i n a t i o n  on th e  p o l e - p o s i t i o n s  o f  
t h e  t r a n s f e r  f u n c t i o n s  a t  nominal  gap w i d t h  o f  t h e  
e l e c t r o m a g n e t  and  o f  th e  l i n e a r  m otor  r e s p e c t i v e l y . A 
s i m i l a r  s e t  o f  r o o t - 1 o c u s  d ia g r a m s  f o r  t h e  o l d  and t h e  new 
LSM a t  a  gap w i d t h  o f  0,1mm a r e  g i v e n  in  F i g u r e s  3 . 1 4  and  
3 . 1 5 .  The  m a r k e r s  on t h e s e  d ia g r a m s  a r e  p o s i t i o n e d  a t  
v a l u e s  o f  e d d y -  c u r r e n t  c o n d u c ta n c e s  g i v e n  by t h e  sys tem s  
w i t h o u t  l a m i n a t i o n ,  then w i t h  l a m i n a t i o n  w h ich  a r e  5mm, 2mm 
and 1mm t h i c k .
From th e s e  d ia g ra m s  i t  can be seen t h a t  even a  
c o a r s e  l a m i n a t i o n  o f  5mm t h i c k  w i l l  g i v e  s i g n i f i c a n t  
im p ro v e m e n t .  W i t h  1mm l a m i n a t i o n  th e  e f f e c t  o f  e d d y - c u r r e n t  
l o s s  i s  a l m o s t  t o t a l l y  a b s e n t  a s  t h i s  can be c o n f i r m e d  by  
com p a r in g  F i g u r e s  3 . 1 6  and 3 . 1 7  w i t h  F i g u r e s  3 . 3  and 3 . 4 .
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Fig.3.14 Pole position of electromagnet for gap width = 0.1mm 
with eddy current conductance of 0.01 to 5x10 S 
( = 1.197xlO"\b/Amp )
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Fig.3.15 Pole position of LSM for gap width = 0.1mm with eddy-
7current conductance of 0.01 to 10 S
( = 5.17xlO-7Wb/Amp )
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Fig.3.16 Pole position of electromagnet for Re = 500S
(1mm lamination) = 1.197xlO"\b/Amp, with gap
= 0.1 to 10mm
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Fig3.17 Pole position of LSM for Re = 5005 (1mm lamination) 
= 5.17xl0”\b/Amp with gap = 0.1-25mm
-133-
Fig.3.18 Cross-section of the laminated track
I d e a l l y  th e  l a m i n a t i o n  s h o u ld  be a p p l i e d  t o  t r a c k s  o f  U -  
shaped c r o s s —s e c t i o n  l i k e  t h a t  shown in  F i g u r e  3 . 1 8  f o r  
r e a s o n s  g iv e n  e a r l i e r  in  s e c t i o n  3 . 6 .  The p o l e  p o s i t i o n s  a t  
nominal  gap and  a t  a  gap o f  0.1mm f o r  v a r i o u s  f r e q u e n c y  o f  
l a m i n a t i o n  a r e  summarised in  T a b l e  3 . 3  and  3 . 4  w h ich  can be 




Lami n a t  i on 
(mm)
P o le  1 Pol e 2 Pol e 3 Pol e 4
0 . 1mm N I L ( 2 7 , 0 ) ( - 1 4  , - 2 4  j ) ( - 1 4 , 24 j ) ( - 5 2 0 , 0 )
5 ( 7 2 , 0 ) ( - 3 7  , - 6 0  j ) ( - 3 4 , 60 j ) ( - 1 1 0 0 , 0 )
2 ( 7 6 , 0 ) ( - 3 9  , - 6 3  j  ) ( - 3 9 , 63 j ) ( - 1 4 0 0 , 0 )
1 ( 8 9 , 0 ) ( - 4 6  , - 7 0  j ) ( - 4 6 , 70 j ) ( - 1 7 0 0 0 , 0 )
3.2mm N IL ( 2 6 , 0 ) ( - 1 5  , - 2 4  j ) ( - 1 5 , 24 j ) ( - 5 2 0 , 0 )
5 ( 5 7 , 0 ) ( - 5 7  , - 5 3  j ) ( - 5 4 , 53  j ) ( - 1 2 0 0 , 0 )
2 ( 6 2 , 0 ) ( - 7 1  , - 5 4  j ) ( - 7 1 , 54 j ) ( —5 3 0 0 , 0 )
1 ( 6 3 , 0 ) ( - 7 4  , - 3 5  j ) ( - 7 4 , 35 j ) ( - 2 1 0 0 0 , 0 )
T a b l e  3 . 3  P o l e - p o s i t i o n  o f  o l d  LSM w i t h  l a m i n a t e d  t r a c k
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Gap R o ots  P o le  1 P o le  2 P o le  3 P o l e  4
W id th
Lami n a t  i on 
(mm)
0.1mm N I L  ( 6 . 7 , 0 )  ( —3 . 4 , —5 . 8 j ) ( —3 . 4 , 5 . 8 j ) ( —2 5 , 0 )
5 ( 2 0 ,  0 )  ( - 1 1 ,  - 1 2 j )  ( - 1 1 ,  1 2 j )  ( - 9 3 , 0 )
2 ( 2 1 ,  0 )  ( - 1 1 ,  - 1 2 j )  ( - 1 1 ,  1 2 j )  ( - 1 3 0 0 , 0 )
1 ( 2 4 ,  0 )  ( - 1 2 ,  - 1 1 j )  ( - 1 2 ,  11 j )  ( - 3 9 0 0 , 0 )
10.0mm N I L  ( 6 . 6 , 0 )  ( —3 . 4 , —5 . 8 j ) ( —3 . 4 , 5 . 8 j )  ( —2 5 , 0 )
5 ( 2 0 ,  0 )  ( - 1 2 ,  - 1 2 j )  ( - 1 2 ,  1 2 j )  ( - 2 0 0 , 0 )
2 (21, 0) (-12, -llj) (-12, 11j) (-1100,0)
1 ( 2 2 ,  0 )  ( - 1 2 ,  - l l j )  ( - 1 2 ,  l l j )  ( - 4 5 0 0 , 0 )
T a b l e  3 . 4  P o l e - p o s i t i o n  o f  new LSM w i t h  l a m i n a t e d  t r a c k
A q u ic k  com par ison  between T a b l e s  3 . 1  and  3 . 3  and between  
T a b l e s  3 . 2  and  3 . 4  shows t h a t  even w i t h  a  c o a r s e  l a m i n a t i o n  
u s i n g  5mm t h i c k  s l a b s  th e  r e s u l t  o f  r e d u c i n g  t h e  s e c o n d a r y  
e f f e c t s  due t o  e d d y - c u r r e n t  and f l u x  l e a k a g e  i s  a s  good a s ,  
i f  no t  b e t t e r  t h a n ,  r e d u c i n g  th e  w i d t h  o f  th e  p o l e  f a c e  even  
t o  1 / 6  o f  t h e  p r e s e n t  d e s ig n  v a l u e .  The  r e l a t i v e  
e f f e c t i v e n e s s  in  r e d u c i n g  th e  t im e  c o n s t a n t  r o u g h l y  f o l  1 cxvs 
t h e  g ra p h s  in  F i g u r e  3 . 1 9 .  T o g e t h e r  w i t h  th e  a d v a n t a g e  o f  
l e a v i n g  th e  g e o m e try  o f  t h e  system  u n a l t e r e d ,  t h i s  h i g h e r  
i n i t i a l  r a t e  o f  t i m e - c o n s t a n t  r e d u c t i o n  makes t h e  s o l u t i o n  
w o r t h -  c o n s i d e r i n g  a l t h o u g h  l a m i n a t i o n  o f  t h e  t r a c k s  w i l l  
u n d o u b t e d l y  i n c r e a s e  t h e  c o s t  o f  m a n u f a c t u r i n g ,  l a y i n g  and  
m a i n t a i n i n g  them.
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Fig. 3 *19 Change of effective time-constant with the 
laminating the track or reducing pole width
3 , 8  A d d i t i o n a l  f e a t u r e  in  t h e  model f o r  use in  t im e  domain  
s i m u l a t i o n
In  d e v e l o p i n g  t h e  m odels  o f  th e  s y s t e m , 1umped-  
p a r a m e te r  r e p r e s e n  t a t  i on was used and t h e  magnet was t r e a t e d  
a s  i f  i t  was a  p o i n t  mass. A c t u a l l y  t h e  f i n i t e  d im e n s io n s  o f  
t h e  magnet do have  s i g n i f i c a n t  e f f e c t  on t h e  dynam ics  o f  t h e  
s y s t e m . Because o f  t h e  f i n i t e  l e n g t h  o f  th e  p o l e  f a c e  t h e  
v a r y i n g  w i d t h  o f  t h e  a i r  gap w h ich  l i e s  d i r e c t l y  above  i t  
w i l l  a p p e a r  a s  i f  i t  i s  an u n i f o r m  gap o f  c e r t a i n  mean 
w i d t h .  A c c o r d i n g  to  P .K .  S in h a  ( 1 9 7 7 )  [ 3 0 ]  t h e  change o f  
gap a p p e a r i n g  a t  th e  o u t p u t  o f  an i n d u c t i v e  gap t r a n s d u c e r ,  
when i t  t r a v e r s e s  a  s t e p  change in  t r a c k  l e v e l ,  r e s e m b le s  
t h a t  o f  a  s t e p  i n p u t  t o  a  second o r d e r  1o w - p a s s - f  i l  t e r . The  
r i s e  t im e  o f  such o u t p u t  i s  g iv e n  by t h e  t im e  i t  t a k e s  f o r  
t h e  w h o le  t r a n s d u c e r  t o  t r a v e r s e  t h e  s t e p  cha n g e .  I t  i s
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r e a s o n a b l e  t o  assume t h a t ,  b e i n g  o f  i n d u c t i v e  n a t u r e  a s  
w e l l ,  th e  e l e c t r o m a g n e t i c  s u s p e n s io n  system  w i l l  e x p e r i e n c e  
a  change i n  gap w i d t h  in  th e  same w ay .  T h i s  p r o p e r t y  o f  a  
1o w - p a s s - f i 1 t e r  has th e  a d v a n t a g e  o f  sm oo th in g  t h e  sm a l l  
a m p l i t u d e  and  h ig h  f r e q u e n c y  t r a c k  i r r e g u l a r i t i e s  w h ich  l i e s  
w i t h i n  t h e  l e n g t h  o f  t h e  p o l e  f a c e .  I t  a l s o  h e l p s  t o  s o l v e  
t h e  p r o b le m  o f  i n p u t - i n j e c t i o n  in  th e  t i m e -  domain  
s i m u l a t i o n .  As we can r e c a l l  f ro m  e q u a t i o n s  ( 3 . 9 )  and
( 3 . 1 7 ) ,  t h e  t r a c k  i n p u t  t o  t h e  s u s p e n s io n  sys tem  i s  in  t h e  
fo rm  o f  i t s  t i m e - d e r i v a t i v e ,  h ' ' . S i n c e  t h e  t i m e - d e r i v a t i v e  
o f  a  s t e p  change f o r  a  t r a v e l l i n g  v e h i c l e  i s  o f  i n f i n i t e  
a m p l i t u d e  such a  cha n g e ,  w h ic h  o c c u r s  a t  e v e r y  j o i n t  be tween  
two s e c t i o n s  o f  t r a c k s ,  can n o t  be a c c u r a t e l y  m o d e l le d <  W i t h  
t h i s  l o w - p a s s - f i l t e r i n g  e f f e c t  due t o  f i n i t e  p o l e  l e n g t h ,  
h o w e v e r ,  a  s t e p  change w i l l  be smoothed ou t  and t h e
d e r i v a t i v e  o f  t h i s  m o d i f i e d  i n p u t  w i l l  have  a  f i n i t e  v a l u e .
For  a  s e c o n d - o r d e r  1o w - p a s s - f i 1 t e r , t h e  p r o d u c t  o f  
r i s e  t im e  and  c u t - o f f  f r e q u e n c y ,  in  r a d i a n / s e c o n d ,  i s  equal  
t o  3 . 3 3  f o r  a  c r i t i c a l l y  damped system and i s  equal  to  4 . 4 4 3  
f o r  one w i t h  B u t t e r w o r t h  r e s p o n s e .  S i n c e  t h i s  c u t - o f f  
f r e q u e n c y  o f  a p p a r e n t  gap change i s  u s u a l l y  much h i g h e r  than  
t h a t  o f  t h e  system  d y n a m ic s ,  a  c r i t i c a l 1y-damped r e s p o n s e  
can be assumed.  T h i s  w o u ld  g i v e  t h e  c u t - o f f  f r e q u e n c y  o f  
t h i s  l o w - p a s s - f i l t e r i n g  e f f e c t  t o  be t h a t  g i v e n  by t h e  
f o l l o w i n g  e q u a t i o n :
(Oc = 3 . 3 3  X V ^ / P i  ( 3 . 2 8 )
w h e re  0)  ̂ =  c u t - o f f  f r e q u e n c y  ( r a d / s e c )
Vx = f o r w a r d  v e l o c i t y  o f  th e  magnet
- 1 3 7 -
p, =  1e ng th  o f  th e  p o l e  f a c e  o f  t h e  magnet
3 . 9  The d e r i v a t i o n  o f  l e s s  a c c e s s i b l e  system  s t a t e s
In  t h e  d e s ig n  o f  t h e  e l e c t r o m a g n e t i c  s u s p e n s io n  
s y s te m ,  a v a i l a b i l i t y  and q u a l i t y  o f  t h e  s t a t e s  f e d  back a r e  
t h e  two i m p o r t a n t  f a c t o r s  to  be c o n s i d e r e d .  I t  w i l l  be an  
a d v a n t a g e  i f  s t a t e s  l i k e  gap and a b s o l u t e  a c c e l e r a t i o n  can 
be deduced f ro m  t h e  d i r e c t l y  m e a s u r a b le  s t a t e s  l i k e  f l u x  
d e n s i t y  o f  t h e  gap and  t h e  c u r r e n t  o f  t h e  c o i l .  T h i s  w o u ld  
e l i m i n a t e  t h e  n e c e s s i t y  o f  u s i n g  a  s e p a r a t e  gap t r a n s d u c e r  
and t h e  more d e l i c a t e  and e x p e n s i v e  a c c e l  e r o m e t e r . Frcwn 
e q u a t i o n s  ( 3 . 1 7 )  t o  ( 3 . 2 0 ) ,  w h ich  r e p r e s e n t  t h e  sys tem  w i t h  
e d d y -  c u r r e n t  l o s s  and f l u x  l e a k a g e ,  we can f i n d  t h e  
e q u a t i o n  w h ich  r e l a t e s  t h e  gap t o  th e  c u r r e n t  t h e  c o i l  and  
t h e  f l u x  d e n s i t y .  T h i s  e q u a t i o n  i s  g i v e n  bel  cw
FN I l^Re
c = ---------------------------------------- ( 3 . 2 9 )
2 2 $ t / A
A t  s t e a d y  s t a t e
m  I
c =  —  — ( 3 . 3 0  )
2 B
w here  B = $ t / A  
T h i s  i s  th e  method q u o te d  in  t h e  paper  by C r a w f o r d  
and F in c h  ( 1 9 7 7 )  [ 3 1 3 .  S i n c e  we c an n o t  a c c u r a t e l y  e s t i m a t e  
t h e  t o t a l  e d d y - c u r r e n t  c o n d u c ta n c e  o f  t h e  c o r e  and  t h e  t r a c k  
we can o n l y  e s t i m a t e  t h e  gap w i d t h  f ro m  t h e  f i r s t  te rm  o f  
e q u a t i o n  ( 3 . 2 9 )  th u s  g i v i n g  e q u a t i o n  ( 3 . 3 0 ) .  The  second  
te rm  o f  e q u a t i o n  ( 3 . 2 9 )  w i l l  fo rm  a  s o u r c e  o f  e r r o r  in  t h e  
gap e s t i m a t i o n  u s i n g  t h i s  m ethod .  S i n c e  t h i s  e r r o r  i s
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h i g h e s t  a t  t r a n s i e n t ,  when t h e  r a t e  o f  change o f  f l u x  i s
h i g h e s t ,  t h e  e r r o r  may be so h ig h  t h a t  th e  s i g n a l  may n o t
have t h e  q u a l i t y  r e q u i r e d  f o r  s u s p e n s io n  s t a b i l i z a t i o n .  
W hether  t h i s  i s  t h e  case  w o u ld  depend v e r y  much on t h e  e d d y -  
c u r r e n t  c o n d u c t a n c e ,  t h e  sys tem  geo m e try  and t h e  c o n t r o l  
l a w .  Th e  o t h e r  s o u rc e  o f  e r r o r  i s  f ro m  t h e  a s s u m p t io n  t h a t
th e  t o t a l  f l u x  can be fo u n d  by th e  f l u x  d e n s i t y  measurement
a t  one p o i n t  on t h e  p o l e  f a c e .  W i t h  t h e  f r i n g i n g  o f  t h e
f i e l d ,  t h e  t o t a l  f l u x  w i l l  n o t  be e x a c t l y  same a s  t h e
p r o d u c t  o f  f l u x  d e n s i t y  and  t h e  p h y s i c a l  a r e a  o f  t h e  p o l e
f a c e  m e a s u re d .  The o r d e r  o f  m a g n i tu d e  o f  t h i s  e r r o r  w i l l
have  t o  be d e t e r m i n e d  by e x p e r i m e n t a l  m e thods .
For  t h e  d e d u c t io n  o f  a b s o l u t e  a c c e l e r a t i o n  we can  
use e q u a t i o n  ( 3 . 1 9 )
F .
z"  = --------- — g + —  ( 3 . 3 1 )
I^Am m
To be u s a b l e  t h i s  e s t i m a t i o n  r e q u i r e s  th e  kno w ledge  o f  th e  
v a l u e  o f  g r a v i t a t i o n a l  a c c e l e r a t i o n  and mass. Assuming t h a t  
t h e r e  i s  no change in  mass when t h e  v e h i c l e  i s  l e v i t a t e d ,  
t h e s e  two p a r a m e t e r s  can be e s t i m a t e d  w i t h  f a i r  a c c u r a c y  
when th e  v e h i c l e  f i r s t  l i f t s  o f f .  Even i f  we know t h e  v a l u e  
o f  t h e s e  two p a r a m e t e r s  we do no t  n e c e s s a r i l y  know t h e  
a m p l i t u d e  o f  t h e  d i s t u r b a n c e  f o r c e .  A t  th e  b e s t ,  we can o n l y  
deduce t h e  a p p r o x i m a t e  v a l u e  o f  a b s o l u t e  a c c e l e r a t i o n  by t h e  
f o l l o w i n g  e q u a t i o n
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A
z" % Bz —  -  g ( 3 . 3 2 )
w h e re  B = $ t / A
The  l a s t  term o f  e q u a t i o n  ( 3 . 3 1 )  w i l l  then  fo rm  a  s o u rc e  o f  
e r r o r  t o  t h i s  a p p r o x i m a t i o n .  S i n c e ,  a t  s t e a d y  s t a t e  when 
d i s t u r b a n c e  f o r c e  i s  z e r o ,  t h e  a b s o l u t e  a c c e l e r a t i o n  o f  the  
sys tem  i s  z e r o ,  t h e  m a g n i tu d e  o f  t h i s  e r r o r ,  caused  by 
d i s t u r b a n c e  f o r c e ,  r e l a t i v e  t o  t h e  e s t i m a t e d  a c c e l e r a t i o n  
can be v e r y  h i g h .  I f  t h i s  d i s t u r b a n c e  f o r c e  i s  s low  
c h a n g i n g ,  th e  e r r o r  can be much re d u c e d  by a v e r a g i n g .  
H o w e v e r , i f  t h a t  f o r c e  i s  th e  p r i m a r y  s o u rc e  o f  d i s t u r b a n c e ,  
t h e  e r r o r  i n t r o d u c e d  may be to o  l a r g e  f o r  t h e  m a i n t a i n i n g  o f  
t h e  sys tem  s t a b i l i t y .  S i n c e  t h e  e s t i m a t i o n  uses th e  f l u x  
d e n s i t y  measured  a t  one p o i n t  on t h e  p o l e  f a c e ,  f r i n g i n g  
w i l l  a l s o  cause  e r r o r  t h e  same way a s  th e  e s t i m a t i o n  o f  gap 
w i d t h .
A l t h o u g h  t h e  i n d i r e c t  methods o f  d e d u c in g  t h e  gap 
w i d t h  and  a c c e l e r a t i o n  have t h e i r  a d v a n t a g e s ,  t h e  m a g n i tu d e  
o f  e r r o r  may be so g r e a t  t h a t  t h e i r  use in  su s p en s io n  
c o n t r o l  may n o t  be a c c e p t a b l e .  T h i s ,  h o w e v e r ,  r e q u i r e s  
c o n f i r m a t i o n  by e x p e r i m e n t a l  s t u d i e s .
3 . 1 0  C o n c lu s io n
I n  t h i s  c h a p t e r  we have seen t h a t  th e  
e l e c t r o m a g n e t i c  a t t r a c t i o n , w h ich  we a r e  g o in g  t o  use f o r  our  
n o n - c o n t a c t i n g  s u s p e n s io n  s y s te m ,  i s  u n s t a b l e  on o p e n -1 o o p .  
I t  i s  e q u i v a l e n t  t o  a  s p r i n g  w i t h  n e g a t i v e  s t i f f n e s s .
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C l o s e d - l o o p  c o n t r o l  o f  th e  c u r r e n t  in  t h e  magnet must be  
a p p l i e d  i f  e l e c t r o m a g n e t  a t t r a c t i o n  i s  t o  be used t o  fo rm  a  
s t a b l e  s u s p e n s io n  s y s t e m . The  open-1oop sys tem  i s  a l s o  
h i g h l y  n o n l i n e a r .  The  a t t r a c t i o n  f o r c e  i s  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  gap o f  su s p e n s io n  and  i s  
d i r e c t l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  c u r r e n t  or  f l u x  
in  t h e  m a g n e t . Because o f  t h i s  s q u a r e  law r e l a t i o n s h i p  t h e  
s u s p e n s io n  f o r c e  i s  u n i d i r e c t i o n a l  and i s  chosen t o  a c t  
upward t o  c o u n t e r a c t  t h e  g r a v i t a t i o n a l  p u l l . T h i s  i m p l i e s  
t h a t  t h e r e  i s  no r e p u l s i v e  f o r c e  g e n e r a t e d  when t h e  c u r r e n t  
i s  d r i v e n  t o  f l o w  in  t h e  r e v e r s e  d i r e c t i o n .  I n s t e a d  t h i s  
c u r r e n t  r e v e r s a l , w h ich  w i l l  g e n e r a t e  an a t t r a c t i v e  f o r c e ,  
s h o u ld  be a v o i d e d  even when i t  i s  demanded by t h e  c o n t r o l  
e f f o r t .  Thus t h e  s u s p e n s io n  f o r c e  i s  l i m i t e d  in  th e  upward  
d i r e c t i o n  by t h e  maximum c u r r e n t  and th e  s a t u r a t i o n  f l u x  
d e n s i t y  o f  t h e  m ag n e t .  T h i s  f o r c e  i s  l i m i t e d  in  t h e  
downward d i r e c t i o n  t o  t h a t  g i v e n  by t h e  g r a v i t a t i o n .
T r a n s f e r  f u n c t i o n s  o b t a i n e d  by l i n e a r i z i n g  t h e  
m a t h e m a t ic a l  model a l s o  c o n f i r m e d  t h e  open-1oop i n s t a b i l i t y  
o f  t h e  s y s te m .  They  a l s o  r e v e a l e d  t h a t  t h e  system i s  l e s s  
u n s t a b l e  and l e s s  o s c i l l a t o r y  a t  l a r g e  gap w i d t h .  A l t h o u g h  
t h i s  sys tem  f e a t u r e  w o u ld  p o i n t  t o  th e  use o f  l a r g e  
o p e r a t i n g  g a p , th e  s q u a r e -1  aw i n c r e a s e  o f  power w i t h  gap 
w i d t h  w o u ld  make such c h o i c e  u n d e s i r a b l e .  The  l a c k  o f  
r e p u l s i v e  f o r c e  and t h e  l i m i t e d  f o r c e  o f  g r a v i t y  r e q u i r e  
s p e c i a l  c a r e  t o  be ta k e n  i f  t h e  magnet i s  no t  t o  h i t  t h e  
r a i l  when th e  gap w i d t h  i s  caused t o  change s i g n i f i c a n t l y  
by d i s t u r b a n c e .
- 1 4 1 -
The  i n c l u s i o n  o f  s e c o n d a r y  e f f e c t s  l i k e  e d d y - c u r r e n t  
l o s s  and  f l u x  l e a k a g e  has i n d i c a t e d  t h a t  t h e i r  i n f l u e n c e  i s  
s i g n i f i c a n t .  The  l e a k a g e  p e rm eance ,  w h ich  i s  a b o u t  10% o f  
t h a t  due to  t h e  s u s p e n s io n  a i r  gap t a k e s  a d d i t i o n a l  c u r r e n t  
t o  s u s t a i n  th e  l e a k a g e  f l u x  th u s  i n c r e a s i n g  t h e  power l o s s .  
Th e  e d d y - c u r r e n t  w h ic h  i s  in d u c e d  in  th e  r a i l  by t h e  f o r w a r d  
m o t io n  o f  t h e  v e h i c l e ,  i n d u c e s  d r a g  and  r e d u c e s  l i f t  a t  t h e  
f r o n t  end o f  i t .  The  combined e f f e c t  o f  eddy c u r r e n t - l o s s  
and f l u x  l e a k a g e ,  a l t h o u g h  r e d u c e s  t h e  s e n s i t i v i t y  o f  sys tem  
t o  gap ch a n g e ,  i n t r o d u c e s  so much phase l a g  t h a t  t h e  t a s k  o f  
d e s i g n i n g  a  c l o s e d - l o o p  sys tem  w h ic h  i s  s t a b l e  and has
s a t i s f a c t o r y  re s p o n s e  becomes much h a r d e r .  T h i s  i s
e s p e c i a l l y  t r u e  when th e  s u s p e n s io n  f o r c e  has a  v e r y  l i m i t e d  
r a n g e .  A t t e m p t s  have been made to  r e d u c e  t h e  i n f l u e n c e  o f  
t h e s e  s e c o n d a r y  e f f e c t s .  One way i s  to  use m agnets  w i t h  
lo n g  and n a r r o w  p o l e  f a c e s .  However such s o l u t i o n  r e q u i r e s  
a  s t r u c t u r e  w h ic h  i s  m e c h a n i c a l l y  l e s s  r i g i d .  A l s o  t h e  
a s s o c i a t e d  h ig h  f r i n g i n g  e f f e c t  o f  t h e  f i e l d  w i l l  p ro d u c e  a  
l e s s  p r e d i c t a b l e  f o r c e  p a t t e r n .  F u r t h e r m o r e ,  th e  l e a k a g e  
f l u x  w i l l  be h ig h  th u s  r e q u i r i n g  a h ig h  magnet  c u r r e n t  and  
h ig h  power l o s s .  N e v e r t h e l e s s  t h e  f i n d i n g s  p o i n t  o u t  t h e
m e r i t  o f  u s i n g  a  magnet  w i t h  lo n g  and n a r ro w  o v e r  t h a t  w i t h
s h o r t  and b ro a d  p o l e  f a c e s .  However t h e  method s h o u ld  n o t  be  
pu rsu ed  t o  t h e  e x t e n d  o f  c a u s in g  d e t e r i o r a t i o n  in  o t h e r  
s p e c i f i c a t i o n s .  The o t h e r  method o f  r e d u c i n g  t h e  drawback  
o f  s e c o n d a r y  e f f e c t s  i s  t o  l a m i n a t e  t h e  t r a c k .  T h i s  s o l u t i o n  
g i v e s  more f re e d o m  t o  t h e  c h o i c e  o f  p h y s i c a l  d im e n s io n s  o f  
t h e  s y s te m .  A l s o  t h e  t r a c k s  and t h e  magnet a r e  s t r u c t u r a l l y  
more r i g i d .  I t  a l s o  g i v e  b e t t e r  dynamic p r o p e r t i e s  w h ic h
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make t h e  d e s ig n  o f  a  c o n t r o l  system  w i t h  good p e r f o r m a n c e  
much e a s i e r .  The se  a r e  a l l  a c h i e v e d  w i t h o u t  i n c u r r i n g
h i g h e r  power consum pt ion  due t o  f l u x  l e a k a g e  or  l e s s  
p r e d i c t a b l e  f o r c e  p a t t e r n  due to  h ig h  f r i n g i n g .  How ever ,  
th e  o v e r a l l  c o s t  o f  t h e  t r a c k  system  w i t h  l a m i n a t i o n  w i l l  be  
h i g h e r .  The  s t u d y  o f  th e  m a t h e m a t ic a l  model has a l s o
r e v e a l e d  t h a t  i t  i s  p o s s i b l e  to  deduce gap w i d t h  and
a b s o l u t e  a c c e l e r a t i o n  f rom  f l u x  d e n s i t y  and magnet c u r r e n t  
m ea s u re m e n ts .  However ,  t h e  s i g n a l s  deduced d u r i n g  
t r a n s i e n t s  l a c k  t h e  a c c u r a c c y .  I t  i s  d o u b t f u l  t h a t  t h e y  can  
be used f o r  f e e d b a c k  t o  g i v e  a  s a t i s f a c t o r y  c l o s e d —loop  
sys te m .
As m e n t io n e d  in  t h i s  c h a p t e r ,  th e  e f f e c t  o f  f r i n g i n g  
o f  magnetic  f i e l d  in  t h e  a i r  gap has n o t  been c o n s i d e r e d  
q u a n t i t a t i v e l y .  So a r e  t h e  e f f e c t s  o f  c o r e  s a t u r a t i o n  and  
h y s t e r e s i s .  I t  i s  p r o b a b l y  a d e q u a t e  t o  f i n d  o u t  t h e  
i n f l u e n c e s  o f  t h e s e  s e c o n d a r y  e f f e c t s  e x p e r i m e n t a l l y  and  
have them i n c o r p o r a t e d  i n t o  t h e  model w i t h o u t  d e t a i l e d  
mathemat i ca l  a n a l y s i s .  A n o th e r  a r e a  w h ic h  needs  
i n v e s t i g a t i o n  i s  th e  i n t e r a c t i o n  between f o r w a r d  m o t io n  and  
t h e  v e r t i c a l  su s p en s io n  d y n a m ic s .  In  s e c t i o n  3 . 7  we have  
seen t h a t  t h e  eddy c u r r e n t  in  t h e  t r a c k  due to  f o r w a r d  
m o t io n  cau ses  a  r e d u c t i o n  o f  l i f t  a t  th e  f r o n t  en d .  
A l t h o u g h  i t  i s  no t  s u s p e c t e d  t h a t  t h i s  r e d u c t i o n  o f  l i f t  
w i l l  a f f e c t  t h e  s t a b i l i t y  o f  t h e  s u s p e n s io n  c o n t r o l ,  a  
c o n f i r m a t i o n  by a n a l y s i s  o r  e x p e r im e n t  i s  s t i l l  r e q u i r e d .  
Even t h e n ,  a  m o d u l a t io n  o f  s u s p e n s io n  f o r c e  w i l l  occur  f o r  
l i n e a r  m o t o r s  w h ich  have d i s c r e t e  p o l e - p i e c e s  f o r m i n g  t h e
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t r a c k .  N a s e r  and  B o ld e a  [ 3 2 ]  have  p o i n t e d  o u t  t h a t  t h e
a v e r a g e  number o f  p o l e - p i e c e s  l y i n g  d i r e c t l y  abo ve  t h e  m otor
s h o u ld  be an even number i f  t h e  v a r i a t i o n  o f  f o r c e  i s  t o  be
k e p t  t o  a  min imum. A l s o  t h e  h i g h e r  th e  number o f  p o l e - p i e c e  
i s  t h e  l e s s  w i l l  be t h e  a m p l i t u d e  o f  t h e  v a r i a t i o n .  C a re  
has  t o  be t a k e n  in  th e  d e s ig n  o f  t h e  c o n t r o l  system  so t h a t  
i t  w i l l  n o t  h av e  u n c o n t r o l l a b l e  modes which  can be e x c i t e d  
by t h i s  v a r i a t i o n  in  su s p e n s io n  f o r c e .  When t h e  f i e l d  f l u x  
i s  used t o  i n t e r a c t  w i t h  t h e  a l t e r n a t i n g  a r m a t u r e  f l u x  t o
p ro d u c e  t h r u s t ,  c a r e  i s  a l s o  r e q u i r e d  in  h a n d l i n g  t h i s  
i n t e r a c t  io n  -
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CHAPTER 4 
FIXED-GA IN  FEEDBACK CONTROLLED 
ELECTROMAGNETIC SUSPENSION SYSTEM
4 . 1  I n t r o d u c t i o n
We have seen in  t h e  p r e v i o u s  c h a p t e r  t h a t  a  non­
c o n t a c t i n g  su s p e n s io n  sys tem  can be t r e a t e d  l i k e  a  r e g u l a t o r  
o f  gap w i d t h  between t h e  v e h i c l e  and t h e  t r a c k s .  T h i s  
r e g u l a t o r  has t o  m a i n t a i n  t h e  gap w i d t h  in  p r e s e n c e  o f  
d i s t u r b a n c e s  such a s  t h e  v a r i a t i o n s  o f  l o a d  and t r a c k  l e v e l .  
When th e  gap w i d t h  d e v i a t e s  f ro m  t h e  s e t  v a l u e ,  r e s t o r i n g  
f o r c e  i s  g e n e r a t e d  by means o f  some fe e d b a c k  c o n t r o l . 
A l t h o u g h  t h e r e  a r e  many ways o f  c o n s t r u c t i n g  t h i s  f e e d b a c k  
c o n t r o l ,  t h e  a im  i s  s t i l l  t o  p rodu ce  a  sys tem  which  
s a t i s f i e s  t h e  r e q u i r e d  s t a b i l i t y  and  r i d e  q u a l i t y  c r i t e r i a  
a s  w e l l  a s  b e i n g  o p t i m a l ,  in  t h e  sense d e f i n e d  in  c h a p t e r  2 .  
Among t h e s e  methods t h e  one w h ich  i s  most s u i t a b l e  w i l l  be  
chosen f o r  i m p l e m e n t a t i o n .  T h e s e  methods w i l l  have t o  be 
a s s e s s e d  u s i n g  scxne correnon c r i t e r i a  w h ich  a r e  r e l a t e d  t o  th e  
g e n e r a l  s p e c i f i c a t i o n s  o f  n o n - c o n t a c t i n g  s u s p e n s io n  s y s te m s .  
T h i s  common b a s i s  o f  assessm ent  w i l l  be o u t l i n e d  in  th e  
f o l l o w i n g  s e c t i o n .  H a v in g  e s t a b l i s h e d  t h a t  th e  
c o m p le m e n ta ry  f i l t e r i n g  t e c h n i q u e  has t h e  a d v a n t a g e  o f  
a l l o w i n g  t h e  in d e p e n d e n t  c h o i c e  o f  sys tem  s t i f f n e s s  f o r  
t r a c k  l e v e l  change and f o r  l o a d i n g ,  we s h a l l  see  how th e  
a d o p t i o n  o f  t h i s  t e c h n i q u e  a f f e c t s  t h e  d e s ig n  o f  th e  
f e e d b a c k  c o n t r o l .  We s h a l l  a l s o  be l o o k i n g  i n t o  t h e  d e s ig n  
c o n s t r a i n t s  imposed by t h e  open-1oop c h a r a c t e r i s t i c s  o f  th e
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s u s p e n s io n  sys te m .  H a v in g  -found th o s e  c o n s t r a i n t s ,  we s h a l l  
p ro c e e d  w i t h  t h e  d e s ig n  o f  a  f i x e d - g a i n  c l o s e d - l o o p  c o n t r o l  
f o r  t h e  sy s te m .
I n  s t u d y i n g  t h e  dynam ics  o f  t h e  c l o s e d - l o o p  s ys te m ,  
we make use o f  t im e -d o m a in  s i m u l a t i o n  t e c h n i q u e  on a  
d i g i t a l  c o m p u te r ,  w h ich  in  t h i s  cas e  i s  a  PDF 1 1 - 3 4 .  T h i s  
t e c h n i q u e  i s  a d o p te d  because  t h e  system  i s  h i g h l y  n o n l i n e a r  
and no a n a l y t i c a l  s o l u t i o n  can be o b t a i n e d  f o r  such a  
s y s te m .  The s i m u l a t i o n  w i l l  a l s o  s e r v e  t o  t r y  o u t  c o n t r o l  
a l g o r i t h m s  p r i o r  t o  r e a l i s a t i o n  o f  t h e  s c a l e d  model r i g  
under  c o n s t r u c t i o n .
4 . 2  B a s i s  o f  assesm ent
S i n c e  th e  e l e c t r o m a g n e t i c  su s p e n s io n  i s  to  be used  
in  a  n o n - c o n t a c t i n g  v e h i c l e  s u s p e n s io n  s y s te m ,  t h e  adequacy  
o f  t h e  c o n t r o l  method w i l l  have t o  be ju d g e d  a c c o r d i n g  to  
t h e  s p e c i f i c a t i o n s  a p p l i c a b l e  t o  sys tem s o f  t h i s  k i n d .  
F i r s t l y  t h e  l i k e l i h o o d  o f  t h e  e l e c t r o m a g n e t  m ak in g  p h y s i c a l  
c o n t a c t  w i t h  t h e  t r a c k  has t o  be s m a l l .  Under  no 
c i r c u m s t a n c e s  s h o u ld  t h e r e  be e x c e s s i v e  s t r e s s  so a s  to  
cau se  c a t a s t r o p h i c  or  p r e m a t u r e  f a i l u r e  o f  t h e  t r a c k  or  th e  
v e h i c l e .  In  e l e c t r o m a g n e t i c  su s p e n s io n  t h i s  c o n s t r a i n t  has  
t o  be c o m p l ie d  w i t h  f o r  a  r a t t l espace  o f  a b o u t  10 t o  40mm so 
t h a t  t h e  power consum pt ion  i s  k e p t  t o  a  minimum. Thus th e  
c o n t r o l  has t o  r e s t r i c t  t h e  e x c u r s io n  t o  be w i t h i n  t h i s  
spa ce  in  th e  p r e s e n c e  o f  l o a d i n g  and t r a c k  l e v e l  
d i s t u r b a n c e s .  In  a d d i t i o n ,  t h e  r i d e  q u a l i t y  o f  th e
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r e s u l t a n t  system  w o u ld  have t o  s a t i s f y  t h e  s p e c i f i c a t i o n s  o f  
2 .2%  ' q '  f o r  w e i g h t e d  r . m . s .  a c c e l e r a t i o n  and  I m / s *  and
0 .5 m /s ®  f o r  peak a c c e l e r a t i o n  and  j e r k  r e s p e c t i v e l y .  T h e se  
r e q u i r e m e n t s  have t o  be met f o r  t h e  k i n d  o f  i n p u t  o u t l i n e d  
i n  s e c t i o n  2 . 2  o f  c h a p t e r  2 .  I f  t h e  b e s t  p o s s i b l e  d e s ig n  
f a i l s  t o  meet t h e  r e q u i r e m e n t  th e  i n p u t  s p e c i f i c a t i o n s  have  
t o  be r e l a x e d  in  th e  ways o u t l i n e d  in  t h e  d e s ig n  p r o c e d u r e  
i n sec t i on 2 . 1 1 .
The  s u i t a b i l i t y  o f  a  c o n t r o l  method i s  a s s e s s e d  by  
t h e  k i n d  and t h e  m a g n i tu d e  o f  i n p u t  w h ic h  t h e  c l o s e d - l o o p  
sys tem  i s  a b l e  t o  w i t h s t a n d  w i t h o u t  h a v i n g  i t s  o u t p u t s  
f a l l i n g  s h o r t  o f  t h e  s p e c i f i c a t i o n s .  The  r e l e v a n t  i n p u t s  
a r e  f o r c e  d i s t u r b a n c e  or  l o a d i n g  and t r a c k  l e v e l  c h a n g e .  As 
we have seen in  c h a p t e r  2 ,  t h e  m a g n i t u d e  o f  f o r c e  
d i s t u r b a n c e  t o  w h ich  th e  su s p e n s io n  i s  s u b j e c t e d  depends  
l a r g e l y  on t h e  d e s ig n  o f  t h e  v e h i c l e .  Such c o n s i d e r a t i o n  
has t o  be l e f t  u n t i l  a  l a t e r  s t a g e  o f  t h e  d e s i g n .  As we a r e  
l o o k i n g  a t  t h e  v e r t i c a l  movement o f  th e  s u s p e n s io n  o n l y ,  we 
s h a l l  l i m i t  our  con cern  t o  t h e  s t a t i c  and dynamic  s t i f f n e s s  
o f  t h e  sys tem  and t o  t h e  maximum a d d i t i o n a l  l o a d i n g  a s  a  
p e r c e n t a g e  o f  t h e  nominal  w e ig h t  w h ich  t h e  system  can 
w i t h s t a n d .  Maximum v e h i c l e  speed and r a t t l e s p a c e  t o g e t h e r  
d e t e r m i n e  t h e  t r a c k  i r r e g u l a r i t y  i n p u t  w h ich  can be h a n d le d  
by t h e  s u s p e n s io n  s y s te m .  The se  two p a r a m e t e r  a l s o  have  
g r e a t  i n f l u e n c e  on th e  d e s ig n  o f  m a c h in e s ,  l i k e  l i n e a r  
s yn ch ro n o u s  m o t o r s ,  w h ich  a r e  o f t e n  used t o  p r o v i d e  
l e v i t a t i o n  and p r o p u l s i o n  a t  t h e  same t i m e .
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E x c l u d i n g  s p a t i a l l y  p e r i o d i c  changes  t h e  ro u g h n e s s  
i n p u t  o f  th e  t r a c k  c o n s i s t s  o f  d e t e r m i n i s t i c  components l i k e  
s t e p  changes ,  g r a d i e n t s  and t r a n s i t i o n  c u r v e s  and  s t o c h a s t i c  
components o f  sm a l l  a m p l i t u d e  and s h o r t  w a v e l e n g t h s .  
A l t e r n a t i v e l y ,  t h e  d i s t u r b a n c e  can be t r e a t e d  a s  p u r e l y  
s t o c h a s t i c  w i t h  a  g i v e n  s p a t i a l  s p e c t r a l  d e n s i t y  f u n c t i o n .  
S in c e  th e  system re s p o n s e  t o  d e t e r m i n i s t i c  i n p u t s  i s  o f  
g r e a t  im p o r ta n c e  in  a s s e s s i n g  t h e  c o n t r o l  method u s e d ,  and  
r i d e - q u a l i t y  f i g u r e  i s  o n l y  m e a n in g f u l  when t h e  i n p u t  i s  
p u r e l y  s t o c h a s t i c ,  as s e s s m e n ts  u s i n g  b o th  k i n d s  o f  i n p u t  
w i l l  be made. For  t h e  l i m i t i n g  re s p o n s e  t o  d e t e r m i n i s t i c  
t r a c k  l e v e l  i n p u t  one i m p o r t a n t  c o n s i d e r a t i o n  i s  t h e  maximum 
s te p  change in  t r a c k  l e v e l  w h ich  w i l l  n o t  cause t h e  
e x c u r s i o n  t o  exceed  i t s  l i m i t .  The o t h e r  c o n s i d e r a t i o n  i s  
t h e  maximum speed o f  t h e  v e h i c l e  t o g e t h e r  w i t h  th e  maximum 
g r a d i e n t  o f  th e  t r a c k  and i t s  s p a t i a l  d e r i v a t i v e s  w h ich  w i l l  
cause  th e  peak e x c u r s i o n ,  a c c e l e r a t i o n  and  j e r k  t o  r e a c h  
t h e i r  s e t  l i m i t s .  S i n c e  t h e  su s p e n s io n  sys tem  can be  
r e g a r d e d  a s  a  r e g u l a t o r  o f  gap w i d t h  we can a l s o  m easure  i t s  
p e r f o r m a n c e  w i t h  th e  s t a n d a r d  c r i t e r i a  used  f o r  o t h e r  
c o n t r o l  s y s t e m s , l i k e  p e r c e n t a g e  o v e r s h o o t ,  s e t t l i n g  t i m e ,  
and i n d i c e s  l i k e  i n t e g r a l  o f  t im e  and a b s o l u t e  e r r o r ,  IT A E ,  
o r  i n t e g r a l  o f  t im e  and s q u a r e  o f  e r r o r ,  IT S E .  P e r c e n t a g e  
o v e r s h o o t  and s e t t l i n g  t im e  a r e  o f  s p e c i a l  i m p o r ta n c e  when 
d i s t u r b a n c e s  o c c u r  w i t h i n  a  s h o r t  s u c c e s s io n  o f  t i m e .  For  
s t o c h a s t i c  t r a c k  ro u g h n ess  i n p u t  t h e  b a s i s  o f  com par ison  i s  
t h e  maximum s p e e d - r o u g h n e s s  c o e f f i c i e n t  p r o d u c t  w h ich  can be  
t o l e r a t e d  b e f o r e  t h e  w e i g h t e d  r . m . s .  a c c e l e r a t i o n  v a l u e  
r e a c h e s  t h e  l i m i t  s e t  by t h e  r i d e  q u a l i t y  s p e c i f i c a t i o n .
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For  sys tem s w h ich  have f i n i t e  s t a t i c  s t i f f n e s s  to  
l o a d i n g ,  a  change in  lo a d  w i l l  cause  t h e  mean gap w i d t h  t o  
d e v i a t e  f ro m  t h e  nominal  v a l u e  s e t  f o r  normal  l o a d i n g  th u s  
r e d u c i n g  t h e  maximum dynamic e x c u r s i o n  a l l o w e d .  Thus s t a t i c  
s t i f f n e s s  and  t h e  maximum change o f  lo a d  u n d e r  w h ich  th e  
e x c u r s io n  w i l l  r e a c h  i t s  l i m i t s  a r e  t h e  two i m p o r t a n t  
c o n s i d e r a t i o n s  in  a s s e s s i n g  t h e  r e s p o n s e  o f  t h e  sys tem  to  
f o r c e .  W i t h  t h e s e  v a r i o u s  m e a s u r in g  s t a n d a r d s  a t  hand  
q u a n t i t a t i v e  co m p a r is o n s  can be made.
4 . 3  Des ign  f e a t u r e s  i n f l u e n c e d  by com p le m e n ta ry  f i l t e r i n g
S i n c e  e l e c t r o m a g n e t i c  s u s p e n s io n  r e q u i r e s  a c t i v e  
su s p e n s io n  f o r c e  w i t h  power consum pt ion  p r o p o r t i o n a l  t o  t h e  
s q u a r e  o f  t h e  gap w i d t h ,  th e  r a t t l espace  i s  l i m i t e d  t o  40rren. 
Thus a  h ig h  s t i f f n e s s  t o  f o r c e  d i s t u r b a n c e  i s  r e q u i r e d .  Y e t  
f o r  r i d e  q u a l i t y ,  t h e  s t i f f n e s s  t o  t r a c k  l e v e l  change w h ich  
does n o t  exc eed  t h a t  o f  t h e  r a t t l esp ace  s h o u ld  be r e a s o n a b l y  
low .  We have  seen in  c h a p t e r  2 t h a t  t h e s e  a p p a r e n t l y  
c o n t r a d i c t o r y  r e q u i r e m e n t s  can be removed u s i n g  
c o m p le m e n ta ry  f i l t e r i n g  t e c h n i q u e  w h ich  a l l o w s  t h e  
i n d e p e n d e n t  c h o i c e  o f  s t i f f n e s s  t o  f o r c e  d i s t u r b a n c e  and t o  
t r a c k  l e v e l  c h a n g e .  However ,  t h e  low s t i f f n e s s  t o  t r a c k  
l e v e l  i n p u t  p r e s e n t  t h e  p ro b lem  o f  e x c e s s i v e  dynamic  
e x c u r s i o n  when th e  r a t e  o f  change o f  t r a c k  l e v e l  i s  h i g h .  
A l th o u g h  t h e  s t a t i c  d e f l e c t i o n  t o  ramp i n p u t  i s  z e r o  f o r  a  
t h i r d  o r d e r  t y p e  two c o m p lem en ta ry  f i l t e r  p a i r ,  f i n i t e  
s t e a d y - s t a t e  gap e r r o r  e x i s t s  f o r  p a r a b o l i c  i n p u t  o f  t r a c k  
l e v e l .  W i t h  t h e  f i l t e r s  c r o s s - o v e r  f r e q u e n c y  a t  1 .2H z  and a
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p a r a b o l i c  i n p u t  w h ich  g e n e r a t e s  a  v e r t i c a l  a c c e l e r a t i o n  o f  
l m / s = ,  t h e  gap e r r o r  i s  a b o u t  52mm. S i n c e  p a r a b o l i c  i n p u t  
n o r m a l l y  e x i s t s  o n l y  in  t r a n s i t i o n  c u r v e s ,  th e  p ro b le m  o f  
e x c e s s i v e  gap e x c u r s i o n  o c c u r s  o n l y  when t r a v e r s i n g  t h e s e  
c u r v e s  when t h e  g r a d i e n t  i s  c h a n g i n g .  A l t h o u g h  t h e  use o f  
com p lem en ta ry  f i l t e r s  o f  h ig h  t y p e  number w ou ld  remove  
s t e a d y - s t a t e  e r r o r ,  dynamic e x c u r s i o n  can s t i l l  be e x c e s s i v e  
because o f  t h e  low n a t u r a l  f r e q u e n c y  and  low s t i f f n e s s .  
A n o th e r  rea s o n  why a  f i l t e r  o f  h i g h e r  t y p e  number s h o u ld  no t  
be used i s  t h a t  t h e  e x c u r s i o n - a c c e l e r a t i o n  t r a d e - o f f  in d e x  
w i l l  be a d v e r s e l y  a f f e c t e d ,  even i f  t h e  o r d e r  o f  t h e  f i l t e r  
i s  k e p t  unchanged .  S i n c e  t h e  t r a n s i t i o n  c u r v e  i s  a  
t r a n s i e n t  f e a t u r e  i t  i s  d e c id e d  t h a t  t h e  f i l t e r  w i l l  re m a in  
t h i r d  o r d e r  t y p e  two w i t h  b in o m ia l  c h a r a c t e r i s t i c s .  Bump-  
s to p  r e g i o n s  w i l l  be i n c o r p o r a t e d  t o  i n c r e a s e  th e  s t i f f n e s s  
when th e  d i s p l a c e m e n t  i s  n e a r  t o  t h e  e x t r e m i t i e s  o f  t h e  
r a t t l esp ace  so a s  t o  l i m i t  th e  e x c u r s i o n .  In  t h i s  w ay ,  t h e  
normal p e r f o r m a n c e  w i l l  n o t  be a f f e c t e d  a l t h o u g h  t h e r e  i s  a  
s l i g h t  d e g r a d a t i o n  when t r a v e r s i n g  t r a n s i t i o n  c u r v e s .  The  
b oundary  between n o r m a l - o p e r a t i n g  and bum p-stop  r e g i o n s  
s h o u ld  be chosen so t h a t  s u f f i c i e n t  space  f ro m  t h e  
e x t r e m i t i e s  a r e  r e s e r v e d  t o  s a f e g u a r d  a g a i n s t  a d d i t i o n a l  
t r a c k  d i s c o n t i n u i t y  in  t h e  c u r v e s .  However t h i s  r e s e r v e d  
space  s h o u ld  n o t  be so g r e a t  a s  t o  a f f e c t  normal  o p e r a t i o n .  
A l s o  t h e  e x t r a  s t i f f n e s s  s h o u ld  n o t  be so h ig h  a s  t o  cause  
e x c e s s i v e  v e r t i c a l  a c c e l e r a t i o n  th u s  a  poor  r i d e  q u a l i t y  o r  
t o  cause h u n t i n g  w h ich  can make t h e  system  u n s t a b l e .
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4 . 4  Des ign  f e a t u r e s  i n f l u e n c e d  by c h a r a c t e r i s t i c s  o f  E . M . S .
In  a d d i t i o n  t o  th e  d e s ig n  f e a t u r e s  r e q u i r e d  by a l l  
sys tem s u s i n g  c o m p lem en ta ry  f i l t e r i n g  t e c h n i q u e s ,  t h e r e  a r e  
t h o s e  w h ic h  a r e  p e c u l i a r  t o  e l e c t r o m a g n e t i c  s u s p e n s io n  
s y s te m s .  S i n c e  th e  e l e c t r o m a g n e t i c  s u s p e n s io n  f o r c e  i s  
p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  gap w i d t h ,  t h e  sys tem  i s  
h i g h l y  n o n l i n e a r  and  o p e n - lo o p  u n s t a b l e ,  a s  shown in  c h a p t e r  
3 .  As a  r e s u l t  o f  t h e s e  n o n l i n e a r i t i e s ,  no a n a l y t i c a l  
s o l u t i o n  t o  t h e  c o n t r o l  p ro b le m  i s  p o s s i b l e .  The method o f  
l i n e a r i z a t i o n  a b o u t  a  nominal  gap w i d t h ,  w h ich  i s  t h e  
ap p ro a c h  a d o p t e d  by most r e s e a r c h e r s ,  i s  used h e r e  a s  a  
s t a r t i n g  p o i n t .  Feedback g a i n s  r e q u i r e d  f o r  sys tem  
s t a b i l i t y ,  when t h e  p e r t u r b a t i o n  i s  s m a l l ,  a r e  then w orked  
o ut  f o r  t h e  system  e q u a t i o n s  l i n e a r i z e d  a b o u t  s e v e r a l  
t y p i c a l  v a l u e s  o f  o p e r a t i n g  gap w i d t h .  The o p e n - l o o p  
i n s t a b i l i t y ,  w h ich  i s  a  r e s u l t  o f  t h e  i n v e r s e  s q u a r e
r e l a t i o n s h i p  between f o r c e  and gap w i d t h ,  demands a  minimum
loop g a i n  t o  g i v e  t h e  r e q u i r e d  c l o s e d - l o o p  s t a b i l i t y .  We 
have a l s o  seen t h a t  th e  o p e n - l o o p  r e s p o n s e  o f  t h e  dynam ics  
t o  a  v o l t a g e  i n p u t  i s  one o f  an a l l - p o l e  p l a n t  o f  t h i r d  
o r d e r , o r  f o u r t h  o r d e r  i f  e d d y - c u r r e n t  l o s s  and l e a k a g e  f l u x  
a r e  i n c l u d e d .  Thus v e l o c i t y  f e e d b a c k  i s  r e q u i r e d  f o r  
s t a b i l i t y  when loop  g a in  i s  h i g h .  A c c e l e r a t i o n  f e e d b a c k  may 
a l s o  be r e q u i r e d  t o  g i v e  i n s e n s i t i v i t y  t o  p l a n t -  p a r a m e t e r  
c h a n g e s .  One,  h o w e v e r ,  must b e a r  in  mind t h a t  th e  v a l u e s  o f  
f e e d b a c k  g a i n  so w orked  o u t  a r e  m e a n in g f u l  f o r  s t a b i l i t y
o n l y  when s u b j e c t  t o  sm a l l  p e r t u r b a t i o n .  They  may not  be  
s u f f i c i e n t  o r  n e c e s s a r y  f o r  g l o b a l  dynamic  s t a b i l i t y  f o r
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l a r g e  p e r t u r b a t i o n s .
The s q u a r e  law r e l a t i o n s h i p  between f l u x  and f o r c e  
i m p l i e s  t h a t  no r e p u l s i v e  f o r c e  i s  a v a i l a b l e  an d  th e  f l u x  o r  
t h e  c u r r e n t  f l o w  has t o  be k e p t  u n i d i r e c t i o n a l .  The  
i n a v a i l a b i l i t y  o f  r e p u l s i v e  f o r c e  a l s o  means t h a t  t h e  
a t t r a c t i v e  f o r c e  must a c t  in  t h e  upward d i r e c t i o n  and  t h e  
g r e a t e s t  downward f o r c e  i s  o n l y  t h a t  g i v e n  by g r a v i t y .  
S i n c e  t h i s  upward f o r c e  can be many t im e s  g r e a t e r  than  t h a t  
o f  g r a v i t y ,  t h e r e  i s  an im b a la n c e  in  t h e  maximum f o r c e  
a v a i l a b l e  in  t h e  two d i r e c t i o n s .  T h i s  can cau se  i n s t a b i l i t y  
once t h e  d i s t u r b a n c e  cau ses  t h e  s a t u r a t i o n  o f  downward  
f o r c e .  T h i s  phenomenon can be seen in  F i g .  4 . 1  and  F i g .  4 . 2  
when t h e  su s p e n s io n  system  w i t h  h ig h  e d d y - c u r r e n t  
c o n d u c ta n c e  i s  s u b j e c t e d  t o  sm a l l  s t e p  changes  w h ich  a r e  
o n l y  5% and 10% o f  t h e  nominal  gap w i d t h  r e s p e c t i v e l y .  A l s o  
f ro m  t h e s e  two s e t s  o f  d ia g ra m s  we can see  t h a t  t h e  peak  
a c c e l e r a t i o n  f a r  exceed  t h e  l i m i t s  f o r  an a c c e p t a b l e  r i d e .  
For  t h e s e  two r e a s o n s  t h e  m a g n i t u d e  o f  a c c e l e r a t i o n  must be 
1 imi  t e d .
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4.1a vertical displacement 4.1b vertical acceleration
Fig.4.1 Response of E.M.S. with proportional-integral controller 








4,2a vertical displacement 4.2b vertical acceleration
Fig.4.2 Response of E.M.S. with proportional-integral controller 
to track level change 1.0mm.
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When a  f i x e d - g a i n  l i n e a r  c l o s e d - l o o p  c o n t r o l  method  
i s  use d ,  th e  v o l t a g e  a c r o s s  t h e  c o i l  o f  t h e  magnet i s  
p r o p o r t i o n a l  t o  t h e  c o n t r o l l e r  o u t p u t  s i g n a l  fo rm e d  f ro m  a  
w e i g h t e d  sum o f  gap e r r o r  s i g n a l  t o g e t h e r  w i t h  i t s  i n t e g r a l s  
and  d e r i v a t i v e s .  W i t h  th e  h ig h  loop  g a i n  r e q u i r e d  f o r  sm a l l  
p e r t u r b a t i o n  s t a b i l i t y ,  t h e  v o l t a g e  demanded by t h e  l i n e a r  
c o n t r o l l e r  can be e x t r e m e l y  h i g h .  S in c e  t h i s  i s  n o t  
p r a c t i c a l ,  a  l i m i t  must be s e t  f o r  th e  s u p p ly  v o l t a g e  o f  t h e  
magnet  d r i v e r .  Thus t h e  v o l t a g e  s a t u r a t i o n  o f  t h e  d r i v e r  i s  
n o t  o n l y  i n e v i t a b l e  b u t  n e c e s s a r y .  The e s t i m a t i o n  o f  t h e  
d r i v i n g  v o l t a g e  i s  g i v e n  in  [ 3 3 ] .  In  t h a t  r e f e r e n c e ,  t h e  
v o l t a g e  f o r  f i r s t - o r d e r  dom inant  system  i s  g i v e n  by t h e  
f o l l o w i n g  i n e q u a l i t i e s : -
minimum d r i v i n g  v o l t a g e  < Vn (1 -  Q f )
( 4 . 2 )
maximum d r i v i n g  v o l t a g e  > Vn <1 + Q f )  
w h ere  Vn =  v o l t a g e  r e q u i r e d  t o  p ro d u ce  f l u x  f o r
s t a t i c  e q u i l i b r i u m  a t  a  s e t  gap w i d t h .
Qf =  r a t i o  o f  c u t - o f f  f r e q u e n c i e s  o f  t h e  
c l o s e d - l o o p  t o  o p e n - lo o p  s y s te m s .
When th e  gap w i d t h  i s  s m a l l ,  t h e  v o l t a g e  s u p p ly  f o r  
e q u i l i b r i u m  i s  low w h i l e  t h e  r a t i o ,  Q f , can be g r e a t e r  than  
1 due t o  i t s  more s l u g g i s h  o p e n - l o o p  r e s p o n s e .  Thus a  
b i p o l a r  d r i v i n g  v o l t a g e  i s  r e q u i r e d .  T h i s  d e s ig n  f e a t u r e  i s  
n o t  o n l y  e s s e n t i a l  f o r  s t a b i l i t y  a t  sm a l l  gap b u t  i s  a l s o  
d e s i r a b l e  i f  t h e  system i s  t o  have  s i m i l a r  r e s p o n s e  f o r  gap 
d is p l a c e m e n t  in  both  d i r e c t i o n s .
Though th e  d r i v i n g  v o l t a g e  r e q u i r e d  i s  b i p o l a r  t h e  
c u r r e n t  f l o w  has t o  rem a in  u n i d i r e c t i o n a l .  T h e s e  s e e m in g l y
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c o n t r a d i c t o r y  r e q u i r e m e n t s  can be met u s i n g  a  t w o - q u a d r a n t  
b r i d g e  a s  t h e  magnet d r i v e r ,  a s  s u g g e s te d  in  [ 3 4 ] .  The  
c i r c u i t  d ia g r a m  i s  g iv e n  in  F i g .  4 . 3 .
+V
0
Fig4.3 Magnet-driver circuit 
(Two-quadrant bridge)
As d e s c r i b e d  in  s e c t i o n  3 . 7 ,  we have seen t h a t  t h e  
f l u x - 1 e a k a g e  perm eance  and e d d y - c u r r e n t  c o n d u c ta n c e  t o g e t h e r  
can cause t h e  o p e n - l o o p  re s p o n s e  o f  gap w i d t h  t o  c o n t r o l  
v o l t a g e  t o  be v e r y  s l o w .  T h i s  no t  o n l y  demands t h a t  t h e  
s u p p ly  v o l t a g e  s h o u ld  be r a i s e d  b u t  a l s o  r e q u i r e s  h ig h  g a i n  
f o r  d e r i v a t i v e  fe e d b a c k  t o  a t t a i n  t h e  s t a b i l i t y  f o r  a  
c l o s e d - l o o p  r e s p o n s e  w i t h  a  chosen c u t - o f f  f r e q u e n c y  or  
s t i f f n e s s .  I t  was fo u n d  t h a t  t h i s  ap p ro ach  r e s u l t s  in  an 
i n c r e a s e d  loop  g a i n  r e q u i r e d  f o r  s t a b i l i t y .  However ,  h ig h  
loop  g a in  c a u s e s  t h e  e a r l y  o n s e t  o f  i n s t a b i l i t y  due t o  f o r c e  
s a t u r a t i o n  when t h e  d i s t u r b a n c e  i n p u t  i s  s t i l l  q u i t e  s m a l l .  
Thus i t  was d e c i d e d  t h a t  th e  e d d y - c u r r e n t  l o s s  s h o u ld  be
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re d u c e d  by l a m i n a t i n g  th e  t r a c k .  T h i s  w ou ld  g i v e  an o p e n -  
loop  re s p o n s e  which  makes t h e  t a s k  o f  t h e  d e s ig n  o f  
s u s p e n s io n  c o n t r o l  e a s i e r .  A l s o ,  i t  w o u ld  s o l v e  t h e  p ro b le m  
o f  l o s s  o f  l i f t  due t o  eddy—c u r r e n t  in d u c e d  by f o r w a r d  
m o t io n  o f  t h e  v e h i c l e .  N o r m a l l y  a  v e r y  c o a r s e  l a m i n a t i o n  o f  
t h i c k n e s s  2 t o  5mm i s  s u f f i c i e n t .
The d e s ig n  f e a t u r e s  d e s c r i b e d  in  t h i s  s e c t i o n  a r e  
n o t  o n l y  a p p l i c a b l e  t o  f i x e d - g a i n  l i n e a r  f e e d b a c k  c o n t r o l  
sys tem  but  in  most o t h e r  c o n t r o l  methods which  a r e  used f o r  
t h e  heave c o n t r o l  o f  e l e c t r o m a g n e t i c  su s p en s io n  s y s te m s .
4 . 5  The f i x e d - g a i n  fe e d b a c k  c o n t r o l
When f i x e d - g a i n  f e e d b a c k  c o n t r o l  i s  used t h e  d e s ig n  
i s  f u r t h e r  r e s t r i c t e d  t o  t h e  more s t a n d a r d  t e c h n i q u e s .  
S i n c e  th e  r a t t l  esp ace  o f  t h e  system  i s  l i m i t e d  to  10 — 40trtfn 
a  h ig h  s t a t i c  s t i f f n e s s  t o  f o r c e  d i s t u r b a n c e  i s  r e q u i r e d .  
T h i s  can be a c h i e v e d  by h a v in g  a  c l o s e d - l o o p  sys tem  o f  h ig h  
n a t u r a l  f r e q u e n c y  or  o f  t y p e  one or  a b o v e .  S in c e  o p e n - lo o p  
re s p o n s e  o f  th e  system  i s  no t  o f  t y p e  1 an i n t e g r a l  
c o n t r o l l e r  has to  be u s e d .  U n f o r t u n a t e l y  t h e r e  i s  t h e  
w in d i n g - u p  e f f e c t  a s s o c i a t e d  w i t h  a l l  f i x e d - g a i n  i n t e g r a l  
c o n t r o l l e r .  S i n c e  t h e i r  o u t p u t  c o n s i s t s  o f  t h e  t im e  
i n t e g r a l  o f  e r r o r ,  t h e  c o r r e c t i v e  e f f o r t  i s  low i n i t i a l l y  
b u t  b u i l d s  up g r a d u a l l y  t o  o v e r s h o o t  th e  e q u i l i b r i u m  
p o s i t i o n .  In  f a c t ,  f o r  t r a c k  d i s t u r b a n c e ,  th e  sys tem  w i l l  
s e t t l e  down o n l y  when th e  t im e  i n t e g r a l  o f  e r r o r  r e t u r n s  t o  
z e r o .  Thus e i t h e r  t h e  o v e r s h o o t  w i l l  be l a r q e  o r  t h e
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s e t t l i n g  t im e  w i l l  be u n d e s i r a b l y  l o n g .  One way t o  overcome  
t h i s  i s  t o  use what  i s  known a s  an i n t e l l i g e n t  i n t e g r a t o r .  
The  i n t e g r a t o r  has a  l o c a l  f e e d b a c k  w h ich  can be s w i t c h e d  
i n ,  when t h e  e r r o r  in  i t  i s  l a r g e .  T h i s  t u r n s  th e  
i n t e g r a t o r  i n t o  a  1o w - p a s s - f i 1 t e r  o f  h ig h  c u t - o f f  f r e q u e n c y .  
When t h e  e r r o r  i s  sm a l l  i t  w i l l  be s w i t c h e d  back t o  g i v e  th e  
d e s i r e d  p r o p e r t y  o f  m a i n t a i n i n g  an o u t p u t  w i t h o u t  e r r o r  
i n p u t .  In  t h i s  way t h e  o v e r s h o o t i n g  o f  t h e  i n t e g r a t o r  i s  
re m o v e d .
The  e a r l y  fo rm  [353  o f  i n t e l l i g e n t  i n t e g r a t o r  
m o n i t o r s  i t s  own o u t p u t  and  uses i t  t o  s w i t c h  between  
i n t e g r a t o r  and 1o w - p a s s - f i 1 t e r  modes. The f e e d b a c k  g a i n  has  
t h e  c h a r a c t e r i s t i c  o f  an a m p l i f i e r  w i t h  deadband and o f f s e t .  
W i t h i n  t h e  deadband th e  f e e d b a c k  g a in  i s  z e r o  and th e  
i n t e g r a t o r  i s  in  i n t e g r a t i o n  mode. O u t s i d e  t h i s  deadband  
f e e d b a c k  g a in  i s  n e g a t i v e  and f i n i t e  and t h e  i n t e l l i g e n t  
i n t e g r a t o r  i s  in  1o w - p a s s - f i 1 t e r  mode. The w i d t h  o f  th e  
deadband i s  s e t  a c c o r d i n g  t o  t h e  r a n g e  o f  e x c u r s i o n  o f  
i n t e g r a t o r  o u t p u t  n o r m a l l y  e n c o u n t e r e d .  Thus 1o w - p a s s -  
f i l  t e r  mode i s  n o t  s w i t c h e d  in  u n l e s s  d i s t u r b a n c e  i s  l a r g e .  
The  c u t - o f f  f r e q u e n c y  o f  t h i s  e q u i v a l e n t  1o w - p a s s - f i 1 t e r  i s  
w e l l  ab o ve  th e  h i g h e s t  n a t u r a l  f r e q u e n c y  o f  t h e  r e s t  o f  th e  
s y s te m .  The o f f s e t  o f  t h e  c e n t r e  o f  th e  deadband i s  chosen  
a t  th e  nominal  s t e a d y - s t a t e  o u t p u t  o f  th e  i n t e g r a t o r .  
H o w e v e r , t h i s  f i x e d  o f f s e t  l i m i t s  t h e  use o f  t h e  i n t e g r a t o r  
t o  t h a t  w h ic h  has a  f i x e d  v a l u e  o f  s t e a d y - s t a t e  o u t p u t .  The  
scope o f  a p p l i c a t i o n  o f  t h i s  t y p e  o f  i n t e l l i g e n t  i n t e g r a t o r  
i s  r a t h e r  l i m i t e d  and i t  i s  no t  s u i t a b l e  f o r  use  in  EMS
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w hich  has  v a r i a b l e  gap demand and mass su s p e n d e d .
A n o th e r  t y p e  o f  i n t e l l i g e n t  i n t e g r a t o r  uses  th e  
i n p u t ,  w h ich  i s  t h e  e r r o r  s igna, l  , t o  s w i t c h  on t h e  1 ow-  
p a s s - f  i l  t e r  mode. O n ly  when e r r o r  s i g n a l  e x c e e d s  a  s e t  
v a l u e  w i l l  t h e  f e e d b a c k  be s w i t c h e d  i n .  T h i s  a r r a n g e m e n t
s u i t s  most t y p e s  o f  sys tem s u s i n g  i n t e g r a l  c o n t r o l l e r  
b ec au se  a t  s t e a d y - s t a t e  t h e  e r r o r  s i g n a l  s h o u ld  be z e r o  
r e g a r d l e s s  o f  o u t p u t  l e v e l .  U s in g  th e  e r r o r  s i g n a l  a b o v e ,  
h o w e v e r ,  has th e  u n d e s i r a b l e  e f f e c t  o f  p r e m a t u r e  s w i t c h i n g  
o f f  o f  f e e d b a c k  when th e  e r r o r  s i g n a l  c r o s s e s  t h e  z e r o  l e v e l  
w h i l e  in  o s c i l l a t o r y  m o t i o n .  To a v o i d  t h i s ,  t h e  deadband  
w hich  d e f i n e s  t h e  r e g i o n  o f  p u r e  i n t e g r a t i o n  i s  s e t  t o  be a  
d ia m o n d -s h a p e d  r e g i o n  a r o u n d  t h e  o r i g i n  o f  t h e  e r r o r -  co­
o r d i n a t e s  o f  t h e  phase p l a n e .  The i n t e r c e p t  on t h e  e r r o r  
d e r i v a t i v e  a x e s  a r e  ledb*ü)^ w here  edb i s  t h e  h a l f —w i d t h  o f  
th e  e r r o r  deadband and 0)+ i s  th e  dom inant  a n g u l a r  f r e q u e n c y  
o f  t h e  c l o s e d - l o o p  s y s t e m . T h a t  i s ,  t h e  i n t e l l i g e n t  
i n t e g r a t o r  i s  s w i t c h e d  t o  T . p . f . mode when
Î e I + l e ' !  /(i)^ > edb 
In  t h i s  way t h e  i n t e g r a t o r  w i l l  s w i t c h  back t o  i n t e g r a t i o n  
mode o n l y  when t h e  system  e r r o r  has d e c a y e d  to  w i t h i n  a  
sm al l  v a l u e .  ( S ^ e  Fig. 4-.7 on pag e  ( 6 6 / )
I n  u s i n g  i n t e l l i g e n t  i n t e g r a t o r s  c a u t i o n  must be 
ta k e n  in  t h a t  t h e r e  i s  a  r e d u c t i o n  in  sys tem  t y p e  number  
when t h e  i n t e l l i g e n t  i n t e g r a t o r  i s  in  l o w -  p a s s - f i l t e r  mode.  
The s t e a d y - s t a t e  e r r o r  w i t h  t h e  t y p e s  o f  i n p u t  d e s ig n e d  f o r  
s h o u ld  n o t  be so h ig h  a s  t o  p r e v e n t  th e  i n t e g r a t o r  f rom  
s w i t c h i n g  back t o  i n t e g r a t i o n  mode. Thus t h e  deadband has to
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be w id e  enough t o  a l l o w  p r o p e r  s w i t c h i n g  back b u t  n o t  so  
w id e  a s  t o  a l l o w  s i g n i f i c a n t  w i n d i n g - u p  e f f e c t  due t o  
i n t e g r a t i o n .  The loop g a in  o f  t h e  system a l s o  has  t o  be  
c a r e f u l l y  chosen so t h a t  i t  i s  h ig h  enough to  g i v e  t h e  sm a l l  
s t e a d y —s t a t e  e r r o r  b u t  n o t  so h ig h  a s  t o  cause  an e a r l y  on 
s e t  o f  f o r c e - s a t u r a t i o n  l i k e  th o s e  g iv e n  in  F i g .  4 . 2 .  The  
p r e s e n c e  o f  s t e a d y - s t a t e  gap e r r o r  r e q u i r e s  s p e c i a l  
a t t e n t i o n  i n  bump- s to p  d e s i g n .  T h i s  i s  because  t h e  r e g i o n  
has i t s  own d e s i r e d  r e s t  p o s i t i o n  o t h e r  than t h e  normal  one  
a t  t h e  m i d d l e  o f  t h e  r a t t l e s p a c e .  I f  t h i s  p o s i t i o n  c o i n c i d e s  
w i t h  t h e  b ou ndary  o f  t h e  r e g i o n ,  th e  p r e s e n c e  o f  s t e a d y -  
s t a t e  gap e r r o r ,  due t o  l o a d i n g  on a  t y p e  z e r o  s y s te m ,  can  
cau se  t h e  gap e x c u r s io n  t o  be p e r m a n e n t l y  t r a p p e d  w i t h i n  t h e  
r e g i o n  even a f t e r  a l l  d i s t u r b a n c e s  a r e  rem oved.  One way t o  
overcome t h i s  i s  to  have  th e  d e s i r e d  r e s t  p o s i t i o n  l y i n g  
o u t s i d e  t h e  r e g i o n .  The bum p-stop  s t i f f n e s s  i s  so chosen  
t h a t  t h e  s t e a d y - s t a t e  e r r o r  w i t h  r e f e r e n c e  t o  t h i s  d e s i r e d  
r e s t  p o s i t i o n  i s  sm a l l  so t h a t  t h e  a c t u a l  r e s t  p o s i t i o n  too  
w i l l  l i e  o u t s i d e  th e  r e g i o n .  I f  t h e  s t i f f n e s s  o f  t h e  bump 
s to p  i s  s u f f i c i e n t l y  h ig h  t h e  d i s t a n c e  between t h e  b ou ndary  
o f  t h e  r e g i o n  and i t s  d e s i r e d  r e s t  p o s i t i o n  can be sm al l  
th u s  l a r g e  a m p l i t u d e  o s c i l l a t i o n  caused by t r a n s i t i o n  
between t h e  r e g i o n s  w i l l  n o t  o c c u r .  T h i s  a r r a n g e m e n t  
p e r h a p s  can be u n d e r s to o d  more e a s i l y  by l o o k i n g  a t  F i g . 4 . 4a  
and  b .
The m e c h a n ic a l  e q u i v a l e n t  o f  t h i s  a r r a n g e m e n t  i s  t h e  
b u f f e r  or  bump s to p  w i t h  a  p r e l o a d e d  s p r i n g  so t h a t  t h e  
r e s t o r i n g  f o r c e  s t a r t s  f ro m  some n o n - z e r o  v a l u e  a s  th e
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d i s p l a c e m e n t  cau ses  th e  d e f l e c t i o n  o f  t h i s  s p r i n g .  The  
r e s t o r i n g  f o r c e  v e r s u s  d i s p l a c e m e n t  c h a r a c t e r i s t i c  i s  shown 
i n  F i g . 4 . 4 c .
To e n s u r e  t h a t  t h e  d i s p l a c e m e n t  does not  re a c h  th e  
e x t r e m i t i e s  o f  t r a v e l ,  t h e  bump-stop r e g i o n  uses t h e  
u n f i l t e r e d  gap e r r o r  s i g n a l .  S i n c e  f o r  e x c u r s i o n  t o  be in  
t h e  bump-stop r e g i o n ,  t h e  e r r o r  s i g n a l  must be l a r g e  and  t h e  
i n t e l l i g e n t  i n t e g r a t o r ,  i f  u se d ,  w o u ld  be in  i t s  1o w - p a s s -  
f i l  t e r  mode. C o n s e q u e n t ly  i n t e g r a t i o n  o f  e r r o r  in
c o r r e c t i v e  e f f o r t  i s  n o t  u s e d .  Thus t h e  sys tem  o p e r a t i n g  in  
t h e  bum p-stop  r e g i o n s  i s  e f f e c t i v e l y  h a v in g  t h e  main loop  
r e s p o n s e  w i t h o u t  c o m p lem en ta ry  f i l t e r i n g  and i s  in  a  
p r o p o r t i o n a l  and  d e r i v a t i v e  c o n t r o l  mode w i t h o u t  u s i n g  
i n t e g r a t i o n .
In  o r d e r  no t  t o  a f f e c t  th e  normal o p e r a t i o n  t h e  
bump-stop r e g i o n s  a r e  c o n f i n e d  t o  t h e  l a s t  one t h i r d  o f  t h e  
p e r m i t t e d  movement in  bo th  d i r e c t i o n .  The  p r o j e c t e d  r e s t  
p o s i t i o n s  o f  t h e  bump s t o p s  a r e  h a l f  way between t h e  
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For  p a s s e n g e r  c o m f o r t ,  t h e  t r a n s i t i o n  c u r v e  between  
g r a d i e n t s  a r e  so chosen t h a t  t h e  v e r t i c a l  a c c e l e r a t i o n  and  
j e r k  s h o u ld  be l i m i t e d  to  I m / s *  and 0 .5 m /s ®  r e s p e c t i v e l y  
when th e  v e h i c l e  i s  t r a v e r s i n g  t h e  c u r v e  a t  t h e  s e t  s p e e d .  
Under such c o n d i t i o n s ,  t h e  peak e x c u r s i o n  w i l l  s t a y  w i t h i n  
t h e  s e t  l i m i t s  o n l y  i f  t h e  bum p-stop  s t i f f n e s s  g i v e s  t h e  
sys tem  a  n a t u r a l  f r e q u e n c y  in  e x c e s s  o f  30 r a d / s .  H o w e v e r , 
t h i s  v a l u e  o f  s t i f f n e s s  s h o u ld  no t  be so h ig h  a s  t o  cau se  
i n s t a b i l i t y  due t o  h u n t i n g  between t h e  two l i m i t s  o f  t r a v e l .  
By t r y i n g  o u t  t h e  d e s ig n  on t h e  s i m u l a t i o n  i t  was fo u n d  t h a t  
a  f r e q u e n c y  o f  50 r a d / s  i s  most a p p r o p r i a t e .  To p r e v e n t  
o v e r s h o o t ,  t h e  bum p-stop  r e s p o n s e  i s  chosen t o  have c r i t i c a l  
dam ping .  A c c o r d i n g  t o  t h e  d e s ig n  t h e  r e s u l t a n t  sys tem  
s h o u ld  be a b l e  t o  a b s o r b  t h e  i n i t i a l  im p act  on t h e  e n t r y  
p o i n t  o f  t h e  t r a n s i t i o n  c u r v e  and s t i l l  have  a t  l e a s t  a  
f u r t h e r  1 .9rrm d i s p l a c e m e n t  b e f o r e  r e a c h i n g  th e  e x t r e m i t i e s .  
A l s o  t h e  d e s ig n  was so chosen t h a t  t h e  r e s t  p o s i t i o n  when 
under  a  v e r t i c a l  a c c e l e r a t i o n  o f  I m / s ^ ,  l i e s  o u t s i d e  t h e  
bump-stop r e g i o n .  When t h e  a c c e l e r a t i o n  p ro d u c e s  a  v e r t i c a l  
f o r c e  w h ic h  i s  to o  h ig h  f o r  th e  d is p l a c e m e n t  to  be c o n t a i n e d  
w i t h i n  t h e  normal o p e r a t i n g  r e g i o n  bu t  to o  low t o  s t a y  in  
t h e  bum p-stop  r e g i o n ,  t h e  d i s p l a c e m e n t  w i l l  f i n a l l y  s e t t l e  
down w i t h  a  sm a l l  a m p l i t u d e  o s c i l l a t i o n  a b o u t  t h e  b o u n d ary  
o f  t h e  two r e g i o n s .  I t  s h o u ld  be n o te d  t h a t  t h e  s w i t c h i n g  
i n  o f  t h e  bum p-stop  c o n t r o l  mode r e d u c e s  t h e  n a t u r a l  
f r e q u e n c y  o f  th e  main loop f ro m  120 r a d / s  t o  50 r a d / s .  
T h i s  r e d u c t i o n  in  n a t u r a l  f r e q u e n c y ,  th u s  s t i f f n e s s ,  s h o u ld  
not  a f f e c t  t h e  system  s i g n i f i c a n t l y .
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One i m p o r t a n t  drawback o f  u s i n g  bump-stop r e g i o n s  i s  
t h a t  when an a b r u p t  change in  t r a c k  l e v e l  b r i n g s  t h e  gap 
d i s p l a c e m e n t  t o  w e l l  w i t h i n  th o s e  r e g i o n s ,  th e  r e s t o r i n g  
f o r c e  w i l l  p ro d u c e  a  v e r y  h ig h  a c c e l e r a t i o n .  I f  unchecked  
t h e  maximum a c c e l e r a t i o n  can be a s  h ig h  a s  1 2 . 5 m / s * .  As we 
s h a l l  see^on page ne> in  F i g . 4 . 8b, t h a t  w i t h  a  s t e p  change o f  
10mm in  t r a c k  l e v e l ,  a  system  u s i n g  p r o p o r t i o n a l  c o n t r o l l e r  
w i t h o u t  a c c e l e r a t i o n  l i m i t i n g  has peak a c c e l e r a t i o n  o f  
1 1 . 5 m / s ^ . Thus a c c e l e r a t i o n - l i m i t i n g  scheme i s  r e q u i r e d  i f  
t h e  v a l u e  o f  I m / s ^  f o r  p a s s e n g e r  c o m fo r t  i s  no t  t o  be 
e x c e e d e d .
A c c e l e r a t i o n  l i m i t i n g  i s  a l s o  e s s e n t i a l  f o r  sys tem s  
u s i n g  f i x e d - g a i n  fe e d b a c k  c o n t r o l  based upon l i n e a r i z e d  
p a r a m e t e r s .  W i t h o u t  i t ,  t h e  im b a la n c e  o f  maximum upward and  
downward f o r c e  w h ich  i s  c a u s e d _ by t h e  l i m i t  o f  downward 
a c c e l e r a t i o n  t o  t h a t  o f  g r a v i t y ,  w ou ld  have r e s u l t e d  in  
system  i n s t a b i l i t y .
The a c c e l e r a t i o n  l i m i t i n g  f u n c t i o n  was i n t r o d u c e d  
u s i n g  a  r e l a y  t y p e  c o n t r o l  o f  v o l t a g e  s u p p l y .  T h i s  p u t s  
l i m i t s  t o  t h e  a c c e l e r a t i o n  in  both  t h e  upward and downward 
d i r e c t i o n s  and removes t h e  i n s t a b i l i t y .  The l i m i t s  o f  
a c c e l e r a t i o n  was s e t  t o  I m / s *  and  th e  s w i t c h i n g  was 
a c c o r d i n g  t o  t h e  w e i g h t e d  sum o f  a c c e l e r a t i o n  and  i t s  two  
t i m e - d e r i v a t i v e s . The i n c l u s i o n  o f  d e r i v a t i v e s  in  t h e  
c o n t r o l  was i n t e n d e d  t o  g i v e  some damping and h o p e f u l l y  t o  
remove l i m i t  c y c l i n g .  U n f o r t u n a t e l y ,  due t o  th e  n e g l i g i b l e  
damping o f  t h e  su s p e n s io n  dynam ics  t h i s  i n c l u s i o n  d i d  no t  
g i v e  an improvem ent  s i g n i f i c a n t  enough t o  remove l i m i t
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c y c l i n g .  As a  r e s u l t  th e  peak a c c e l e r a t i o n  c o u ld  be a s  h ig h
a s  2m/s=  in  both  d i r e c t i o n s .  A l t h o u g h  t h e  v a l u e  has
e xceeded  th e  o u t p u t  s p e c i f i c a t i o n  o f  th e  s y s te m ,  i t  i s  n o t  a  
s e v e r e  d e m e r i t  o f  th e  s y s te m .  T h i s  i s  bec ause  th e  
s p e c i f i c a t i o n  o f  l m / s =  s h o u ld  be u n d e r s to o d  a s  th e  peak
v a l u e  f o r  a  s u s t a i n e d  a c c e l e r a t i o n  and  n o t  f o r  an
o s c i l l a t i o n  a t  h ig h  f r e q u e n c y .  A t  t h e  s w i t c h i n g  f r e q u e n c y  
o f  t h e  m a g n e t - d r i v e r ,  wh ich  i s  s e v e r a l  k i l o h e r t z ,  human 
s e n s i t i v i t y  t o  t h i s  o s c i l l a t i o n  i s  so low t h a t  t h e  e f f e c t  i s  
n e g l i g i b l e .  The  l e v e l  o f  o s c i l l a t i o n  i s  so m o d e r a te  t h a t  i t  
i s  u n l i k e l y  t o  cause  m e c h a n ic a l  f a i l u r e  o f  t h e  suspended  
v e h i c l e  o r  t h e  t r a c k .
The b a s i c  d e s ig n  o f  th e  s u s p e n s io n  c o n t r o l  i s  shown 
s c h e m a t i c a l l y  in  F i g . 4 . 5 .  The  d e t a i l e d  c o n s t r u c t i o n  o f  th e  
c o m p lem en ta ry  f i l t e r  p a i r  i s  shewn in  F i g u r e  4 . 6 .  One m e r i t  
o f  t h i s  im p le m e n t a t i o n  i s  t h a t  t h e  o n l y  m easurem ents  
r e q u i r e d  a r e  gap e r r o r  and t h e  a b s o l u t e  a c c e l e r a t i o n  in  th e  
v e r t i c a l  d i r e c t i o n .  The use o f  1o w - p a s s - f i l t e r s  a l s o  has  
t h e  a d v a n t a g e  t h a t  no d r i f t  and l i t t l e  n o i s e  i s  i n t r o d u c e d  
because  no p u r e  i n t e g r a t o r  or  d i f f e r e n t i a t o r  a r e  u se d .
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Fig.4.6 Detailed schematic diagram of the complementary.filter
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Fig.4.7 Schematic diagram of the intelligent integrator
W it h  th e  c o n f i g u r a t i o n  o f  t h e  c l o s e d - l o o p  c o n t r o l  
e s t a b l i s h e d ,  th e  v a l u e s  o f  f e e d b a c k  g a in  and o t h e r  
p a r a m e t e r s  w e re  then cho sen .  The c l o s e d - l o o p  r e s p o n s e  o f  
th e  sys tem  w i l l  be o f  t h i r d  o r d e r  w i t h  c r i t i c a l  damping  
( b i n o m i a l  c h a r a c t e r i s t i c )  bo th  f o r  th e  main loop and f o r  t h e  
c o m p le m e n ta ry  f i l t e r  p a i r .  Such a  re s p o n s e  i s  f a v o u r e d  f o r  
t h e  main loop  because  i t  g i v e s  l e s s  o v e r s h o o t .  As f o r  t h e  
f i l t e r s ,  t h i s  r e s p o n s e  g i v e s  o p t im a l  r i d e  q u a l i t y  in  h a v in g  
a  low v a l u e  o f  e x c u r s i o n - a c c e l e r a t i o n  t r a d e  o f f  f i g u r e .  The  
c r o s s o v e r  f r e q u e n c y  o f  t h e  f i l t e r s  w e re  s e t  a t  1 .2 H z  w h ich  
g i v e s  t h e  h i g h e s t  v e l o c i t y - r o u g h n e s s  c o e f f i c i e n t  p r o d u c t  f o r  
t h e  gap w i d t h  o f  10mm and t h e  maximum w e i g h t e d  r . m . s .  
a c c e l e r a t i o n  o f  2 .2% ' g ' .  W i th  t h i s  c h o i c e  t h e  v e h i c l e  i s
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a l l o w e d  t o  t r a v e l  a t  up t o  98m /s  on s t a n d a r d  w e ld e d  t r a c k  
and s t i l l  be a b l e  to  meet  t h e  s p e c i f i c a t i o n .  O b v i o u s l y ,  t h e  
q u a l i t y  o f  t h e  t r a c k  can be lo w e re d  when t h e  v e h i c l e  i s  
t r a v e l l i n g  a t  a  re d u c e d  maximum s p e e d -  The  c u t - o f f  
f r e q u e n c y  o f  t h e  main loop  i s  s e t  a t  20Hz . T h i s  g i v e s  a  
r e d u c e d  v a l u e  f o r  th e  main loop  t o  f i l t e r  c u t - o f f  f r e q u e n c y  
r a t i o  and makes t h e  e x c u r s i o n  a c c e l e r a t i o n - t r a d e  o f f  
c h a r a c t e r i s t i c s  s l i g h t l y  l e s s  than  o p t i m a l -  H o w e v e r , t h i s  
s m a l l  s a c r i f i c e  i s  deemed n e c e s s a r y  f o r  t h e  s t a b i l i t y  and  
p e r f o r m a n c e  o f  t h e  c l o s e d —loop  s y s t e m - T h i s  i s  bec au se  
beyond a  f r e q u e n c y  r a t i o  o f  15 improvement  i s  i n s i g n i f i c a n t -  
O p t i m a l i t y  w i l l  be a p p ro a c h e d  a s y m p t o t i c a l l y  o n l y  w i t h  r a t i o  
i n  exc e s s  o f  100 and t h i s  can o n l y  be a c h i e v e d  by u s i n g  a  
h ig h  loop g a in  and  h i g h e r  d e r i v a t i v e  f e e d b a c k -  The use o f  
h ig h  g a in  w o u ld  o n l y  b r i n g  a b o u t  s a t u r a t i o n  o f  f o r c e  and t h e  
i n s t a b i l i t y  a s s o c i a t e d  w i t h  i t  f o r  even s m a l l e r  a m p l i t u d e  o f  
d i s t u r b a n c e  i n p u t -  In  v ie w  o f  t h i s ,  a  v a l u e  o f  1 6 . 7  f o r  t h e  
c u t - o f f  f r e q u e n c y  r a t i o  w ou ld  be s u i t a b l e -  A l t h o u g h  a  lo w e r  
r a t i o  o f  c u t - o f f  f r e q u e n c y  w ou ld  mean a  r e d u c e d  s t i f f n e s s  t o  
f o r c e ,  such a  v a l u e  i s  c o n s i d e r e d  more than  a d e q u a t e  bec au se  
i t  g i v e s  a  n e a r l y  278  t im e s  i n c r e a s e  in  s t i f f n e s s  a s  
compared w i t h  sys tem s n o t  u s i n g  c o m p le m e n ta ry  f i l t e r i n g -  
The  c o n t r o l l e r  used i s  a p r o p o r t i o n a l  p l u s  i n t e g r a l  and  
d e r i v a t i v e  c o n t r o l l e r  w i t h  i n t e l l i g e n t  i n t e g r a t o r -  The  
f o r w a r d  p a th  g a in  i s  chosen t o  g i v e  sm a l l  p e r t u r b a t i o n  
s t a b i l i t y  f o r  l o a d i n g s  v a r y i n g  f ro m  50% t o  200% o f  t h e  
nominal  v a l u e  and f o r  gap w i d t h  o f  1% to  200% o f  t h a t  chosen  
f o r  th e  d e s i g n -
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As we can see  f ro m  F i g . 4 . 5  t h e  c l o s e d - l o o p  sys tem  i s  
b a s i c a l l y  an o u t p u t  f e e d b a c k  s y s te m .  The c o n t r o l  e f f o r t  i s  
a  f u n c t i o n  o f  t h e  e r r o r  s i g n a l  w h ich  i s  th e  d i f f e r e n c e  
between th e  a c t u a l  gap w i d t h  and s e t  v a l u e .  T h i s  e r r o r  
s i g n a l  a f t e r  b e i n g  m o d i f i e d  by th e  com p lem en ta ry  f i l t e r  p a i r  
i s  f e d  t o  an e q u i v a l e n t  s e r i e s  c o n t r o l l e r .  T h i s  i s  a  s e r i e s  
c om pe nsa t io n  and  n o t  a  s t a t e  fe e d b a c k  system  because  th e  
c o r r e c t i v e  e f f o r t  i s  made up o f  t h e  w e i g h t e d  sum o f  th e  
f i l t e r e d  e r r o r  s i g n a l ,  i t s  d e r i v a t i v e s  and i n t e g r a l .  T h e s e  
w e i g h t i n g  f a c t o r s ,  w h ich  a r e  g i v e n  th e  symbols  K i , K p , Kv 
and Ka, a r e  so chosen t h a t  t h e  open loop  z e r o s  a r e  t h e  r o o t s  
o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n
p® Ka + p *  Kv + p Kp + Ki =  0 
When s u f f i c i e n t l y  h ig h  loop g a in  i s  a p p l i e d  t h e  r o o t  l o c i  o f  
t h e  c l o s e d -  loop p o l e s  w i l l  a p p ro ach  t h e s e  z e r o s  and t h e  one  
a t  n e g a t i v e  i n f i n i t y  on t h e  r e a l  a x i s  o f  t h e  complex  
f r e q u e n c y  p l a n e  o f  t h e  N y q u i s t  d ia g r a m .  T h i s  method o f  
p u t t i n g  in  open-1oop z e r o s  i s  used because i n s e n s i t i v i t y  o r  
i n v a r i a n c y  o f  c l o s e d - l o o p  c h a r a c t e r i s t i c s  t o  p a r a m e te r  
changes can be a c h i e v e d  w i t h  h ig h  loop g a i n .  Owing t o  th e  
open-1oop i n s t a b i l i t y ,  some minimum f i r s t  d e r i v a t i v e  
com pensat io n  i s  r e q u i r e d  f o r  c l o s e d - l o o p  s t a b i l i t y .  For  t h e  
p r e s e n t  system  t h e s e  v a l u e s  a r e  
For  g a in  o f  e r r o r  s i g n a l  Kp =  1 
Minimum loop g a in
R 1 qdq
= gPmin  ̂ N Re C, [ qdc ( --------- + ----------) — ------------- 3
N=C, ReC, ReC,
(For definitions of pararmeters see Fig.7*1  of Appendix 7 « l )
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and mininmum f i r s t  d e r i v a t i v e  g a in
=  Kv > qdc N Re Cl /  gp
D epend ing  on system  p a r a m e t e r s  and  fe e d b a c k  
c o n f i g u r a t i o n ,  t h e  minimum c o n t r o l l e r  g a i n  f o r  s t a b i l i t y  a t  
nom inal  gap i s  a b o u t  3 x 10® t o  10® . H o w e v e r , t h e  r o o t  l o c i  
w i l l  o n l y  be n e a r  t o  t h e  open loop  z e r o s  f o r  a  g a i n  v a l u e  in  
e x c e s s  o f  10"* . Thus f o r  i n s e n s i t i v i t y ,  a l l o w i n g  a  s a f e t y  
f a c t o r  o f  10 f o r  a l l  p o s s i b l e  o p e r a t i n g  c o n d i t i o n s ,  a g a i n  
o f  10^ t o  10® i s  o f t e n  use d .
To g i v e  a  dom inant  s e c o n d - o r d e r  b i n o m i a l  r e s p o n s e  
w i t h  n a t u r a l  f r e q u e n c y  20Hz f o r  t h e  main  loop  t h e  
c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e  open loop i s  chosen t o  be
( p ® + 2 x l C x 2 0 > ®  X (p + 2 5 0 )  =  0 
From t h i s  t h e  f o l l o w i n g  g a in  f a c t o r s  a r e  d e r i v e d ,  
loop g a in  =  gp =  10®
i n t e g r a l  g a in  =  Ki =  5 3 . 3
p r o p o r t i o n a l  g a in  =  Kp =  1
1 s t  d e r i v a t i v e  g a i n  =  Kv =  5 . 8 9  x 10“ ®
2nd d e r i v a t i v e  g a i n  =  Ka =  9 . 6 4  x 10“ "*
S i n c e  t h e s e  open-1oop  z e r o s  a r e  fo rm ed  by g a i n  f a c t o r s  in  
th e  s e r i e s  c o n t r o l l e r ,  t h e y  a r e  a l s o  t h e  f o r w a r d  p a th  z e r o s  
o f  t h e  c l o s e d - l o o p  r e s p o n s e .  W i t h  t h e i r  n e g a t i v e  v a l u e s  
t h e s e  z e r o s  w i l l  n o t  g i v e  any  u n d e s i r a b l e  non-minimum phase  
r e s p o n s e .  On th e  c o n t r a r y ,  t h e  dom inant  p o l e s  a r e  v i r t u a l l y  
c a n c e l l e d  by t h e s e  z e r o s  l e a v i n g  t h e  sub dom inan t  h ig h  
f r e q u e n c y  p o l e s  t o  govern  t h e  system  r e s p o n s e  t o  gap demand
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i n p u t .  Thus t h e  a c t u a l  gap w i d t h  w i l l  f o l l o w  th e  demand
c l o s e l y  and w i t h  l i t t l e  o s c i l l a t i o n  i f  t h i s  h ig h  f r e q u e n c y  
p o l e s  c o n s t i t u t e  a  w e l l - d a m p e d  s y s te m .  The  c o n s t r u c t i o n  o f  
t h i r d - o r d e r  c o m p le m e n ta ry  f i l t e r  p a i r  w i t h  b i n o m ia l  r e s p o n s e  
a s  shown in  F i g . 4 . 6  has  been d e s c r i b e d  in  th e  p r e v i o u s  
s e c t i o n .  The  i m p l e m e n t a t i o n  o f  them in  t h e  s i m u l a t i o n  i s  
f a i r l y  s t r a i g h t - f o r w a r d .  W i t h  t h e  n a t u r a l  f r e q u e n c y  chosen  
a t  1 .2H z  t h e  fe e d b a c k  c o e f f i c i e n t s  can be w o rk e d  out  e a s i l y .  
I n  th e  d i g i t a l  s i m u l a t i o n  t h e  f i l t e r  p a i r  i s  im p le m e n te d  
w i t h  t h e  n u m e r ic a l  s o l u t i o n  t o  a  s e t  o f  d i f f e r e n t i a l  
e q u a t i o n s .  In  a c t u a l  sys tem  i m p l e m e n t a t i o n  t h e y  w i l l  be  
d i g i t a l  r e c u r s i v e  f i l t e r s .
The d e s ig n  o f  t h e  i n t e l l i g e n t  i n t e g r a t o r  has been 
m e n t io n e d  e a r l i e r  in  t h i s  c h a p t e r .  Gain  f a c t o r s  f o r  t h e  
bump-stop r e g i o n  a r e  w orked  out  u s i n g  c o n v e n t i o n a l  s e r i e s  
com pensat io n  d e s ig n  w i t h  p r o p o r t i o n a l  and  d e r i v a t i v e  
c o n t r o l l e r  and  t h e  r e s u l t a n t  system  i s  t o  have  n a t u r a l  
f r e q u e n c y  o f  10 r a d / s e c  and c r i t i c a l  dam ping .
As can be seen in  F i g . 4 . 6  th e  f e e d b a c k  c o n t r o l  uses  
o n l y  gap e r r o r  and  a b s o l u t e  v e r t i c a l  a c c e l e r a t i o n  s i g n a l .  A 
h ig h  g a in  f l u x  l o o p ,  w h ich  was s u g g e s te d  by some r e s e a r c h e r s  
[ 3 6 ]  in  o r d e r  t o  a c h i e v e  a  l i n e a r  r e l a t i o n s h i p  between f l u x  
and c o n t r o l  e f f o r t ,  was t r i e d  b u t  w i t h o u t  s u c c e s s .  I t  was  
fo u n d  t h a t  an i n c r e a s e  in  g a in  w ou ld  g i v e  i n s t a b i l i t y  due t o  
s a t u r a t i o n  o f  f o r c e  b e f o r e  an improvement  in  l i n e a r i t y  was  
o b s e r v a b l e .  Thus no f l u x  or  c u r r e n t  s i g n a l  was f e d  b a c k .  
The t w o - q u a d r a n t  b r i d g e  c i r c u i t  shown in  F i g . 4 . 3  was chosen  
f o r  th e  magnet  d r i v e r .  I n  th e  s i m u l a t i o n ,  t h e  b r i d g e
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c i r c u i t  was used f o r  i t s  s i m p l i c i t y  a l t h o u g h  a  p u l s e - w i d t h -  
c o n t r o l l e d  i n v e r t e r  w i l l  most p r o b a b l y  be used in  p r a c t i c e .  
Th e  s u p p ly  v o l t a g e  was chosen t o  be 800 V w h ich  was th e  
v a l u e  r e q u i r e d  when s e c o n d a r y  e f f e c t s  a r e  n e g l i g i b l e .  
A l t h o u g h  w i t h  t h e  m otor  d e s c r i b e d  e a r l i e r  on and  o p e r a t i n g  
w i t h  l a m i n a t e d  t r a c k s  t h e  v o l t a g e  may w e l l  be h a l v e d  but  
t h i s  w i l l  be l e f t  f o r  f u t u r e  i n v e s t i g a t i o n .  For  th e  
s i m u l a t i o n  a  s i m p l e  R u n g e - K u t t a  n u m e r ic a l  i n t e g r a t i o n  method  
w i t h  f i x e d  t im e  i n c r e m e n t  and no e r r o r  c h e c k i n g  was u sed .  
I t  was fo u n d  t h a t  th e  s i m u l a t i o n  was n u m e r i c a l l y  u n s t a b l e  
w i t h  a  s a m p l in g  f r e q u e n c y  o f  2 .5KH z  b u t  was p e r f o r m i n g  a s  
e x p e c t e d  a t  lOKHz.  Thus s a m p l in g  f r e q u e n c y  and d i g i t a l  
f i l t e r i n g  a r e  a r e a s  w h ich  r e q u i r e  a t t e n t i o n  in  system  
i mp1emen t a t i o n .
4 . 6  C l o s e d - l o o p  c h a r a c t e r i s t i c s
The c l o s e d - l o o p  c o n t r o l  o f  th e  e l e c t r o m a g n e t i c  
su s p e n s io n  system  was im p le m e n te d  u s in g  t h e  method o u t l i n e d  
in  F i g . 4 . 5 .  S i m u l a t i o n  r e s u l t s  showed t h a t  a c c e l e r a t i o n  
l i m i t i n g  r e l a y - t y p e  c o n t r o l  and t h e  removal  o f  i n t e g r a t i o n  
a c t i o n  d u r i n g  l a r g e  d i s t u r b a n c e  w ere  e s s e n t i a l  f o r  
s t a b i l i t y .  The  l i m i t - c y c l i n g  e f f e c t  was i n i t i a l l y  th o u g h t  
t o  be caused by th e  r e l a y - t y p e  v o l t a g e  c o n t r o l  f o r  
a c c e l e r a t i o n  l i m i t i n g  b u t  i t  was l a t e r  c o n f i r m e d  by a  
s i m u l a t i o n  t e s t  w h ich  used p r o p o r t i o n a l  c o n t r o l  w i t h o u t  
i n t e g r a l  c o n t r o l  o r  a c c e l e r a t i o n  l i m i t i n g  t h a t  l i m i t - c y c l i n g  
was p u r e l y  caused by th e  n o n l i n e a r i t y  o f  t h e  c l o s e d - l o o p
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s y s te m .  As a  r e s u l t  o f  t h i s  l i m i t  c y c l e  e f f e c t ,  t h e  
a c c e l e r a t i o n  has a  h i g h e r  peak v a l u e  than  t h a t  caused by t h e  
r e l a y - t y p e  a c c e l e r a t i o n - l i m i t i n g  c o n t r o l .  T h i s  was o b s e r v e d  
b o th  when d i s t u r b a n c e s  w e r e  p r e s e n t  o r  a b s e n t .  The  
phenomenon i s  a p p a r e n t  when we lo o k  a t  th e  re s p o n s e  o f  t h e  
sys tem  u s i n g  p r o p o r t i o n a l  c o n t r o l  o n l y  a f t e r  t h e  i n j e c t i o n  
o f  a  s t e p  change in  t r a c k  l e v e l .  T h i s  i s  shown in  F i g . 4 . 8 .
The r e l a y - t y p e  a c c e l e r a t i o n - l i m i t i n g  c o n t r o l  
p ro d u c e s  low a c c e l e r a t i o n  l e v e l  and  p rom otes  sys tem  
s t a b i l i t y  and  so t h i s  c o n t r o l  f e a t u r e  i s  u s e f u l  i n  c l o s e d -  
loop  c o n t r o l .  T h i s  can be seen by e x a m in in g  th e  c l o s e d - l o o p  
r e s p o n s e  o f  t h e  system  w i t h  an in  t e l  1 i g e n t - i n t e g r a t o r  and  
a c c e l e r a t i o n  l i m i t i n g  g iv e n  in  F i g . 4 . 9  t o  4 . 1 5 .  F i g . 4 . 9a t o  
4 . 9 c  show t h e  change o f  v e r t i c a l  p o s i t i o n ,  gap w i d t h ,  
c u r r e n t ,  f l u x ,  a c c e l e r a t i o n  and gap e r r o r  s i g n a l  a f t e r  a  
s t e p  change o f  10mm in  t r a c k  l e v e l .  T h i s  i s  a  change w h ic h  
i n c r e a s e s  t h e  gap w i d t h  t o  20rren, 200% o f  th e  nominal  v a l u e .  
A s i m i l a r  s e t  o f  d ia g ra m s  w e r e  o b t a i n e d  f o r  t h e  r e s p o n s e  t o  
a  s te p  change o f  9 . 5fmn in  t r a c k  l e v e l  and i s  shewn in  
F i g . 4 . 1 0 .  Thus  d i s t u r b a n c e  s u d d e n ly  d e c r e a s e  t h e  gap w i d t h  
t o  5% o f  i t s  normal o p e r a t i n g  v a l u e .  Upon c l o s e  i n s p e c t i o n  
o f  F i g u r e s  4 . 9 a  and  4 . 1 0 a  one can see  t h a t  t h e  v e r t i c a l  
p o s i t i o n  o f  t h e  magnet  d i d  n o t  f o l l o w  t h e  s t e p  change  
i n s t a n t a n e o u s l y .  I n s t e a d  i t  moved in  o p p o s i t e  d i r e c t i o n  f o r  
a  v e r y  s h o r t  p e r i o d  o f  t i m e .  T h i s  i n s t a b i l i t y  i s  caused by  
t h e  i n v e r s e  s q u a r e  r e l a t i o n s h i p  between gap w i d t h  and f l u x  
o r  c u r r e n t .  The e f f e c t  i s  f u r t h e r  d e m o n s t r a t e d  in  F i g . 4 . 9c 
and 4 . 9 d  and a l s o  F i g . 4 . 10c and  4 . 1 0 d .  In  t h e s e  two s e t s  o f
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f i g u r e s  t h e  c u r r e n t  was d r i v e n  by t h e  c o r r e c t i v e  e f f o r t  in  
th e  d i r e c t i o n  w h ich  w o u ld  cause  t h e  gap e r r o r  t o  d e c r e a s e ,  
y e t  i m m e d i a t e l y  a f t e r  th e  s t e p  change o f  g a p ,  t h e  f l u x  was  
a c t u a l l y  g o in g  in  t h e  d i r e c t i o n  o p p o s i t e  t o  what  was  
r e q u i r e d .  The phenomenon was a l s o  seen in  t h e  a c c e l e r a t i o n  
r e s p o n s e  w h ich  a r e  shewn in  F i g u r e s  4 . 9 e  and  4 . 1 0 e .  In  
t h e s e  two f i g u r e s  th e  e f f e c t  o f  a c c e l e r a t i o n  l i m i t i n g  i s  
a l s o  a p p a r e n t .  F i g u r e  4 . 9 f  and  4 . 1 0 f  show t h e  gap e r r o r  and  
t h e  comp 1e m e n t a r y - f i 1 t e r e d  gap e r r o r  s i g n a l s .  T h i s  c o n f i r m s  
t h e  i n t u i t i v e  u n d e r s t a n d i n g  t h a t  c o m p le m e n ta ry  f i l t e r i n g  
t e m p o r a r i l y  r e d u c e s  t h e  gap e r r o r  s i g n a l  sen sed  so t h a t  t h e  
r e s t o r i n g  f o r c e  w i l l  n o t  be so h ig h  a s  t o  cau se  h ig h  v a l u e s  
o f  a c c e l e r a t i o n .  N e v e r t h e l e s s  i t  does g e n t l y  b r i n g  back t h e  
gap w i d t h  t o  t h e  d e s i r e d  v a l u e .  F i g u r e s  4 . 9 f  and  4 . 1 0 f  a l s o  
show th e  e f f e c t  o f  bump s to p  w h ich  g i v e s  a  h i g h e r  i n i t i a l  
r e s t o r i n g  f o r c e  th u s  a  s t e e p e r  g r a d i e n t  o f  change o f  gap 
w i d t h .  F i g u r e s  4 . 1 1 a  and  4 . 1 1 b  show t h e  gap e r r o r  and  
a c c e l e r a t i o n  caused by an upward f o r c e  d i s t u r b a n c e  o f  3 KN. 
F i g u r e  4 . 1 1 a  has p ro v e d  t h a t  th e  s t i f f n e s s  t o  f o r c e  
d i s t u r b a n c e  i s  so h ig h  t h a t  th e  gap w i d t h  i s  h a r d l y  a f f e c t e d  
by th e  f o r c e .  W i th  t h e  suspended mass o f  750 kg t h e  
a c c e l e r a t i o n  e x p e r i e n c e d  s h o u ld  be a ro u n d  4m/s® . H o w e v e r , 
t h e  a c c e l e r a t i o n  l e v e l  shown in  F i g u r e  4 . 1 1 b  was o n l y  a b o u t  
2 . 7m/s® . T h i s  was t h o u g h t  t o  be cau sed  by t h e
a c c e l e r a t i o n - l i m i t i n g  c o n t r o l  a c t i o n .  F i g u r e  4 . 1 2  shows t h e  
su s p en s io n  system  f o l l o w i n g  t h e  p r o f i l e  o f  t h e  t r a c k  w i t h  
rough ness  p o w e r - s p e c t r a l  d e n s i t y  o f  t h e  fo r m  A/W® b u t  
f i l t e r i n g  o f  t h e  i r r e g u l a r i t i e s  o f  s h o r t  w a v e l e n g t h .  The  
phase l a g  caused by t h e  f i l t e r  can a l s o  be seen in  t h i s
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■ f ig u re .
The  s i m u l a t i o n  o f  th e  l i f t i n g  o f f  o f  t h e  e l e c t r o ­
m a g n e t ic  s u s p e n s io n  i s  shown in  F i g . 4 . 1 3 .  When t h e  gap 
w i d t h  command changes f ro m  20 t o  10mm, i t  can be seen t h a t  
t h e  s u s p e n s io n  f o l l o w e d  t h e  g a p - w i d t h  command s i g n a l  w i t h  
l i t t l e  e r r o r .  F i g u r e s  4 . 1 4 a  t o  4 . 1 5 d  show t h e  v e r t i c a l  
p o s i t i o n ,  v e l o c i t y ,  a c c e l e r a t i o n  and  gap w i d t h  o f  t h e  
s u s p e n s io n  when t r a v e r s i n g  a  t r a n s i t i o n  c u r v e  between l e v e l  
ground t o  a  5% ramp a t  a  speed o f  lOOm/s .  F i g u r e s  4 . 1 5 a  t o  
4 . 1 5 d  show a  s i m i l a r  s e t  o f  r e s u l t s  f o r  a  downward s l o p e  o f  
5%. A l t h o u g h  F i g u r e  4 . 1 4 a  and 4 . 1 5 a  w e re  drawn to  show t h e  
p o s i t i o n  o f  th e  magnet a s  w e l l  a s  th e  t r a c k ,  t h e  gap e r r o r  
was so s m a l l  t h a t  i t  c o u ld  n o t  be d e t e c t e d  in  t h i s  s c a l e  o f  
th e  p l o t .  F i g u r e s  4 . 1 4 b  and 4 . 1 5 b  shew th e  v e r t i c a l  
v e l o c i t y  o f  th e  magnet w h ich  f o l l o w e d  th e  one chosen f o r  t h e  
t r a n s i t i o n  c u r v e  c l o s e l y .  F i g u r e s  4 . 1 4 c  and 4 . 1 5 c  show - th e  
a c c e l e r a t i o n  p r o f i l e  o f  th e  magnet in  f o l l o w i n g  t h e  c u r v e .  
T h i s  p r o f i l e  a g r e e s  w i t h  t h a t  chosen f o r  t h e  t r a c k .  In  
th e s e  two d ia g r a m s  th e  h ig h  f r e q u e n c y  components o f  t h e  
v e r t i c a l  a c c e l e r a t i o n  w e re  s u p p re s s e d  by a  1o w - p a s s - f i 1 t e r  
t o  b r i n g  o u t  t h e  p r o f i l e  more c l e a r l y .  F i g . 4 . 1 4 d  and 4 . 1 5 d  
show t h e  change o f  gap w i d t h  when t r a v e r s i n g  t h e  t r a n s i t i o n  
c u r v e s .  I t  can be seen t h a t  t h e  bump s to p  w orked  w e l l  and  
a f t e r  t r a n s i t i o n  t h e  s u s p e n s io n  c o n t i n u e d  t o  f o l l o w  t h e  ramp 
w i t h  z e r o  gap e r r o r .
One l a s t  o b s e r v a t i o n  f ro m  th e  s i m u l a t i o n  r e s u l t s  i s  
t h a t  t h e  i n t e l l i g e n t  i n t e g r a t o r  o n l y  s e r v e d  i t s  p u rp o s e  
b e f o r e  t h e  i n j e c t i o n  o f  d i s t u r b a n c e .  T h a t  was t h e  o n l y
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moment when th e  i n t e g r a t o r  was in  i n t e g r a t i o n  mode w h ic h  
g i v e s  an o u t p u t  t o  m a i n t a i n  t h e  e q u i l i b r i u m  w i t h  z e r o  
s t e a d y - s t a t e  e r r o r .  The i n j e c t i o n  o f  d i s t u r b a n c e  s e t  o f f  
t h e  l i m i t - c y c l i n g  and  th e  i n t e l l i g e n t  i n t e g r a t o r  n e v e r  
s e t t l e d  back in  th e  i n t e g r a t i o n  mode. T h u s ,  w i t h  t h e  h ig h  
g a in  chosen and  t h e  sm al l  s t e a d y - s t a t e  e r r o r ,  an i n t e g r a t o r  
may n o t  be n e c e s s a r y .












4.8c control effort 4.8d electromagnet input voltage
Fig.4.8 Response of E.M.S. with proportional controller to track



















4.9c magnet current 4.9d gap flux
Fig.4.9 Response of E.M.S. with complete set of control law to




a = gap error 
b = complementary filtered 
gap error0.5sec
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4.9e vertical acceleration 4.9f gap error & filtered gap error
'ig.4.9 Response of E.M.S. with complete set of control law to track 








Fig.4.10 Response of E.M.S. with"complete set of control law to track 






















4.10e vertical acceleration 4,10f gap error. & filtered gap error
Fig.4.10 Response of E.M.S. with complete set of control law to track








4.11a gap error 4.11b vertical acceleration
Fig.4.11 Response of E.M.S. with complete set of control law to 








a = gap width 
command 




showing filtering effort 
track roughness coefficient 
= 10^ m-rad 
vehicle velocity = lOOm/s
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6sec















4.14c vertical acceleration 
profile
Fig.4.14 Suspension response when traversing transition curve forward















4.15c vertical profile 4.15d gap width
Fig.4.15 Suspension response when traversing transition curve,forward 
velocity = lOOm/s , gradient = -5%.
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4 - 7  C o n c lu s io n
I t  has been shown t h a t  a  c l o s e d - l o o p  c o n t r o l  u s in g  
f i x e d - g a i n  f e e d b a c k  i s  c a p a b l e  o f  p r o d u c in g  a  sys tem  which  
m e e ts  t h e  s p e c i f i c a t i o n .  Even a t  th e  d e s ig n  s t a g e  i t  was 
f e l t  t h a t  t h e  use o f  c o n v e n t i o n a l  s t a t e — v a r i a b l e  fe e d b a c k  
w i t h  f i x e d - g a i n  v a l u e s  may n o t  be a d e q u a t e  f o r  t h e  system  
w hich  i s  h i g h l y  n o n l i n e a r  an d  i n h e r e n t l y  u n s t a b l e .  A l th o u g h  
w e l l  p ro ve n  and  e as y  t o  a p p l y ,  l i n e a r  f e e d b a c k  c o n t r o l  
assumes t h a t  th e  p l a n t  has  p a r a m e t e r s  w h ich  a r e  weak in  
n o n l i n e a r i t y  and t im e  v a r i a t i o n .  From t h e  r e s u l t s  o f  
s i m u l a t i o n  and  t h e  k i n d  o f  a d d i t i o n a l  f e a t u r e s  r e q u i r e d  in  
t h e  c o n t r o l l e r  th e s e  a s s u m p t io n s  w e re  shcxvn t o  be i n v a l i d .  
W it h  t h e  d e s i r e d  re s p o n s e  and  t h e  e x p e c t e d  i n p u t ,  th e  
a c c e l e r a t i o n  s h o u ld  n e v e r  r e a c h  t h e  s a t u r a t i o n  l e v e l  i f  th e  
c l o s e d - l o o p  system i s  l i n e a r .  The f a c t  t h a t  a c c e l e r a t i o n  
l i m i t i n g  f e a t u r e  i s  r e q u i r e d  f o r  s t a b i l i t y  shows t h a t  th e  
c l o s e d - l o o p  re s p o n s e  does n o t  a d h e r e  t o  t h e  d e s i r e d  one .  
A l s o  f o r  i n s e n s i t i v i t y  to  p a r a m e t e r  changes l i n e a r  c o n t r o l  
method r e q u i r e s  th e  loop g a i n  v a l u e  t o  be s u f f i c i e n t l y  h ig h  
t o  m a i n t a i n  t h e  p o s i t i o n  o f  t h e  c l o s e d - l o o p  p o l e s  in  th e  
complex f r e q u e n c y  p l a n e  t o  be f a i r l y  n e a r  t o  t h e  open-1oop  
z e r o s .  Such h ig h  g a in  has been shown in  t h e  s i m u l a t i o n  to  
cause  an o n s e t  o f  i n s t a b i l i t y  due t o  s a t u r a t i o n  o f  f o r c e  
even when t h e  d i s t u r b a n c e  was q u i t e  s m a l l .  Thus t h e s e  two 
p r o p e r t i e s  o f  i n s e n s i t i v i t y  and  s a t u r a t i o n  seem t o  have  
c o n t r a d i c t o r y  g a in  r e q u i r e m e n t  f o r  t h i s  p a r t i c u l a r  sy s te m .  
F i x e d - g a i n  s t a t e - v a r i a b l e  f e e d b a c k  c o n t r o l  r e l i e s  on s t r o n g
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l i n e a r i t y  and  i s  i n a d e q u a t e  in  c o p in g  w i t h  t h e  k i n d  o f  
n o n l i n e a r i t i e s  p r e s e n t  w h ich  i n c l u d e  s q u a r e  and i n v e r s e  
s q u a r e  r e l a t i o n s h i p s  and s a t u r a t i o n .
The ab o ve  d raw backs  may no t  be o f  g r e a t  con cern  i f  
t h e  s t a b i l i t y  and  o t h e r  f e a t u r e s  o f  c l o s e d - l o o p  re s p o n s e  a r e  
n ot  n o t i c e a b l y  a f f e c t e d .  H o w e v e r , in  t h e  c o u rs e  o f
d e v e l o p i n g  i t  was seen t h a t  th e  c o n t r o l  i s  l e s s  than r o b u s t .  
S i n c e  t h e  s t a b i l i t y  i s  o n l y  g u a r a n t e e d  f o r  sm a l l
p e r t u r b a t i o n ,  dynamic s t a b i l i t y  w i t h  l a r g e  p e r t u r b a t i o n
c an n o t  be a s c e r t a i n e d  f ro m  a n a l y s i s .  The  d e s ig n  v a l u e s  
chosen f o r  t h e  c o n t r o l  was g u id e d  by t h e  p a r a m e t e r s  o f  t h e  
l i n e a r i z e d  m ode ls  in  a  number o f  s t a t i c  e q u i l i b r i u m
p os i  t  i o n s .
I t  was f e l t  t h a t  t h e  system d e s ig n  w i t h  i t s
i n t e l l i g e n t  i n t e g r a t o r ,  a c c e l e r a t i o n  l i m i t i n g  scheme and  
bump s t o p ,  in  a d d i t i o n  t o  co m p lem en ta ry  - f i l t e r ,  may have  
been too  c o m p l i c a t e d .  By com pa r ing  r e s u l t s  shown in  F i g . 4 . 1  
and 4 . 2  w h ic h  a r e  f o r  a  system  u s i n g  i n t e g r a l - p l u s -  
p r o p o r t i o n a l  c o n t r o l  and F i g . 4 . 8  w h ich  i s  f o r  one u s i n g  
p r o p o r t i o n a l  c o n t r o l l e r  o n l y ,  we can see  t h a t  t h e  f o r m e r  i s  
u n s t a b l e  even w i t h  a  sm a l l  d i s t u r b a n c e  i n p u t  w h i l e  t h e  
l a t t e r  i s  s t a b l e  even w i t h  maximum i n p u t .  We can t h e r e f o r e  
c o n c lu d e  t h a t  th e  main cau se  o f  i n s t a b i l i t y  was th e
s a t u r a t i o n  o f  downward f o r c e  when th e  o u t p u t  o f  t h e  i n t e g r a l  
c o n t r o l l e r  o v e r s h o t  a s  a  r e s u l t  o f  w i n d i n g - u p  e f f e c t .  The  
o r i g i n a l  p u rp o s e  o f  u s i n g  i n t e g r a t i o n  in  t h e  c o n t r o l l e r  i s  
to  i n c r e a s e  s t a t i c  s t i f f n e s s  t o  l o a d i n g .  S i n c e  
c om p le m e n ta ry  f i l t e r i n g  has i n c r e a s e d  t h e  main loop
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s t i f f n e s s  by many t i m e s ,  d e f l e c t i o n  under  l o a d  i s  no l o n g e r  
s i g n i f i c a n t .  F u r t h e r m o r e ,  l i m i t - c y c l i n g  has  d e a c t i v a t e d  t h e  
i n t e g r a t i o n  o f  th e  i n t e l l i g e n t  i n t e g r a t o r  most o f  th e  t i m e .  
For  th e s e  r e a s o n s  we can c o n c lu d e  t h a t  t h e  use o f  i n t e g r a l  
c o n t r o l l e r  i s  n e i t h e r  n e c e s s a r y  nor  b e n e f i c i a r y .  S i n c e  th e  
r e s u l t  shown in  F i g . 4 . 8  i n d i c a t e d  t h a t ,  when i n t e g r a l  
c o n t r o l l e r  i s  no t  u s e d ,  a c c e l e r a t i o n  l i m i t i n g  i s  no t  
e s s e n t i a l  f o r  s t a b i l i t y ,  th e  o n l y  rea s o n  f o r  r e t a i n i n g  t h i s  
d e s ig n  f e a t u r e  w o u ld  be to  l i m i t  t h e  a c c e l e r a t i o n  when th e  
d i s t u r b a n c e  i s  so l a r g e  a s  t o  b r i n g  t h e  e x c u r s i o n  i n t o  t h e
bump- s to p  r e g i o n s .  But t h e n ,  bump s t o p s  a r e  r e q u i r e d  o n l y  
because  th e  low dynamic s t i f f n e s s  and t h e  e x c e s s i v e  s t e a d y -  
s t a t e  gap e r r o r  o f  com p le m e n ta ry  f i l t e r i n g  i s  u n a b le  t o  have  
t h e  e x c u r s i o n  r e s t r a i n e d  t o  w i t h i n  t h e  r a t t l esp a c e  
a v a i l a b l e .  As we s h a l l  d i s c o v e r  in  l a t e r  c h a p t e r s  t h a t  t h e  
r e s t r a i n i n g  o f  e x c u r s i o n  can be a c c o m p l is h e d  by o t h e r  means  
th u s  e l i m i n a t i n g  t h e  need o f  bump s t o p s  and  a c c e l e r a t i o n  
l i m i t i n g  a l t o g e t h e r .
A l t h o u g h  w i t h  many d ra w b a c k s ,  t h e  c o n t r o l  d e s ig n  
based upon t h e  l i n e a r i z e d  model o f  t h e  e l e c t r o m a g n e t i c
s u s p e n s io n  sys tem  can p rodu ce  a  system  w i t h  re s p o n s e  w h ich  
m eets  th e  s p e c i f i c a t i o n .  H o w ev er , t h e  d e s ig n  i s  c o m p l i c a t e d  
and has been a c h i e v e d  by much t r i a l  and e r r o r  and  y e t  t h e
r e s u l t a n t  sys tem  has n e i t h e r  r o b u s t n e s s  nor  g u a r a n t e e d  
s t a b i l i t y .  The f a c t  t h a t  a  s t a b l e  system  w i t h  s a t i s f a c t o r y  
re s p o n s e  was o b t a i n e d  w i t h  t h e  model o f  t h i s  p a r t i c u l a r  
l i n e a r  m otor  does not  g u a r a n t e e  t h a t  t h e  same i s  o b t a i n a b l e  
when u s i n g  o t h e r  m o t o r s .  Thus a  b e t t e r  c o n t r o l  d e s ig n  i s
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CHAPTER 5
SLIDING-MODE VARIABLE-STRUCTURE CONTROL
5 . 1  I n t r o d u c t i o n
V a r i a b l e - s t r u c t u r e - c o n t r o l  sys tem s a r e  sys tem s w h ich  
have th e  v a l u e s  o f  g a in  in  th e  c o n t r o l l e r  s w i t c h e d  
d y n a m i c a l l y  a c c o r d i n g  t o  th e  i n s t a n t a n e o u s  v a l u e s  o f  i t s  
s t a t e s .  T h i s  i s  t o  be d i s t i n g u i s h e d  f ro m  s y s te m s ,  w i t h  t h e  
same name, w h ic h  have t h e  s t r u c t u r e  o f  t h e  p l a n t  v a r y i n g  but  
n o t  t h e  o a i n s  o f  t h e  c o n t r o l l e r .  U n l i k e  t h e  f i x e d - g a i n
system  w h ic h  has  o n l y  one s t a t e - s p a c e  p o r t r a i t  or  s t r u c t u r e ,  
t h e  v a r i a b l e - s t r u c t u r e  sys tem  has more than one s t r u c t u r e s  
a s  th e  r e s u l t  o f  s w i t c h i n g  among one o f  a  few s e t s  o f  g a i n  
v a l u e s .  T h u s ,  th e  name v a r i a b l e - s t r u c t u r e  c o n t r o l  system  
(VSCS) i s  g i v e n  to  th o s e  w h ich  s w i t c h  among more than one  
s t r u c t u r e s  o r  s t a t e - s p a c e  p o r t r a i t s .  T h a t  i s ,  t h e r e  i s  a  
b o u n d ary  or  b o u n d a r ie s  w h ich  s e p a r a t e s  t h e  s t a t e  space  i n t o  
r e g i o n s  o f  d i f f e r e n t  g a i n  v a l u e s  and hence d i f f e r e n t  sys tem  
s t r u c t u r e s .  For  an n - d i m e n s i o n a l  s t a t e - s p a c e  th e  b o u n d a r ie s  
a r e  h y p e r - s u r f a c e s  o f  ( n - 1 )  d im e n s io n s .  T h e r e  i s  one m a jo r  
s u b c l a s s  o f  t h i s  c o n t r o l  method which  i s  so d e s ig n e d  t h a t  
t h e  e q u i l i b r i u m  p o s i t i o n s  o f  t h e  s t a t e - s p a c e  p o r t r a i t  l i e  on 
t h e  s i d e  o f  t h e  s w i t c h i n g  bou ndary  o p p o s i t e  t o  t h a t  o f  t h e  
s t r u c t u r e  i t s e l f .  As a  r e s u l t ,  th e  s t a t e - s p a c e  t r a j e c t o r y  
w i l l  n e v e r  come t o  r e s t  in  one p a r t i c u l a r  s t r u c t u r e  bu t  w i l l  
t r a v e l  to w a rd s  th e  s w i t c h i n g  b o u n d a ry .  Once i t  has c r o s s e d  
t h e  b ou ndary  t h e  v a l u e s  o f  g a i n s  a r e  changed i n s t a n t a n e o u s l y  
so t h a t  t h e  t r a j e c t o r y  i s  under  t h e  i n f l u e n c e  o f  t h e  o t h e r
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s t r u c t u r e  w h ich  f o r c e s  i t  t o  t r a v e l  back to w a rd s  t h e  
b o u n d a r y .  The s t a t e - s p a c e  t r a j e c t o r y  w i l l  end up c o n f i n e d  
t o  t h e  i n f i n i t e l y  sm al l  v i c i n i t y  o f  t h e  s w i t c h i n g  s u r f a c e .  
The  t r a j e c t o r y  w i l l  then  commence s l i d i n g  m o t io n  w h ic h  i s  
n o t  u n l i k e  th e  a c t i o n  o f  r e l a y - t y p e  c o n t r o l .  I f  t h e  s l i d i n g  
m o t io n  i s  m a i n t a i n e d  t h e  phase t r a j e c t o r y  w i l l  s l i d e  down 
t h e  s w i t c h i n g  s u r f a c e  to w a rd s  t h e  e q u i l i b r i u m  p o s i t i o n  o f  
t h a t  s u r f a c e .  Because o f  t h i s  s l i d i n g  m o t i o n ,  t h i s  s u b c l a s s  
o f  c o n t r o l  i s  g iv e n  th e  name s l i d i n g - m o d e  v a r i a b l e - s t r u c t u r e  
c o n t r o l .  The  s u r f a c e  on w h ich  t h e  s l i d i n g  m o t io n  o c c u r s  and  
on w h ich  t h e  mean v e l o c i t y  v e c t o r  o f  t r a j e c t o r y  l i e s  i s  
c a l l e d  t h e  s l i d i n g  s u r f a c e .  S i n c e  t h e  s t a t e - s p a c e  
t r a j e c t o r y  i s  u n a b le  t o  re a c h  t h e  e i g e n - d i r e c t i o n s  
a s s o c i a t e d  w i t h  an y  o f  t h e  s t r u c t u r e s  b u t  i s  c o n f i n e d  t o  t h e  
s w i t c h i n g  s u r f a c e ,  then  t h e  c l o s e d - l o o p  r e s p o n s e  i s  d e f i n e d  
by t h e  p r o p e r t i e s  o f  th e  s w i t c h i n g  s u r f a c e .  T h i s  i s  q u i t e  
d i f f e r e n t  f ro m  f i x e d - g a i n  c o n t r o l  sys tem s w h ic h  have t h e i r  
dynamic re s p o n s e  d i c t a t e d  by th e  e i g e n v e c t o r  o f  t h e  c l o s e d -  
loop  s y s te m .  As t h e s e  e i g e n v e c t o r s  o f  th e  f i x e d - g a i n  sys tem  
v a r y  w i t h  t h e  system  p a r a m e t e r s  and d i s t u r b a n c e s ,  th e  
c l o s e d - l o o p  r e s p o n s e  w i l l  change w i t h  i t .  On th e  c o n t r a r y ,  
t h e  s l i d i n g - m o d e  c o n t r o l  has i t s  dynam ics  g o v e rn e d  by t h e  
s l i d i n g  s u r f a c e  which  i s  d e f i n e d  by an e q u a t i o n  c a l l e d  t h e  
s w i t c h i n g  e q u a t i o n  which  i s  made up t h e  s t a t e  v a r i a b l e s .  
Thus t h e  dynamic re s p o n s e  w i l l  be d e f i n e d  by t h i s  
r e l a t i o n s h i p  between v a r i a b l e  o f  t h e  s t a t e - s p a c e .  I f  t h e  
t r a j e c t o r y  i s  c o n f i n e d  to  t h e  s w i t c h i n g  s u r f a c e  t h i s  dynamic  
re s p o n s e  w i l l  be a d h e r e d  t o  r e g a r d l e s s  o f  d i s t u r b a n c e  or  
changes in  p a r a m e t e r s  o f  th e  s y s te m .  T h i s  i m p o r t a n t
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p r o p e r t y  o f  t h e  s l i d i n g - m o d e  v a r i a b l e - s t r u c t u r e  c o n t r o l  i s  
c a l l e d  t h e  i n v a r i a n c y  o f  t h e  c l o s e d - l o o p  r e s p o n s e .
T h i s  p r o p e r t y  o f  i n v a r i a n c y  i s  to  a  c e r t a i n  e x t e n t  
a l s o  s h a re d  by some r e l a y - t y p e  c o n t r o l  m e th o d s .  T h e r e  i s  
one m a jo r  d i f f e r e n c e  in  t h a t  t h e  r e l a y - t y p e  c o n t r o l  i s  
s w i t c h e d  among one o f  th e  few  f i x e d  v a l u e s  o f  t h e  c o r r e c t i v e  
e f f o r t .  Thus l i m i t - c y c l e  i s  i n e v i t a b l e -  In  v a r i a b l e -  
s t r u c t u r e  c o n t r o l  i t  i s  t h e  c o n t r o l l e r  g a i n  v a l u e s ,  n o t  t h e  
c o n t r o l  e f f o r t s ,  w h ich  a r e  s w i t c h e d .  When t h e  c o n t r o l  e f f o r t  
i s  made up o f  t h e  w e i g h t e d  sum o f  t h e  v a r i a b l e s  w h ich  fo rm  
t h e  s t a t e  s p a c e ,  t h e  c o n t r o l  e f f o r t  w i l l  d e c r e a s e  in  
p r o p o r t i o n  t o  th e  v a r i a b l e  a s  t h e  t r a j e c t o r y  moves to w a rd s  
t h e  o r i g i n  o f  t h e  s t a t e  s p a c e .  In  t h i s  case  no l i m i t  c y c l e  
w i l l  be f o r m e d .  The o t h e r  s i g n i f i c a n t  d i f f e r e n c e  i s  t h a t  
p r o p e r  m e th o d o lo g y  f o r  t h e  d e s ig n  o f  v a r i a b l e - s t r u c t u r e  
c o n t r o l  has been d e v e lo p e d  t o  e n s u re  t h e  s l i d i n g  m o t io n  and  
t h e  r e a c h i n g  o f  t h e  s l i d i n g  s u r f a c e  f ro m  any  i n i t i a l  
p o s i t i o n  o f  t h e  s t a t e  s p a c e .
The  c o n t r o l  method was f i r s t  d e v e lo p e d  in  R u s s ia  
some 20 y e a r s  ago by S . V . Emalyanov and  o t h e r s  [ 3 7 1 .  A 
r e c e n t  s u r v e y  pap er  by V .  U t k i n  C383 gave a  c o n c i s e  r e v i e w  
o f  th e  b a s i c  t h e o r y  and some o f  t h e  more u p - t o - d a t e  
d e v e lo p m e n t s .  The two boo ks ,  w h ich  a r e  a v a i l a b l e  in  E n g l i s h ,  
w i t h  one by V . U t k i n  [ 3 9 ] ,  and t h e  o t h e r  by U . I t k i s  [ 4 0 ]  
p r e s e n t  th e  b a s i c  t h e o r y  and th e  f i n d i n g s  in  t h e  l a s t  two  
decades  in  a  more o r g a n i s e d  and r e a d i l y  u s a b l e  f o r m .  
R e c e n t l y  t h e r e  has been l e s s  p u b l i s h e d  w o rks  f ro m  R u s s ia  on 
t h e  t h e o r y  a l t h o u g h  p a p e r s  on i t s  a p p l i c a t i o n  a r e  s t i l l
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a p p e a r i n g  f rom  t im e  to  t i m e .  O n ly  r a t h e r  r e c e n t l y  has t h i s  
method r e c e i v e d  n o t i c e  in  th e  West w i t h  th e  subsequent  
a p p e a r a n c e  o f  r e p o r t s  on th e  f u r t h e r  dev e lo pm ent  o f  th e  
t h e o r y  and on i t s  a p p l i c a t i o n .  In  t h e  U n i t e d  Kingdom, work  
i s  b e i n g  c a r r i e d  ou t  by D r s .  A . S . I . Z i n o b a r ,  S . A . B i l l i n g s  and  
o t h e r s  [ 4 1 ]  o f  t h e  S h e f f i e l d  U n i v e r s i t y  and  by D r s .  
B . A . W h i t e  and S . P . M a s l e n  [ 4 2 , 4 3 ]  a t  t h e  U n i v e r s i t y  o f  B a th .
A l t h o u g h  t h e r e  have been p u b l i s h e d  w orks  on methods  
w hich  use c h a n g in g  g a i n s  th u s  c h a n g in g  s t r u c t u r e s ,  th e s e  
changes  o f  g a i n s  a r e  o f t e n  i n c o r p o r a t e d  f o r  a  v e r y  d i f f e r e n t  
p u r p o s e .  C o n s e q u e n t ly  t h e  d e s ig n  method employed and th e  
r e s u l t a n t  system p r o p e r t i e s  a r e  v e r y  d i f f e r e n t .  J u s t  t a k e  
th e  exam ple  o f  t i m e - o p t i m a l  c o n t r o l ,  s l i d i n g  m o t io n  and  
re s p o n s e  i n v a r i a n c y  a r e  no t  a im ed  f o r .  In  f a c t ,  t i m e -  
o p t im a l  i t y  and i n v a r i a n c y  o f  re s p o n s e  a r e ,  in  most c a s e s ,  
i n c o m p a t i b l e  p r o p e r t i e s .  B i l i n e a r  c o n t r o l  method employs  
c h a n g in g  g a in  as  w e l l ,  b u t  t h e  change i s  c o n t i n u o u s  and not  
s w i t c h e d .  Once a g a i n  no s i i d i n g - m o t i o n  i s  p r o d u c e d .  In  
f a c t ,  S . P . M a s l e n  o f  th e  U n i v e r s i t y  o f  Bath  has shown in  h i s  
PhD t h e s i s  [ 4 3 ]  t h a t ,  in  b i l i n e a r  sys tem s th e  o p t i m i z a t i o n  
o f  i n v a r i a n c e , th ro u g h  m i n i m i z i n g  t h e  f u n c t i o n  w h ich  d e f i n e s  
t h e  s w i t c h i n g  s u r f a c e ,  i s  o n l y  a c h i e v e d  by s w i t c h i n g  th e  
g a i n s  between t h e i r  e x t r e m e  v a l u e s  w h ich  a r e  a s s i g n e d  to  th e  
two r e g i o n s  on t h e  two s i d e s  o f  t h e  s w i t c h i n g  s u r f a c e .
The pu rp o se  o f  t h i s  c h a p t e r  i s  t o  g i v e  no t  so much a  
r i g o r o u s  t r e a t m e n t  o f  t h e  s u b j e c t  b u t  an o u t l i n e .  The more  
a d v an ced  method o f  v e c t o r  c o n t r o l  a s  w e l 1 a s  th e  
m a t h e m a t ic a l  p r o o f s  o f  theorem s a r e  e x c l u d e d .  I n t e r e s t e d
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r e a d e r s  a r e  a s k e d  to  look  up some o f  t h e  r e f e r e n c e s  g iv e n  
f o r  a  d ee p e r  a p p r e c i a t i o n .
5 . 2  Some s i m p l e  i l l u s t r a t i o n s
B e f o r e  d i s c u s s i n g  a b o u t  t h e  p r o p e r t i e s  o f  t h e  
v a r i a b l e —s t r u c t u r e  c o n t r o l  method f u r t h e r ,  l e t  us lo o k  a t  
some e x a m p le s .  I f  we have two s y s t e m s , t h e  f i r s t  one b e i n g  
d e f i n e d  by t h e  s t a t e  e q u a t i o n s
X i '  =  Xg
X z '  =  u ( 5 . 1 )
w h ere  u =  - X i  
The c h a r a c t e r i s t i c  e q u a t i o n  o f  t h i s  sys tem  i s
p2  + 1 = 0
or p =  ± j
The s t a t e - s p a c e  p o r t r a i t  i s  a s  F i g . 5 . 1 .
I f  th e  second system i s  d e f i n e d  by t h e  s t a t e  e q u a t i o n s
X i '  =  Xa ,
Xa '  =  u w here  u = 9x# ( 5 . 3 )
The c h a r a c t e r i s t i c  e q u a t i o n  i s  
p =  — 9 = 0
or P — —3 ,  +3 ( 5 . 4 )
“he s t a t e  space  p o r t r a i t  i s  a s  F i g . 5 . 2 .
I f  we then  combine t h e  two sys tem s by s w i t c h i n g  frcxn 
one t o  t h e  o t h e r  when t h e  t r a j e c t o r y  c r o s s e s  t h e  b ou ndary  
d e f in e d  by t h e  e q u a t i o n
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Fig,5.1 State-spacs portrait 
of Eqn.(5.1)
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s = 0 ,  w h ere  th e  s w i t c h i n g  f u n c t i o n  s i s  d e f i n e d  a s  
s = 2 x 1 + xa  ( 5 . 5 )
t h e  r e s u l t a n t  sys tem  i s  a s  shown in  F i g . 5 . 3 .
I t  can be o b s e r v e d  t h a t  t r a j e c t o r y  s t a r t i n g  f ro m  a l l  
p a r t s  o f  t h e  s t a t e - s p a c e  w i l l  end up c o n f i n e d  t o  t h e
s w i t c h i n g  l i n e .  S i n c e  t h e  s w i t c h i n g  l i n e  i s  one w h ich
d e f i n e s  t h e  r e l a t i o n s h i p  between Xi  and  x^ by t h e  e q u a t i o n  
X i '  — Xs — - 2 x i  ( 5 . 6 )
t h e  dynamic r e s p o n s e  i t  g i v e s  i s  a  s t a b l e  one w i t h  t h e  s t a t e  
d e c a y i n g  e x p o n e n t i a l l y  to w a rd s  z e r o  w i t h  a  t im e  c o n s t a n t  o f  
0 . 5  second .  T h a t  i s ,  t h e  t r a j e c t o r y  w i l l  move a l o n g  t h e
s w i t c h i n g  l i n e  to w a rd s  t h e  o r i g i n .  I t  i s  w o r th  n o t i n g  t h a t  
we s t a r t e d  o f f  w i t h  two s e c o n d - o r d e r  s y s te m s ,  one
o s c i l l a t o r y  and  t h e  o t h e r  u n s t a b l e  and w i t h  h y p e r b o l i c
s t r u c t u r e .  By s w i t c h i n g  t h e  fe e d b a c k  g a in  we o b t a i n  a  s t a b l e
sys tem  w i t h  a  f i r s t - o r d e r  r e s p o n s e .  The r e d u c t i o n  o f  sys tem
o r d e r  i s  p r e d i c t e d  s i n c e  t h e  s w i t c h i n g  s u r f a c e  i s  a l w a y s  o f
d im e n s io n  one l e s s  than  t h a t  o f  th e  s t a t e  space i t
p a r t i t i o n s .  I n d e e d ,  th e  phase p l a n e  i s  d i v i d e d  i n t o  two
r e g i o n s  by t h i s  s w i t c h i n g  l i n e .  In  F i g . 5 . 3 ,  th e  one ab o ve
t h e  l i n e  has t h e  v a l u e  o f  s>0 and th e  r e g i o n  be low  has s < 0 .
I f  a l l  t r a j e c t o r i e s  n e a r  t o  t h i s  l i n e  a r e  d i r e c t e d  to w a rd s
i t ,  s l i d i n g  m o t io n  i s  g u a r a n t e e d .  In  fo rm  o f  m a t h e m a t ic a l
e q u a t i o n s  t h e  c o n d i t i o n  i s  p u t  a s  f o l l o w e d .
For  s - > 0 ,  s / < 0  f o r  s>0
and  s"> 0  f o r  s<0 ( 5 . 7 )
Or more c o n c i s e l y  a s
s s ”̂ <0 a s  s - > 0  ( 5 . 8 )
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Thus f o r  t h e  system
X i '  =  Xa
X a '  =  u =  - K x i  
w i t h  s w i t c h i n g  l i n e  d e f i n e d  by 
s =  0 w h ere  s =  2 x i  + Xa 
s '  =  2 x a  + Xa '
=  2 x a  -  Kx 1
=  2s -  <4 + K )X i  ( 5 . 9 )
s s ' = 2 s =  -  ( 4  + K ) s x i  ( 5 . 1 0 )
As s - > 0
s s '  < 0 i f  ( 4  + K) > 0 f o r  s x i  > 0
and ( 4  + K) < 0  f o r  s x i  < 0 ( 5 . 1 1 )
Thus f o r  t h e  exam ple  g i v e n  above
K = 1 > - 4  f o r  s x 1 > 0
and K = - 9  < - 4  f o r  s x i  < 0
s a t i s f i e s  th e  c o n d i t i o n  f o r  s l i d i n g  and a  s t a b l e  s l i d i n g
m o t io n  i s  r e s u l t e d .  When th e  t r a j e c t o r y  i s  f u r t h e r  away
f ro m  t h e  s w i t c h i n g  l i n e  th e  r e l a t i o n s h i p  s s '  < 0 can be
v i o l a t e d .  In  th e  shaded a r e a s  in  F i g . 5 . 3  th e  t r a j e c t o r i e s  
a r e  p o i n t i n g  away f ro m  th e  s w i t c h i n g  l i n e .  Y e t  th e s e  
t r a j e c t o r i e s  w i l l  s t i l l  end up h i t t i n g  t h e  s w i t c h i n g  l i n e .  
T h i s  o t h e r  i m p o r t a n t  c r i t e r i o n  in  t h e  d e s ig n  o f  v a r i a b l e -  
s t r u c t u r e  sys tem  i s  c a l l e d  t h e  r e a c h i n g  or  h i t t i n g  
c o n d i t i o n .  I t  i n v o l v e s  t h e  e n s u r i n g  o f  t h e  t r a j e c t o r i e s  in  
r e a c h i n g  s w i t c h i n g  l i n e  f rom  any  i n i t i a l  p o s i t i o n  in  th e  
s t a t e  s p a c e .  As g iv e n  by V . U t k i n  t h e  n e c e s s a r y  c o n d i t i o n  i s  
t h a t  no e i g e n v e c t o r s  and t h e i r  e q u i l i b r i u m  p o i n t s  w h ich  a r e  
a s s o c i a t e d  w i t h  any  p a r t i c u l a r  s t r u c t u r e  s h o u ld  a t  th e  same 
t im e  l i e  e n t i r e l y  w i t h i n  t h e  r e g i o n  o f  s t a t e  space  o f  t h a t
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s t r u c t u r e .  T h i s  c o n j e c t u r e  though i n t u i t i v e l y  r e a s o n a b l e  
r e q u i r e s  v e r i f i c a t i o n .  We do know, some o f  t h e  s u f f i c i e n t  
c o n d i t i o n s  o f  r e a c h i n g  w i t h  p r o o f s  w h ich  a r e  g i v e n  in  t h e  
books by V . U t k i n  and U . I t k i s  [ 3 9 , 4 0 3 .  F u r t h e r  i n v e s t i g a t i o n  
and d e s ig n  methods on t h e  r e a c h i n g  c o n d i t i o n s  in  f r e e — 
m o t io n  system have been p u b l i s h e d  in  th e  paper  by B . A . W h i t e  
[423  .
5 . 3  The r a n g e - s p a c e  dynam ics  and t h e  e q u i v a l e n t  c o n t r o l
In  t h e  paper  by B . A . W h i t e  [423  t h e  s w i t c h i n g
f u n c t i o n  e q u a t i o n  i s  t r e a t e d  a s  a  l i n e a r  o p e r a t o r  m  ̂ w h ic h
i s  a  v e c t o r  normal  t o  t h e  s w i t c h i n g  s u r f a c e .  The  s c a l a r
p r o d u c t  o f  t h i s  o p e r a t o r  m^ and t h e  s t a t e  v e c t o r  x i s  t h e
component o f  x which  i s  normal t o  t h e  s w i t c h i n g  s u r f a c e .  
Thus t h e  v e c t o r  which  r e p r e s e n t s  t h e  r a n g e —space dynam ics  i s  
g iv e n  by
s = x̂  ( 5 . 1 2 )
w here  m^ = ( m i ,  . . .  , m^) w i t h  m^ = 1
and X '  =  AX + bu
and X i '  =  x m  , i =  1 , 2  . . . , n -1
The o p e r a t o r  m* has a  n u l l i t y  o f  n -1  w h ich  i s  t h e  
d im en s io n  o f  th e  s w i t c h i n g  s u r f a c e .  T h i s  s u r f a c e  i s  c a l l e d  
t h e  n u l l  space  o f  th e  l i n e a r  o p e r a t o r .  T h a t  i s ,  a l l  b u t  one  
o f  th e  e i g e n v e c t o r s  o f  a  c l o s e d - l o o p  sys tem  l i e  i n  th e  n u l l  
space o f  m^. L y i n g  o u t s i d e  t h e  n u l l  space  i s  t h e  r a n g e  
s p a c e .  The dynam ics  o f  th e  system in  th e  r a n g e  spa ce  i s  o f  
f i r s t - o r d e r  i f  t h e  o p e r a t o r  m* has n o n - z e r o  c o e f f i c i e n t s
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mi $  0 i =  1 ,  n .
I t  i s  th e  dynam ics  o f  th e  r a n g e  space  w h ich  d e t e r m i n e s  th e  
c o n v e rg e n c e  o f  t h e  s t a t e - s p a c e  t r a j e c t o r y  o n t o  t h e  n u l l  
space  and how c l o s e l y  i t  i s  k e p t  in  i t s  v i c i n i t y .  Once th e  
t r a j e c t o r y  i s  l y i n g  on t h e  s w i t c h i n g  h y p e r - s u r f a c e  th e  
dynam ics  i s  e n t i r e l y  t h a t  o f  th e  n u l l - s p a c e .  When t h e r e  i s  
no d i s t u r b a n c e  which cau ses  t h e  t r a j e c t o r y  t o  l e a v e  t h e  n u l l  
space  th e  c o n t r o l  e f f o r t  r e q u i r e d  t o  m a i n t a i n  t h e  n u l l  space  
dynam ics  i s  c a l l e d  th e  e q u i v a l e n t  c o n t r o l .  I t  i s  th e  
c o n t r o l  e f f o r t  which  w i l l  r e s u l t  i f  t h e  s w i t c h i n g  f u n c t i o n ,  
s , and i t s  d e r i v a t i v e  s '  a r e  bo th  z e r o .  For  t h e  system we 
have used a s  an i l l u s t r a t i o n ,  we fo u n d  t h a t ,  f ro m  e q u a t i o n  
( 5 . 9 )  t h i s  i s  equal  to
u =  4x 1
I f  t h e  f e e d b a c k  g a in  i s  r e s o l v e d  t o  fo rm  th e  
e q u i v a l e n t  c o n t r o l  e f f o r t  and th e  s w i t c h e d  g a in  in  t h e  fo rm  
o f  th e  f o l l o w i n g  e q u a t i o n
K =  Ko ±  4K
In  th e  abo ve  m e n t io n e d  system Kq =  4 .  I f  o n l y  t h i s
e q u i v a l e n t  c o n t r o l  component i s  used we f i n d  t h a t  th e  
c l o s e d -  loop  system has t h e  c h a r a c t e r i s t i c  e q u a t i o n
p z  — 4 = 0  
which  g i v e  t h e  r o o t s  +2 and - 2 .
O b v i o u s l y  t h e  e q u i l i b r i u m  i s  an u n s t a b l e  one .  T h e r e f o r e  
a d d i t i o n a l  s w i t c h e d  g a i n s  have to  be added t o  keep th e  
t r a j e c t o r y  on t h e  n u l l  s p a c e .  T h i s  i n s t a b i l i t y  can a l s o  be  
o b s e rv e d  f ro m  t h e  e q u a t i o n  ( 5 . 9 )  w h ich  g o v e rn s  t h e  r a n g e  
space  dy n a m ic s .  I f  K =  - 4
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s '  =  2s
T h i s  means t h a t  t h e  r a n g e  space dynam ics  i s  u n s t a b l e  and th e  
t r a j e c t o r y  w i l l  d i v e r g e  f ro m  th e  n u l l  s p a c e .  Thus s w i t c h e d  
f o r c i n g  f u n c t i o n  i s  r e q u i r e d  to  keep t h e  t r a j e c t o r y  in  th e  
nul 1- s p a c e .
K = Ko + f o r  s x i  > 0
K =  Ko + ZlK_ f o r  s x i  < 0 
w i t h  Ko = - 4 ,  jdK* =  +5 and  /1K_ =  - 5 .
The r e s u l t a n t  system i s  t h a t  shown in  F i g . 5 . 3 .  W i t h  th e s e  
g a i n s  t h e  d u r a t i o n  w h ich  t h e  t r a j e c t o r y  spends on each s i d e  
o f  t h e  s w i t c h i n g  boundary  w i l l  be in  such r a t i o  t h a t  th e  
r e s u l t a n t  t r a j e c t o r y  w i l l  l i e  on th e  s w i t c h i n g  s u r f a c e .  
Thus s l i d i n g  m o t io n  w i l l  be on t h e  s w i t c h i n g  p l a n e .  I f ,  
h o w e v e r ,  t h e  s w i t c h i n g  i n t e r v a l s  a r e  f i x e d  a s  in  s a m p le d -  
d a t a  c o n t r o l l e r  w i t h  a  r e g u l a r  t i m e - i n c r e m e n t , t h e  mean 
p o s i t i o n  o f  t h e  t r a j e c t o r y  may n o t  l i e  on th e  s w i t c h i n g  
s u r f a c e  i f  t h e  v e l o c i t y  a t  which th e  t r a j e c t o r y  a p p ro a c h e s  
th e  s u r f a c e  i s  no t  equal  f o r  two s i d e s  o f  t h e  b o u n d a ry .  
A l t h o u g h  t h e  t r a j e c t o r y  w i l l  s t i l l  s t a y  in  t h e  v i c i n i t y  o f  
th e  s u r f a c e  by a u t o m a t i c a l l y  i n s e r t i n g  an e x t r a  s w i t c h i n g  
p e r i o d  f o r  th e  s i d e  w h ich  has t h e  lo w e r  v e l o c i t y  o f  
a p p r o a c h ,  t h e  mean v a l u e  o f  th e  s w i t c h i n g  f u n c t i o n  w i l l  not  
be z e r o  and s t e a d y - s t a t e  e r r o r s  w i l l  r e s u l t .  T h i s  can be 
o b s e r v e d  in  F i g . 5 . 4a and b .  I f  th e  m a r k - s p a c e  r a t i o  f o r  th e  
two h a l f  c y c l e s  o f  t h e  s w i t c h i n g  i s  a l l o w e d  t o  v a r y  a s  
r e c i p r o c a l  r a t i o  o f  t h e i r  v e l o c i t y ,  th e  i n s e r t i o n  o f  e x t r a  
s w i t c h i n g  p e r i o d  i s  no t  n e c e s s a r y  b u t  t h e  mean v a l u e  o f  th e  
s w i t c h i n g  f u n c t i o n  i s  s t i l l  no t  z e r o  due t o  e r r o r  
a c c u m u la te d  d u r i n g  t r a n s i e n t s .  T h i s  r e s u l t s  in  s t e a d y - s t a t e
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e r r o r  o f  t h e  sys tem  a s  can be seen in  F i g . 5 . 5a  and  b .  I f ,  
h o w e v e r ,  t h e  d e v i a t i o n  o f  t h e  mean v a l u e  s w i t c h i n g  f u n c t i o n  
i s  f e d  back t o  c o r r e c t  f o r  t h i s  e r r o r  i t s  mean v a l u e  w i l l  
r e t u r n  t o  z e r o  w i t h  th e  system  h a v in g  z e r o  s t e a d y - s t a t e  
e r r o r  a s  w e l l .  T h i s  can be seen in  F i g . 5 . 6a and b .
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Fig.5.4b Range-space dynamics: sigma(a) and low-pass-filtered sigma(b) 
signais for system using equal mark-space ratio switching
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Fig.5.5b Range-space dynamics: sigma(a) and low-pass-filtered sigma(b) 
signals for system with variable mark-space ratio
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5 . 4  C o n c lu s io n
In  p r e v i o u s  s e c t i o n s ,  we have seen t h a t  t h e  c l o s e d -  
loop  r e s p o n s e  i s  t h a t  o f  th e  s l i d i n g  s u r f a c e  a l o n g ,  i f  
s l i d i n g  i s  m a i n t a i n e d .  In  f a c t  th e  sys tem  can be seen a s  a  
model r e f e r e n c e  a d a p t i v e  s y s t e m , MRAS, w i t h  t h e  i m p l i c i t  
model g iv e n  by t h e  e q u a t i o n  o f  th e  s w i t c h i n g  s u r f a c e .  
P a ra m e te r  changes and d i s t u r b a n c e s  w i l l  be a b s o r b e d  by t h e  
r a n g e  space  dynam ics  so t h a t  t h e  nul 1 - s p a c e  dynam ics  i s  k e p t  
c o n s t a n t .  T h i s  can be compared w i t h  t h e  d i s t u r b a n c e  
r e j e c t i o n  due t o  t h e  a d a p t i v e  loop in  MRAS. Thus t h e  
a d a p t i v e  loop  s h o u ld  have a  speed f a s t  enough t o  cope w i t h  
t h e s e  cha nges .  In  VSCS t h i s  w i l l  be d e m o n s t r a t e d  in  t h e  
c l o s e n e s s  o f  th e  t r a j e c t o r y  t o  th e  s w i t c h i n g  s u r f a c e  even in  
t h e  p r e s e n c e  o f  changes and d i s t u r b a n c e .  In  samp 1e d - d a t a  
sys tem s e m p lo y in g  VSCS, th e  s a m p l in g  f r e q u e n c y  i s  i m p o r t a n t  
f o r  s t a b i l i t y  a s  w e l l  a s  q u a l i t y  o f  th e  c o n t r o l .  Up t o  t h e  
p r e s e n t  moment,  t h e r e  i s  no d i r e c t  method o f  c a l c u l a t i n g  
t h i s  s a m p l in g  f r e q u e n c y .  I n d i r e c t  method o f  c a l c u l a t i o n  
w hich  uses L y a p u n o v 's  method i s  em ployed  [ 4 0 ] .  I t  i s  
h o p e fu l  t h a t  f u r t h e r  work in  t h e  s t u d y  o f  r a n g e - s p a c e  
dynam ics  w i l l  r e v e a l  a  method w h ich  can be d i r e c t l y  a p p l i e d  
t o  f i n d  out  t h e  s u i t a b l e  s w i t c h i n g  f r e q u e n c y .
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CHAPTER 6
FORCED-MOTION VARIABLE-STRUCTURE CONTROL SYSTEMS
So f a r  we have  been l o o k i n g  a t  th e  use o f  v a r i a b l e -  
s t r u c t u r e  c o n t r o l l e r s  in  r e g u l a t o r  system in  w h ich  t h e  
o u t p u t  o f  th e  p l a n t  i s  t o  be d r i v e n  back t o  i t s  s t e a d y - s t a t e  
v a l u e  o f  z e r o  a f t e r  b e i n g  d i s t u r b e d .  T h i s  d i s t u r b a n c e  comes 
i n  t h e  fo rm  o f  p l a n t  p a r a m e te r  changes or  a s  d i s t u r b a n c e  
i n p u t  o f  z e r o  mean v a l u e .  When th e  command or  d i s t u r b a n c e
i s  o f  n o n - z e r o  mean v a l u e ,  th e  b e h a v i o u r  o f  t h e  sys tem
b e f o r e  and a f t e r  t h e  commencing o f  s l i d i n g  m o t io n  i s  q u i t e  
d i f f e r e n t  f ro m  th o s e  d e s c r i b e d  and a r e  t r e a t e d  s e p a r a t e l y  
under  t h e  h e a d in g  o f  f o r c e d - m o t i o n  v a r i a b l e - s t r u c t u r e
c o n t r o l  s y s te m s .  T h e s e  sys tem  do n o t  o n l y  i n c l u d e  s e r v o ­
m echanisms,  which  a r e  r e q u i r e d  t o  have o u t p u t  s i g n a l
t r a c k i n g  t h e  command i n p u t  o f  c h a n g in g  v a l u e ,  bu t  a l s o
i n c l u d e  r e g u l a t o r s  which  m a i n t a i n  th e  o u t p u t  a t  a  p r e s e t  
non—z e r o  v a l u e .  C o n t r o l  sys tem s w i t h  d i s t u r b a n c e  i n p u t  o f  
n o n - z e r o  mean v a l u e  b e lo n g  t o  t h i s  c a t e g o r y  a s  w e l l .
6 . 1  E f f e c t  o f  n o n - z e r o  i n p u t  and d i s t u r b a n c e  on s l i d i n g  
c o n d i t i o n  o f  VSCS
To f i n d  out  th e  e f f e c t  o f  n o n - z e r o  i n p u t  on th e  
s l i d i n g  m o t io n  o f  VSCS l e t  us lo o k  a t  a  sys tem  w i t h  a  
s e c o n d - o r d e r  p l a n t  which  has a  n o n - z e r o  r e f e r e n c e  i n p u t  r  
and a  system  d i s t u r b a n c e  - f .




p + a^p +
Fig.ô.'l Second-order plant with reference and disturbance inputs
The t r a n s f e r  f u n c t i o n  o f  t h e  p l a n t  i s
z ( p ) / [ u ( p ) - f ( p ) ]  =  1 /  [ p s+ a^ p + a i  ] ( 6 . 1 )
w h e re  z i s  th e  p l a n t  o u t p u t  
an d  - f  i s  th e  p l a n t  d i s t u r b a n c e  w i t h  
r e f e r e n c e  t o  p l a n t  i n p u t ,  
u i s  th e  p l a n t  c o n t r o l  i n p u t  
T h e r e f o r e
Xi  = r  -  z
Xg = r '  -  z '  ( 6 . 2 )
X a / =  r " -  z "
w here  r , r ' , r "  a r e  th e  comrriand i n p u t  
and i t s  t im e  d e r i v a t i v e s
and X i , X 2 , X z '  a r e  t h e  system e r r o r  and i t s  t im e  d e r i v a t i v e s  
Combin ing ( 6 . 1 )  and ( 6 . 2 ) ,  we ge t
X a '  =  - a i X i - a a X a + F - U
w h e re  t h e  combined i n p u t
F =  r " + a a r ' + a i r + f  ( 6 . 3 )
In  th e  phase p l a n e  o f  th e  e r r o r  c o - o r d i n a t e s ,  i f  we choose  
th e  s w i t c h i n g  l i n e  w h ich  i s  d e f i n e d  by th e  e q u a t i o n
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s = 0 w h ere  s = C iX i  + Xg ( 6 . 4 )
and Cl i s  a  p o s i t i v e  c o n s t a n t  
t h e n :  s '  = C iXg + Xg '  ( 6 . 5 )
By s u b s t i t u t i n g  f o r  Xg and X a '  u s i n g  e q u a t i o n s  ( 6 . 3 )  and
( 6 . 4 )
s '  =  ( c 1 -  a a ) s  -  [ C i ( C i  -  a a )  + a i D x i  + F -  u ( 6 . 6 )
I f  we l e t  t h e  c o n t r o l  e f f e c t  be
u = G x i . X i  ( 6 . 7 )
then
s '  =  ( c i - a a ) s - [ C i ( C i - a a ) + a i + G * i ] X i + F  ( 6 . 8 )
or  s '  =  ( c 1 - a a ) s + N i X 1 +F ( 6 . 9 )
w here  Ni  =  -E c i ( c i - a a ) + a i +  G,< i 3
From e q u a t i o n  ( 5 . 8 )  o f  c h a p t e r  5 ,  t h e  o c c u r r e n c e  o f  s l i d i n g  
m o t io n  r e q u i r e s  t h a t  s s ' <0 when s - > 0 , t h a t  i s , o n c e  th e  phase  
t r a j e c t o r y  has  h i t  th e  s w i t c h i n g  l i n e .  I t  f o l l o w s  f ro m  
e q u a t i o n  ( 6 . 8 )  t h a t  i f  th e  combined i n p u t ,  F , has a  s t e a d y  
s t a t e  v a l u e  o f  z e r o ,  s l i d i n g  m o t io n  i s  g u a r a n t e e d  by  
c h o o s in g
Gx 1 =  g *  f o r  sx > 0 ( 6 . 1 0 a )
Gici = gta f o r  sx < 0
w here  g *  > - C c i ( c . - a a > + a i 3 > g^ ( 6 . 1 0 b )
I f  s l i d i n g  m o t io n  i s  m a i n t a i n e d  t h e  r e p r e s e n t a t i v e  p o i n t  
w i l l  s l i d e  down th e  s w i t c h i n g  l i n e  tow a rd s  t h e  o r i g i n  and  
th e  s t e a d y - s t a t e  e r r o r  o f  t h e  system w i l l  be z e r o .
When i m p le m e n t in g  th e  above  system we measure  or  
e s t i m a t e  t h e  p l a n t  p a r a m e t e r s  and choose t h e  p a r a m e t e r s  o f  
th e  s w i t c h i n g  e q u a t i o n  which  w i l l  r e s u l t  i n  a  s t a b l e  
c l o s e d - l o o p  s y s te m .  The command i n p u t  and e r r o r  s i g n a l s  a r e
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measured or  d e r i v e d  and t h e i r  d e r i v a t i v e s  a r e  d e r i v e d  by  
u s i n g  n u m e r ic a l  d i f f e r e n t i a t i o n .  A l t e r n a t i v e l y ,  d i g i t a l  or  
a n a lo g u e  l o w - p a s s - f i I t e r s  o f  h ig h  c u t - o f f  f r e q u e n c y  can be  
used i f  h ig h  f r e q u e n c y  n o i s e  due t o  d i f f e r e n t i a t i o n  i s  t o  be  
a v o i d e d .
I f ,  h o w e v e r , t h e  a b o v e - m e n t io n e d  s ys te m  i s  s u b j e c t e d  
t o  combined i n p u t  o f  n o n - z e r o  s t e a d y - s t a t e  v a l u e ,  s l i d i n g  
m o t io n  w i l l  no t  be m a i n t a i n e d  when t h e  e r r o r ,  x i , i s  s m a l l .  
From e q u a t i o n  ( 6 . 9 )  i t  can be shown t h a t  t h e  phase  
t r a j e c t o r y  w i l l  l e a v e  th e  s w i t c h i n g  l i n e  when
Î X i !  < ! F I  /  : N i :
I t  w i l l  come t o  r e s t  on t h e  X i - a x i s  a t  t h e  e q u i l i b r i u m  p o i n t
g i v e n  by
Xi =  F /  ( G * i  + a , )  
a s  can be d e r i v e d  f ro m  e q u a t i o n s  ( 6 . 3 )  and  ( 6 . 7 ) .
F i g . 6 . 2a  and  6 . 2 b  show t h e  t im e  r e s p o n s e  and  t h e  p h a s e - p l a n e  
p l o t  o f  a  VSC system when t h e  i n p u t  i s  a  p o s i t i v e  u n i t  s t e p .
The p l a n t  d e s c r i b e d  by e q u a t i o n  ( 6 . 1 )  can be changed
t o  one o f  second o r d e r  and t y p e  one by m a k in g  a i  equal  t o  
z e r o .  I f  so th e  new combined i n p u t  s i g n a l  w i l l  be
F i  =  r ' '  + a ^ r '  + f  
I f  t h i s  combined i n p u t  F^ has a  mean v a l u e  o f  z e r o ,  a  
v a r i a b l e -  s t r u c t u r e - c o n t r o l  system w i t h  s l i d i n g  m o t io n  
g u a r a n t e e d  a l o n g  t h e  e n t i r e  s w i t c h i n g  l i n e  can be o b t a i n e d  
by th e  a p p r o p r i a t e  c h o i c e  o f  G * * .  Hence t h i s  system  w i l l  
have z e r o  s t e a d y - s t a t e  e r r o r  i f  t h e  command i n p u t  i s  z e r o  or  
i s  a  s t e p  f u n c t i o n .  I f ,  h o w eve r ,  t h e  p l a n t  d i s t u r b a n c e  w i t h  
r e f e r e n c e  t o  p l a n t  i n p u t ,  - f  , has n o n - z e r o  mean v a l u e  then







Fig.6.2a input and output amplitude versus time
error rate
error
Fig.6.2b error rate vs error
Fig.6.2 Forced-motion VSCS showing the violation of sliding condition
and the existence of steady-state error 
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s l i d i n g  m o t io n  w i l l  once a g a i n  be v i o l a t e d  when e r r o r  s i q n a l  
X 1 i s  s m a l l .  The phase t r a j e c t o r y  on th e  phase p l o t  w i l l  
a g a i n  ccxne t o  r e s t  on th e  e r r o r  c o o r d i n a t e  w i t h  n o n - z e r o  
sys tem  e r r o r .  T h i s  i s  s i m i l a r  t o  a  t y p e - z e r o  p l a n t  w i t h  a  
- f i x e d - g a i n  i n t e g r a l  c o n t r o l l e r  when a  n o n -z e r o -m e a n  
d i s t u r b a n c e  i n p u t  i s  i n j e c t e d  before t h e  c o n t r o l l e r  s t a g e .  
The  d e f i n i t i o n  o f  system ty p e -n u m b e r  and i t s  r e l a t i o n s h i p  t o  
sys tem  e r r o r  i s  g iv e n  in  A ppend ix  6 . 1 .
6 . 2  F o r c e d - m o t i o n  VSCS w i t h  r e l a y - c o m p o n e n t  in  i t s  c o n t r o l  
f o r  g u a r a n t e e d  s l i d i n g
I f  t h e  sys tem  i s  to  have  s l i d i n g  c o n d i t i o n
g u a r a n t e e d  f o r  t h e  e n t i r e  s w i t c h i n g  l i n e  w i t h o u t  r e q u i r i n g
t h a t  t h e  s t e a d y - s t a t e  v a l u e  o f  t h e  combined i n p u t  F t o  be
z e r o ,  th e  i n e q u a l i t y  s s ' <0 has t o  be m a i n t a i n e d  a l o n g  t h e
e n t i r e  s w i t c h i n g  l i n e .  I t  was s u g g e s te d  C443 t h a t  i f  we
i n c o r p o r a t e  i n t o  th e  c o n t r o l  e f f o r t  a  r e l a y - c o m p o n e n t  w h ich
has a  m a g n i t u d e  g r e a t e r  than  th e  combined i n p u t  F and has
i t s  s ig n  d ep e n d in g  on th e  s i g n  o f  s w i t c h i n g  f u n c t i o n ,  then
s l i d i n g  m o t io n  i s  g u a r a n t e e d .  T h i s  c o n t r o l  e f f o r t  i s
u =  G * i  Xi  + L
such t h a t
!L!  =  A > max ! F ( t ) !  and  
t
L =  +A f o r  s > 0
=  -A  f o r  s < 0
and Gxi i s  t h e  same a s  th o s e  g iv e n  in  e q u a t i o n s  ( 6 . 1 0 a )  and  
( 6 . 1 0 b ) .  U s in g  t h i s  c o n t r o l  e f f o r t ,  e q u a t i o n  ( 6 . 6 )  becomes  
s '  =  ( C i - a 2 ) s - [ C i  ( C i - a 2 )+ai+G>f 1 3 x i  + F - L
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By e q u a t i o n s  ( 6 . 1 0 a )  and ( 6 . 1 0 b ) ,  in  th e  w o r s t  c a s es
when s -> 0 +
s '  = - [ c 1 ( c 1 - a ^ ) + a i + 9 ^ 1 3X 1 +F-A  < 0  ( 6 . 1 0 c )
when s - > 0 -
s '  = - [  c 1 ( c t - a ^ ) + a i +  Qt»i 3X 1 + F+A > 0 ( 6 . 1 0 d )
T h e r e f o r e  s l i d i n g  c o n d i t i o n  i s  g u a r a n t e e d  a l o n g  th e  e n t i r e
swi t c h i n g  l i n e .
U n l i k e  VSCS d i s c u s s e d  so f a r  , t h i s  method r e q u i r e s  
t h e  know ledge  o f  th e  r a n g e  o f  i n p u t  a m p l i t u d e  a s  w e l l  a s  th e  
r a n g e  o f  changes  o f  p l a n t  p a r a m e te r  v a l u e s .  T h i s  a d d i t i o n a l  
r e q u i r e m e n t  may r e s u l t  in  q u i t e  s e v e r e  r e s t r i c t i o n  in  th e
a p p l i c a b i l i t y  o f  t h e  c o n t r o l  scheme. We can s l a c k e n  t h i s
c o n s t r a i n t  by f e e d i n g  f o r w a r d  th e  m e a s u r a b le  p a r t  o f  th e  
combined i n p u t  a s  shown be low
u =  Gx 1 X 1 + Gr. 1 r  + Gr* 2  r  '  + G^s r  '  '  + L
H o w e v e r , t h e  b a s ic  l i m i t a t i o n  s t i l l  e x i s t s  because  we a r e
r e q u i r e d  t o  know th e  r a n g e  o f  d i s t u r b a n c e  i n p u t  a m p l i t u d e  
w hich  i s  u s u a l l y  unknown and u n m e a s u r a b le .  The o t h e r  
s h o r t c o m in g  o f  t h i s  c o n t r o l  scheme i s  t h a t  l i m i t  c y c l e  i s  
i n e v i t a b l e  e x c e p t  when th e  component A o f  t h e  c o n t r o l  and  
th e  combined i n p u t  F in  e q u a t i o n s  ( 6 . 1 0 c )  and ( 6 . 1 0 d )  cance l  
one a n o t h e r  ou t  e x a c t l y .
6 . 3  F o r c e d - m o t i o n  USCS w i t h  l o c a l  f e e d b a c k  in  a c t u a t o r
One m ethod ,  which  does no t  r e q u i r e  t h e  know ledge  o f  
th e  a m p l i t u d e  o f  th e  combined i n p u t  nor  i t s  r a n g e ,  was 
s u g g e s te d  in  books by Emelyanov [373  U t k i n  [393  and I t k i s  
[ 4 0 3 .  For  sys tem s u s in g  t h i s  m ethod ,  o n l y  t h e  knowledge  o f
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th e  t y p e  o f  i n p u t  a s  r e p r e s e n t e d  by a  c e r t a i n  m a t h e m a t ic a l  
f u n c t i o n  i s  r e q u i r e d .  The method employs an i n e r t i a l  l i n k  
w hich  i s  i n s e r t e d  in  between t h e  s w i t c h e d — g a in  v a r i a b l e -  
s t r u c t u r e  c o n t r o l l e r  and th e  p l a n t  i n p u t .  I n  f a c t ,  t h i s  
i n e r t i a l  l i n k  can be t r e a t e d  a s  t h e  second s t a g e  o f  t h e  
v a r i a b l e -  s t r u c t u r e  c o n t r o l l e r .  In  p r a c t i c a l  s y s te m s ,  an  
i n e r t i a l  l i n k  i s  e q u i v a l e n t  t o  an a l l - p o l e  s e r i e s  
c o m p e n s a to r .  S w i tc h e d  l o c a l  fe e d b a c k  i s  then p u t  a r o u n d  t h e  
l i n k .  A l t e r a t i v e l y , i t  can be a  s e r v o - a c t u a t o r  w h ic h  i s  
p h y s i c a l l y  s e p a r a t e d  f ro m  t h e  p l a n t  o r  t h e  c o n t r o l l e r .  T a k e  
th e  exam ple  o f  a  system w i t h  f i r s t - o r d e r  p l a n t  and f i r s t -  
o r d e r  a c t u a t o r  l i k e  t h e  one shown in  F i g . 6 . 3 .
-f
Fig.6.3 Forced-motion VSGS with first-order plant with local feedback
The t r a n s f e r  f u n c t i o n  o f  th e  p l a n t  and o f  th e  a c t u a t o r  shown 
in  F i g . 6 . 3  a r e  r e s p e c t i v e l y
2  /  y - f  ( p ) = 1 /  p+a i  ( 6 . 1 1 )
and y /  u ( p )  = 1 / 1 + pT ( 6 . 1 2 )
S i m i l a r  t o  ( 6 . 2 )
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X 1 =  r  -  z
Xz = r '  -  z '  ( 6 . 1 3 )
T h e r e f o r e
y - f  = a&z + z '
y = a i ( r - X i )  + r '  -  x^ + f  ( 6 . 1 4 )
u =  y + T y '  ( 6 . 1 5 )
by s u b s t i t u t ! o n
dxg - a i  1 1 a»
  =   Xi  -  ( a i  + - ) X g  + r ' '  + ( a i  + - ) r '  + — r
d t  T T T  T
f  u 
+ f^"  ̂ + — — —
T T
I f  F =  a i r  + r '  + f
From ( 6 . 1 4 )
y = - a i X i - X 2 + F  ( 6 . 1 6 )
dxa - a i  1 F u
  =   X 1 — ( a i  + —)Xg + — + F" — — ( 6 . 1 7 )
d t  T T T T
By t a k i n g  t h e  f u n c t i o n
s  =  C i X i  +  X s
and s =  0 b e in g  th e  s w i t c h i n g  l i n e
Xa =  s -  C iX i  ( 6 . 1 8 )
s '  =  C jX a  + d x g / d t
s '  =  —a i / T  X 1 + ( c 1 —a i —1 / T ) X a + F / T + F ' —u / T  ( 6 . 1 9 )
P u t t i n g  u =  Gxi -  Hy ( 6 . 2 0 )
—a 1 1 F Gx1 Hy
s '  =   X 1 + ( c i —a i — —)X a  + — + F '  —   + —  ( 6 . 2 1 )
T T T T T
From ( 6 . 1 6 )
y = - a i X i  - X a  +F
T h e r e f o r e
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- A l  a i H x i  Gxi 1 H F
s '  =  X 1 — ------------ —  + ( c 1 — a% — — — —) x g  + —
HF
+ F ' + —— 
T
( 6 . 22)
By s u b s t i t u t i o n  f o r  x & , f rom  e q u a t i o n  ( 2 . 1 8 )  and re-  
a r r a n g i  ng
1 H 1+H G
s '  =  ( c 1 — a i  — — — —) s + C ( C i —a i ) ( -------  — C i ) — —] X i
T T T T
1+H
+  F + F '
T
( 6 . 2 3 )
by m ak ing
O < 0 f o r  sF < 0
> 0 f o r  sF > 0
( 6 . 2 5 )
For  s l i d i n g ,  i t  i s  r e q u i r e d  t h a t  
s s '  < 0 when s - > 0  
T h i s  c o n d i t i o n  i s  s a t i s f i e d  i f
we have t h e  combined i n p u t  s i g n a l  s a t i s f y i n g
I F ' l  /  !F I  < A w here  A > 0 ( 6 . 2 4 )
1 + H + AT 
T
and 1 + H + AT
T
i . e .  H =  ha < - T - A T  f o r  sF > 0 )
and H =  hb > -1+ A T  f o r  sF < 0 ) ( 6 . 2 6 )
and
2 )  ( C i “ a i )  ( 1 + H / T  —C l )  —6 / T  < 0 f o r  s x i  > 0  )
( C i —a i )  ( 1 + H / T  —C l )  —G /T  > 0 f o r  s x i  < 0  ) ( 6 . 2 7 )
i . e .  i f  C. 1 < a  I
6 =  ÇU, > T ( C i - a i  ) ( - A - C i  ) f o r  sx i > 0
6 =  gt, < T ( C i - a i ) (  A - C i )  f o r  s x i  < 0  ( 6 . 2 8 )
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A l t h o u g h  we need n o t  know th e  ra n g e  o f  v a l u e  o f  th e  
combined i n p u t  F ,  we s t i l l  need t o  know i t s  s i g n .  T h i s  v e r y  
o f t e n  i s  n o t  p o s s i b l e  due to  p l a n t  p a r a m e te r  v a r i a t i o n s  and
t h e  u n m e a s u ra b le  n a t u r e  o f  t h e  d i s t u r b a n c e  i n p u t .
To r e s o l v e  t h i s  d i f f i c u l t y ,  t h e  r e l a t i o n s h i p  between  
y and F in  e q u a t i o n  ( 6 . 1 6 )  can be u se d .  I n s t e a d  o f  s w i t c h i n g  
t h e  g a in  a c c o r d i n g  to  t h e  s ig n  o f  s . F ,  i t  i s  s w i t c h e d  
a c c o r d i n g  to  t h e  s i g n  o f  s . y .
The  method i n t r o d u c e d  by U t k i n  C393 f o r  f i n d i n g  th e  
c o n d i t i o n s  f o r  g u a r a n t e e d  s l i d i n g  a l o n g  th e  e n t i r e  s w i t c h i n g  
l i n e  i s  o u t l i n e d  a s  f o l l o w e d .
L e t  F '  =  QF
w h ere  -A  < Q < A ( 6 . 2 9 )
and  A > 0
Thus th e  c o n d i t i o n  I F ' l  /  I F I < A g iv e n  in  e q u a t i o n  ( 6 . 2 4 )
s t i l l  h o l d s .  S u b s t i t u t i n g  f o r  F and F '  in  e q u a t i o n  ( 6 . 1 7 )
w i t h  F o f  e q u a t i o n  ( 6 . 1 6 )  and F '  o f  ( 6 . 2 9 ) ,  we have
dxa - a i  1 1 + QT u
J ,  = --------X 1 -  ( a i  + - ) X z  + ------------------ ( y + aiX& + x ^ )  — —
d t  T  T  T  T
1 + QT u
= (Q—a i ) X 2  + a i Q x i  + -------------y — — ( 6 . 3 0 )
T T
S i n c e  s =  C i X i  + x^
and s '  =  CiXg + d x g / d t
1 + QT u
s '  = ( C i —a i + Q ) x a  + a i Q x i  +  y — — ( 6 . 3 1 )
T  T
i f  u =  Gxi -  Hy
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G 1 + QT + H
s '  =  ( c 1 —a i + Q ) x 2  + (a&Q — —) x i  + ------------------------y
T T
=  ( C i - a i + Q ) s  + [ ( a i Q  -  -  -  c i <c i - a + Q > 3x i  +
T
1 + QT + H
-------------------------y
T
1 1 + QT + H
=  <c 1 —a i + Q ) s + [ ( c i —a i ) ( —c 1 —Q) — —3 x i + --------------------- y
T T
( 6 . 2 3 )
For  s l i d i n g  s s ' <0 when s - > 0 ,  s l i d i n g  w i l l  be g u a r a n t e e d  i f  
t h e  f o l l o w i n g  c o n d i t i o n s  a r e  f u l f i l l e d .
1 ) 1 + QT + H
--------------------- sy  < 0
T
i . e .  1 + QT + H
---------------------  < 0 f o r  sy > 0
T
and 1 + QT + H
---------------------  > 0 f o r  sy < 0
T
or  H < —1—QT f o r  sy  > 0
and H > - T - G T  f o r  sy  < 0
From e q u a t i o n  ( 6 . 2 9 )  A < Q < -A  and A > 0 
then H =  ha < - 1 - A T  f o r  sy > 0
and H = hb > -1+ A T  f o r  sy < 0 ( 6 . 3 3 )
2 )  G
C ( c 1 —a i  ) ( - c  1 —Q) — —3 sx 1 < 0
T
t h e r e f o r e  G
( c 1 —a i ) ( —c 1 —Q) — — < 0 f o r  s x i  > 0
T
and 6
( c 1 - a i ) ( —c 1 -Q )  -  — > 0 f o r  s x i  < 0
T
f u r t h e r m o r e  i f  c i  < a i
- 2 1 3 -
G = g *  > T ( c  1 - A l  > ( - c  1 “ A> -for SX 1 > 0  
and G = gt, < T< c i - a i  ) ( - c  i+ A )  f o r  sx i < 0 ( 6 . 3 4 )
I n  f a c t  t h i s  s e t  o f  g a in  v a l u e s  i s  th e  same a s  t h a t  o b t a i n e d  
when s . F  i s  used f o r  s w i t c h i n g ,  a s  can be seen by com p a r in g  
( 6 . 2 6 )  w i t h  ( 6 . 3 3 )  and ( 6 . 2 8 )  w i t h  ( 6 . 3 4 ) .
The method j u s t  d e s c r i b e d  i s  a p p l i c a b l e  t o  h i g h e r  
o r d e r  a s  w e l l  a s  s e c o n d -  or  t h i r d —o r d e r  s y s te m s .  For  
a c t u a t o r s  o f  h i g h e r  o r d e r , say  m, th e  c o n d i t i o n  e q u i v a l e n t  
t o  t h a t  g iv e n  by e q u a t i o n  ( 6 . 2 9 )  i s  
m—1
F(m) =  S Q i ( t )  F < i - i >  ( 6 . 3 5 )
i =  l
w here  ! Q i !  < A ,  ( i  = 1 , . . . , m - l )
6 . 4  H i t t i n g ( r e a c h i n g )  c o n d i t i o n s  f o r  f o r c e d - m o t i o n  VSCS
In  f o r c e d - m o t i o n  VSCS, due to  t h e  p r e s e n c e  o f  
f o r c i n g  i n p u t ,  th e  c o n d i t i o n  t h a t  t h e  e i g e n v e c t o r s  
a s s o c i a t e d  w i t h  s t r u c t u r e s  w h ich  have r e a l  p o s i t i v e  
e i g e n v a l u e s  s h o u ld  n o t  b e lo n g  t o  t h a t  same s t r u c t u r e ,  i s  a  
n e c e s s a r y  b u t  no t  a  s u f f i c i e n t  c o n d i t i o n  f o r  h i t t i n g .  The se  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  th e  phase t r a j e c t o r y  
to  h i t  th e  s w i t c h i n g  h y p e r p l a n e  f rom  a l l  p o s s i b l e  i n i t i a l  
s t a t e s  a r e  g iv e n  in  th e  book by U t k i n [ 3 9 3 .  O n ly  t h e  
s u f f i c i e n t  c o n d i t i o n s ,  w h ich  a r e  g iv e n  a s  t h r e e  th e o r e m s ,  
a r e  i n c l u d e d  in  h e r e  f o r  c o m p le te n e s s  and to  b r i n g  o u t  
a s p e c t s  r e l e v a n t  t o  t h i s  r e s e a r c h .
For  a  system  d e f i n e d  by e q u a t i o n
X '  =  AX + bu ( 6 . 3 6 )
w i t h  s w i t c h i n g  h y p e r p l a n e  d e f i n e d  by e q u a t i o n
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s =  c *  X = 0  ( 6 . 3 7 )
and  c o n t r o l  e f f o r t  
k
u =  -  Z Gxi . Xi  -  du ( 6 . 3 8 )
i =  l
w h ere  w i t h  sx > 0
=  9toi w i t h  SX < 0 ;  ( i = l , . . . , k )  
du =  do w i t h  s > 0
=  -d o  w i t h  s < 0
and do > 0
Theorem 1; I f  i n  t h e  system ( 6 . 3 6 )  t o  ( 6 . 3 8 )  t h e  h y p e r p l a n e  
s=0 i s  a  s l i d i n g  h y p e r p l a n e  then  t h e  i n e q u a l i t y
c« an S 0 ( 6 . 3 9 )
w here  a^ ( i = l ............n)  i s  t h e  i - t h  column o f  sys tem  m a t r i x  A
i s  a  s u f f i c i e n t  c o n d i t i o n  f o r  h i t t i n g .  T h i s  i s  p ro v e d  by
u s i n g  t h e  s u b s t i t u t i o n  f ro m  e q u a t i o n  ( 6 . 3 7 )  t h a t
n -1
Xn = S -  z  Ci Xi
i = l
T o g e t h e r  w i t h  e q u a t i o n s  ( 6 . 3 8 )  and ( 6 . 3 9 )
k
s '  =  ( c^  A r , ) s  + Z  [ c ^ - a r , - c i  ( c ^ - a „ ) - ( c * b ) G x  1  3X 1
i  =  l
n -1
+ Z C c a i  —c i  ( c a i  ) 3X i — ( c * b ) du ( 6 . 4 0 )  
i = k + 1
By r e q u i r i n g  c *  a *  < 0 th e  f r e e  m o t io n  r a n g e - s p a c e  dynam ics  
in  s - c o - o r d i n a t e  i s  s t a b l e .  T h a t  i s ,  by p u t t i n g  te rm s  in  
e q u a t i o n  ( 6 . 4 0 ) ^ x i & n d d u t o  z e r o ,  th e  v a l u e  o f  s w i l l  s t a y  
unchanged or  decay  e x p o n e n t i a l l y  to  z e r o .  S i n c e  s l i d i n g  
m o t io n s  i s  assumed,  t o g e t h e r  w i t h  t h e  c o n d i t i o n  do>0 and  
s s ' <0 a s  s - >  0 ,  then t h i s  means t h a t  t h e  t h r e e  te rm s
f o l l o w i n g  ( c * a r , ) s  in  e q u a t i o n  ( 6 . 4 0 )  w i l l  a l w a y s  d r i v e  t h e
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v a l u e  o f  s t o  z e r o .  Hence t h e  h i t t i n g  o f  t h e  s w i t c h i n g  
h y p e r p l a n e  w i l l  a l w a y s  o c c u r .
T h i s  theorem  can be e x t e n d e d  to  i n c l u d e  sys tem  w i t h  
r e d u c e d - o r d e r  s w i t c h i n g  w h ich  has t h e  o r d e r  o f  i t s  r a n g e -  
space  dynam ics  h i g h e r  than one .  I f  we can g u a r a n t e e  t h a t  th e  
f r e e - m o t i o n  r a n g e - s p a c e  dynam ics  i s  s t a b l e ,  once s l i d i n g  
c o n d i t i o n s  a r e  e s t a b l i s h e d ,  t h e r e  w i l l  no t  be a n y  a d d i t i o n a l  
c o n d i t i o n  r e q u i r e d  t o  e n s u r e  h i t t i n g  o f  t h e  s w i t c h i n g  p l a n e .  
T h i s  a p p ro a c h  o f  f i n d i n g  th e  h i t t i n g  c o n d i t i o n s  i s  o n l y  
a p p l i c a b l e  when th e  system p a r a m e t e r s  and th e  c o e f f i c i e n t s  
C l ,  which  d e f i n e  t h e  s w i t c h i n g  p l a n e ,  t o g e t h e r  g i v e  a  
s t a b l e  r a n g e - s p a c e  dy n a m ic s .  I f  t h i s  c o n d i t i o n  i s  n o t  met  
t h e  ( n —l ) t h  d e r i v a t i v e  o f  e r r o r  w i l l  be r e q u i r e d  f o r  
f e e d b a c k  so t h a t  t h e  system  i s  m o d i f i e d  t o  g i v e  a  s t a b l e  
c l o s e d - l o o p  r a n g e - s p a c e  dy n a m ic s .  However ,  a  d e r i v a t i v e  
s i g n a l  w h ich  i s  o f  r e a s o n a b l e  a c c u r a c y  and s i g n a l  t o  n o i s e  
r a t i o ,  i s  n o t  a lw a y s  a v a i l a b l e .
The second theorem  d e a l s  w i t h  f o r c e d - m o t i o n  VSCS 
u s i n g  s w i t c h e d  f e e d b a c k  o f  e r r o r  and o n l y  i t s  f i r s t  ( n - 2 )  
d e r i v a t i v e s ,  ( i . e .  u s i n g  x i  t o  x ^ - i  ) .  In  t h i s  c a s e ,  th e  
r a n g e - s p a c e  dynam ics  i s  n o t  n e c e s s a r i l y  s t a b l e .
Theorem 2 ;  For  VSCS d e s c r i b e d  by e q u a t i o n s  ( 6 . 3 6 )  t o  ( 6 . 3 8 )  
w i t h  k = n - l  and w i t h  a l l  t h e  c o e f f i c i e n t s ,  c i , in  e q u a t i o n  
( 6 . 3 7 )  t o  be p o s i t i v e ,  i t  i s  s u f f i c i e n t  t h a t  f i r s t l y  th e  
c h a r a c t e r i s t i c s  e q u a t i o n  ( 6 . 3 6 )  w i t h  6><i =  g^ i  ( i =  l , . . . , n -1  ) 
and du =  0 does no t  have  p o s i t i v e  e i g e n v a l u e s  and  s e c o n d ly  
t h e  condi  t  i ons
g^ i  > - a i , g t i  i - a & ,  ( i = l , . . . , n - l )  ( 6 . 4 1 )
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a r e  m e t .
T h i s  theorem  g i v e s  a  much r e l a x e d  s u f f i c i e n t
c o n d i t i o n  f o r  h i t t i n g .  However ,  t h e  a p p l i c a t i o n  o f  t h i s  
theorem  i s  d i f f i c u l t  in  t h a t  i t  i n v o l v e s  f i n d i n g  th e  l o c i  o f  
t h e  n r o o t s  o f  th e  f r e e —m o t io n  d i f f e r e n t i a l  e q u a t i o n  in  
e r r o r  c o - o r d i n a t e s .  These  r o o t s  a r e  complex and th e  n-1  
s w i t c h e d  g a in  f a c t o r s  can g i v e  r i s e  t o  2 " “  ̂ s e t s  o f  r o o t s .  
I t  i s  n o t  s u r e  t h a t  t h e  a s s o c i a t e d  r o o t - 1 o c u s  map can be
fo u n d  a n a l y t i c a l l y  or  n u m e r i c a l l y  f o r  h ig h  o r d e r  s y s te m s .
Thus t h e  same p rob lem  w i l l  be much more m an a g e a b le  i f  we can  
f i n d  a  s e t  o f  s u f f i c i e n t  c o n d i t i o n s  f o r  h i t t i n g  f o r  a  sys tem  
w hich  uses j u s t  one s w i t c h e d  g a i n  f a c t o r .  The  f o l l o w i n g
theorem  i s  an a t t e m p t  to  a c h i e v e  t h i s  a i m .
Theorem 3 :  For  system d e s c r i b e d  by e q u a t i o n s
X 1  ̂ = X i + i  ( i = l ; . . . , n )  ( 6 . 4 2 )
n
Xr^' =  -  2  a i X i  -  G * i . X i  -  du 
i - 1
w here  Gx = g^ j  when sx > 0
=  9toi when sx < 0
and du =  -d o  when s > 0
=  do when s < 0
w here  do i s  a  p o s i t i v e  v a l u e  w h ich  may be a s  sm al l  a s  
d e s i r e d .  For  such a  s y s t e m , i f  a l l  c o e f f i c i e n t s  d e f i n i n g  
t h e  s w i t c h i n g  p l a n e  a r e  p o s i t i v e  then t h e r e  i s  a l w a y s  a
p o s i t i v e  v a l u e  Go such t h a t  w i t h  g ^ i  > Go and g^ i   ̂ -Go
and t h e  phase t r a j e c t o r y  w i l l  a l w a y s  h i t  t h e  s w i t c h i n g  p l a n e  
f ro m  an y  p o s s i b l e  i n i t i a l  s t a t e .
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T h i s  theorem s t a t e s  t h e  e x i s t e n c e  o f  a  f i n i t e  g a in  
v a l u e  above  w h ich  h i t t i n g  and s t a b i l i t y  can a l w a y s  be  
o b t a i n e d .  U n f o r t u n a t e l y ,  up t o  t h i s  moment,  t h e r e  i s  n o t  a  
method t o  f i n d  t h i s  v a l u e .  A l t h o u g h  one i s  tem pted  t o  f i n d  
t h i s  g a in  Go e m p i r i c a l l y ,  t h i s  w i l l  be an u n s a f e  d e s ig n  
b ecause  i t  i s  i m p o s s i b l e  to  c o n s i d e r  a l l  p r o b a b l e  i n i t i a l  
c o n d i t i o n .
Thus f o r  a h ig h  o r d e r  s y s te m ,  i t  may be b e s t  t o  use  
t h e  a p p ro a c h  in  Theorem 1 i f  t h e  r a n g e - s p a c e  dynam ics  i s  
s t a b l e  o r  t h e  ( n - l ) t h  d e r i v a t i v e  o f  e r r o r  i s  a v a i l a b l e  f o r  
f e e d b a c k  t o  make t h e  r a n g e - s p a c e  dynam ics  s t a b l e .
6 . 5  The p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  
w i t h  l o c a l  fe e d b a c k
a c t u a t o r
u(p) ) H i I- 1 Y(?))
1 -rlT
LLl
Fig. 6.4 Actuator with local feedliack in a VSCS
We have seen in  th e  p r e v i o u s  s e c t i o n  t h a t  f o r  
g u a r a n t e e d  s l i d i n g  m o t io n
H = ha =  -1  -  AT when sy > 0
=  hb =  -1  + AT when sy  < 0
We can see  f ro m  F i g .  6 . 4  t h a t  when t h i s  v a l u e  o f  l o c a l
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f e e d b a c k  i s  a b s o rb e d  i n t o  t h e  f o r w a r d  p a th  th e  m o d i f i e d  
t r a n s f e r  f u n c t i o n
y / u  ( p ) = 1 / T  /  ( p - A )  when sy > 0
y / u  ( p ) =  1 / T  /  (p+A)  when sy < 0 ( 6 . 4 3 )
W i t h  t h e s e  t r a n s f e r  f u n c t i o n s  th e  o u t p u t  o f  t h i s  
a c t u a t o r  i s  c a p a b l e  o f  g i v i n g  an a c t u a t o r  o u t p u t  y w h ich  has  
a maximum r a t e  o f  i n c r e a s e  in  m a g n i tu d e  equal  to  t h a t  g iv e n  
by th e  f u n c t i o n  e x p ( A t )  o r  a  maximum r a t e  o f  d e c r e a s e  equal  
t o  t h a t  o f  e x p ( - A t ) .  S in c e  a t  s t e a d y - s t a t e  t h e  a c t u a t o r  
o u t p u t  y i s  equal  t o  th e  combined i n p u t  F , th e  d e s ig n  does
meet t h e  s p e c i f i c a t i o n  t h a t  f o r  i n p u t  s a t i s f y i n g
Î F ' 1 / I F !  < A s l i d i n g  m o t io n  s h o u ld  be m a i n t a i n e d .  I n p u t  
f u n c t i o n s  w h ic h  s a t i s f y  t h i s  d e s ig n  c o n s t r a i n t  i n c l u d e  
s t e p s ,  ram ps,  p a r a b o l a s ,  c o n t i n u o u s  f u n c t i o n  w i t h  f i x e d  s ig n  
and bounded d e r i v a t i v e  and p o l y n o m i a l s  o f  any  f i n i t e  o r d e r  
a s  w e l l  a s  e x p o n e n t i a l  f u n c t i o n s  o f  exp onent  R w here  
-A  < R < A and th e  p r o d u c t  o f  t h e s e  f u n c t i o n s .  T h i s  i n c l u d e s  
a  l a r g e  c l a s s  o f  common 1 y o c c u r r i n g  f u n c t i o n s .  One o b v io u s  
e x c l u s i o n  i s  t r i g o n o m e t r i c a l  f u n c t i o n s  w h ich  can have  
! F ' ; / I F ! - > *  a s  F - > 0 . However ,  i f  th e  system i s  used a s  a  
r e g u l a t o r  w i t h  a  l a r g e  s t e a d y -  s t a t e  o u t p u t  a m p l i t u d e  and a  
d i s t u r b a n c e  i n p u t  o f  sm a l l  a m p l i t u d e  th e  c o n s t r a i n t  
I F ' ! / ' F < A can s t i l l  be s a t i s f i e d  even i f  th e  d i s t u r b a n c e
i n p u t  i s  has a  component which i s  a  t r i g o n o m e t r i c a l  
f une t i o n .
For  sys tems w h ich  have to  h a n d le  combined i n p u t  F
w i t h  s i g n i f i c a n t  component o f  t r i g o n o m e t r i c a l  f u n c t i o n  a  
s e c o n d - o r d e r  a c t u a t o r  w i t h  l o c a l  fe e d b a c k  l o o p s ,  l i k e  th e
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Fig.6.5 Second-order actuator with local feedback in VSCS
W it h  t h i s  a c t u a t o r ,  in  o r d e r  t h a t  s l i d i n g  m o t io n  i s  
g u a r a n t e e d ,  th e  combined i n p u t  F has t o  s a t i s f y  
F "  =  Qi F + F '  
w h ere  Î Q t '  < A and !Qa'  5 A .
I t  can be shown t h a t  a l l  harm onic  f u n c t i o n s  i n c l u d i n g  
t r i g o n o m i c a l  f u n c t i o n s ,  s a t i s f y  t h i s  c o n s t r a i n t .
I t  i s  w o r th  n o t i n g  t h a t ,  f o r  th e  a c t u a t o r  showed in  
F i g .  6 . 4 ,  t h e  mean v a l u e  o f  l o c a l  f e e d b a c k  HU, i s  - 1 .  Upon 
s u b s t i t u t i n g  t h e  v a l u e  o f  HU? t h e  mean v a l u e  o f  t h e  t r a n s f e r  
f u n c t i o n  y / u  ( p ) i s  ( l / T ) / p . T h i s  means t h a t  t h e  a c t u a t o r  
w i t h  fe e d b a c k  b e h a v e s ,  on a v e r a g e ,  l i k e  a  V S C S - e q u i v a l e n t  o f  
an i n t e g r a t o r .  The l o c a l  f e e d b a c k  i s  s w i t c h e d  between a  
p o s i t i v e  and  a  n e g a t i v e  fe e d b a c k  a l t e r n a t i v e l y  t o  f o r c e  th e  
a c t u a t o r  o u t p u t  t o  t r a c k  t h e  combined i n p u t  s i g n a l  F . In  th e
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same way t h e  s e c o n d - o r d e r  a c t u a t o r  w i t h  f e e d b a c k  can be 
lo o k e d  a t  a s  a  V S C S - e q u i v a l e n t  o f  d o u b le  i n t e g r a t o r .
I t  i s  a l s o  w o r th  n o t i n g  t h a t  t h e  t i m e  c o n s t a n t  o f  
t h e  a c t u a t o r  a f t e r  p u t t i n g  in  f e e d b a c k  i s  i n d e p e n d e n t  o f  th e  
i n h e r e n t  a c t u a t o r  t im e  c o n s t a n t  T .  On t h e  o t h e r  hand ,  we can 
see  f ro m  e q u a t i o n  ( 6 . 4 3 )  t h a t  t h e  c l o s e d - l o o p  g a in  o f  th e  
a c t u a t o r  i s  i n v e r s e l y  p r o p o r t i o n a l  to  t h e  t im e  c o n s t a n t  T .  
T h u s ,  f o r  a  s lo w e r  a c t u a t o r ,  a  h i g h e r  loop  g a in  w i l l  be  
r e q u i r e d  to  compensate  f o r  t h e  r e d u c t i o n  in  g a in  by th e  
l o c a l  f e e d b a c k  i f  th e  o v e r a l l  i n p u t  t r a c k i n g  c a p a b i l i t y  i s  
t o  be m a i n t a i n e d .  Such need i s  c l e a r l y  shown in  e q u a t i o n s  
( 6 . 3 2 )  t o  ( 6 . 3 4 ) .  Such c o n s i d e r a t i o n  i s  i m p o r t a n t  when 
s y n t h e s i z i n g  th e  c o n t r o l  system  and even more in  c h o o s in g  an 
a c t u a t o r  w h ich  can o n l y  a c c e p t  i n p u t  a m p l i t u d e  o f  a  l i m i t e d  
r a n g e  b e f o r e  s a t u r a t i n g  or  b e i n g  darriaged.
6 . 6  E f f e c t  o f  f o r w a r d  p a th  z e r o  in  f o r c e d  m o t io n  VSCS
One marked d i f f e r e n c e  between f r e e - m o t i o n  and  
f o r c e d - m o t i o n  systems o f  f i x e d  or  v a r i a b l e  s t r u c t u r e  i s  th e  
e f f e c t  o f  th e  f o r w a r d  p a th  z e r o s .  In  f r e e - m o t i o n  systems  
o n l y  t h e  c l o s e d - l o o p  p o l e s  a r e  o f  i m p o r t a n c e  w h i l e  in  
f o r c e d - m o t i o n  system th e  z e r o s  p r e s e n t  in  t h e  f o r w a r d  pa th  
o f  t h e  t r a n s f e r  f u n c t i o n  a f f e c t s  t h e  dynamic r e s p o n s e  
s i g n i f i c a n t l y .
The  p r e s e n c e  o f  th e s e  f o r w a r d  p a th  z e r o s  in  f o r c e d -  
m o t io n  VSCS can be seen i f  we t r e a t  t h e  system  a s  one  
c o n s i s t i n g  o f  a  s e r i e s  com pensato r  w i t h  s w i t c h e d  g a in
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e le m e n t s  f o l l o w e d  by a  VSCS e q u i v a l e n t  o f  i n t e g r a t o r ( s ) .  By 
e x p r e s s i n g  t h e  t r a n s f e r  f u n c t i o n  o f  t h i s  s e r i e s  com pensator  
i n  t h e  fo rm
k
G x (p )  =  2  g x i  p * - i
i =  l
We then have  2^ s e t  o f  z e r o s  w i t h  k -1  z e r o s  in  each s e t ,  i f  
a l l  k g a i n  e le m e n t s  a r e  s w i t c h e d  between two d i f f e r e n t  
v a l u e s .  H ence ,  th e  i n p u t —o u t p u t  t r a n s f e r  f u n c t i o n  i s
k -1
1C < p + Ui )
z i= 0
- ( p )  =  K ----------------------------------
r  n
C p + V i  >
i= 0
w h e re  Ui a r e  t h e  f o r w a r d  p a th  z e r o s  
Vi a r e  t h e  c l o s e d - l o o p  p o l e s
In  s a t i s f y i n g  th e  c o n d i t i o n s  f o r  s l i d i n g  in  VSCS,  
t h e r e  i s  no r e q u i r e m e n t  t h a t  t h e s e  g a in  v a l u e s  must be  
p o s i t i v e ,  c o n s e q u e n t l y  some z e r o s  may be on t h e  r i g h t - h a n d  
h a l f  o f  th e  comp 1 e x - f r e q u e n c y  p l a n e  thus  g i v i n g  non-minimum  
phase r e s p o n s e .
I n d e e d ,  s i m u l a t i o n  r e s u l t ,  g i v e n  in  F i g .  6 . 6a ,sh o w ed  
t h a t  such r e s p o n s e  d i d  occur  and th e  re s p o n s e  gave a  
n e g a t i v e  d i p  many t im e s  g r e a t e r  in  m a g n i tu d e  than  t h e  
p o s i t i v e  s t e a d y - s t a t e  v a l u e .








Fig.5.6a Non-minimum phase response in forced motion VSCS.
1.0.
Fig.6.6b Non-minimum phase response eliminated by gain-shifting.
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One way to  a v o i d  minimum phase r e s p o n s e  i s  to  
i n c l u d e  in  th e  c o n t r o l  e f f o r t  a  component w h ic h  i s  a  f i x e d  
p o r t i o n  o f  t h e  ( n - l ) t h  d e r i v a t i v e  o f  th e  e r r o r ,  i . e .  x „ ,  
th u s  th e  c o n t r o l  e f f o r t  becomes
n m
u =  — Z G x i *  Xi  — Z Hi y ( i )  
i = 0  i = 0
I t  can be shown t h a t  t h e  new v a l u e  o f  g a i n s  f o r  s l i d i n g  have
been changed to
G x i *  G x 1 +  C  n  —  1 G x  n
w h e re  Gx« i s  th e  n o n - s w i t c h e d  fe e d b a c k  g a in  o f  th e  
( n - l ) t h  d e r i v a t i v e  o f  e r r o r .
By t h e  a p p r o p r i a t e  c h o ic e  o f  Gxn, a l 1 g a i n  v a l u e s  w h ich  a r e  
r e q u i r e d  to  meet t h e  c o n d i t i o n s  f o r  s l i d i n g  w i l l  be p o s i t i v e  
and a l l  t h e  f o r w a r d  p a th  z e r o s  w i l l  be on th e  l e f t - h a n d  h a l f  
o f  th e  complex p l a n e .  By a p p l y i n g  t h i s  method o f  
e l i m i n a t i n g  non-minimum phase r e s p o n s e , t h e  system w i t h  
o r i g i n a l  r e s p o n s e  g iv e n  in  F i g . 6 . 6a was m o d i f i e d  t o  t h a t  o f  
F i g . 6 . 6 b .
Thus in  t h e  d e s ig n  o f  f o r c e d  m o t io n  VSCS no t  o n l y  
t h e  s w i t c h i n g  p l a n e  has t o  be chosen t o  d e f i n e  a  s e t  o f  
c l o s e d - l o o p  p o l e s  w h ich  g i v e s  s a t i s f a c t o r y  r e s p o n s e ,  t h e  
s w i t c h e d  g a i n s  in  t h e  f o r w a r d  p a th  a l s o  have  t o  be c a r e f u l l y  
chosen i f  t h e  dynamic r e s p o n s e  i s  to  be s a t i s f a c t o r y .
6 . 7  C o n c lu s io n
In  t h i s  c h a p t e r  we have seen t h a t  in  rriany ways  
v a r i a b l e - s t r u c t u r e -  c o n t r o l  systems a r e  s i m i l a r  t o  f i x e d — 
g a in  s y s te m s .  F i r s t l y ,  f o r  n o n -z e r o -m e a n  i n p u t ,  t h e  system
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p ro d u c e s  n o n - z e r o  s t e a d y - s t a t e  e r r o r  u n l e s s  t h e  sys tem  ty p e  
number m atches  or  exc eeds  t h a t  r e q u i r e d  by t h e  t y p e  o f  
i n p u t .  B e f o r e  t h e  system s e t t l e s  w i t h  s t e a d y - s t a t e  e r r o r  th e  
s l i d i n g  c o n d i t i o n  o f  th e  VSCS w i l l  be v i o l a t e d .  T h e n ,  l i k e  
f i x e d - g a i n  s y s te m s ,  th e  f e e d i n g  f o r w a r d  o f  i n p u t  can be used  
t o  p rodu ce  z e r o  s t e a d y - s t a t e  e r r o r  bu t  t h i s  r e q u i r e s  th e  
i m p r a c t i c a l  c o n d i t i o n  o f  f u l l  knowledge  o f  th e  p l a n t  and  o f  
t h e  i n p u t s  a t  an y  moment o f  t i m e .  A l s o ,  s i m i l a r  t o  f i x e d -  
g a i n  s y s te m s ,  t h e  way to  p ro d u c e  a  z e r o  s t e a d y - s t a t e  e r r o r  
i s  to  i n c r e a s e  t h e  system t y p e  number.  VSCS uses a c t u a t o r s  
w i t h  l o c a l  f e e d b a c k  which  i s  s w i t c h e d  between p o s i t i v e  and  
n e g a t i v e  v a l u e s  so t h a t  t h e  t i m e - a v e r a g e  b e h a v i o u r  o f  th e  
a c t u a t o r  i s  t h a t  o f  an i n t e g r a t o r .  For VSCS w hich  uses e r r o r  
and i t s  d e r i v a t i v e s  to  fo rm  th e  c o n t r o l  s i g n a l ,  i t s  
c o n t r o l l e r  i s  s i m i l a r  to  t h e  s e r i e s  co m pe nsato rs  o f  f i x e d -  
g a i n  s y s te m s .  T h u s ,  VSCS a r e  e q u a l l y  c a p a b l e  o f  d i s p l a y i n g  
non-minimum phase r e s p o n s e ,  e x c e p t  t h a t  t h e  chances  a r e  
h i g h e r  because  n e g a t i v e  g a in  v a l u e s  do no t  d i s t u r b  t h e i r  
s t a b i l i t y .
R a t h e r  u n l i k e  t h e  f i x e d - g a i n  s y s te m s ,  th e  v a r i a b l e -  
s t r u c t u r e -  c o n t r o l  sys tem s w h ich  have a  s i n g l e - s t a g e  or  
f i r s t  a c t u a t o r  w i t h  f e e d b a c k  a r e  c a p a b l e  o f  t r a c k i n g  i n p u t s  
o f  s t e p ,  ramp,  p a r a b o l i c  o r  p o ly n o m ia l  c h a r a c t e r i s t i c s  and  
even e x p o n e n t i a l  i n p u t s  o f  exp onent  up to  a  c e r t a i n  d e s ig n  
p a r a m e t e r .  A t w o - s t a g e  a c t u a t o r  can t r a c k  i n p u t  o f  
t r i g o n o m e t r i c a l  c h a r a c t e r i s t i c  in  a d d i t i o n  to  th o s e  
m e n t io n e d  a b o v e .  T h i s  , in  t h e o r y ,  is f a r  beyond th e  
c a p a b i l i t y  o f  f i x e d - g a i n  s y s te m s .  H o w e v e r , l i m i t - c y c l i n g
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r e s t r i c t s  t h e  a m p l i t u d e  o f  t h e  d i s t u r b a n c e  i n p u t  i t  can 
h a n d l e .  In  t h i s  c h a p t e r ,  we have a l s o  seen t h a t  th e  t h e o r y  
and i m p l e m e n t a t i o n  m e t h o d o lo g y ,  e s p e c i a l l y  o f  f i n d i n g  th e  
r e q u i r e d  g a i n s ,  needs f u r t h e r  d ev e lo p m en t  b e f o r e  f o r c e d — 
m o t io n  VSCS can be w i d e l y  a p p l i e d .
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CHAPTER 7
VARIABLE-STRUCTURE-CONTROLLED E . M .S ,
7 . 1  I n t r o d u c t i o n
In  c h a p t e r  2 we have been e x a m in in g  t h e  k i n d  o f  
s u s p e n s io n  sys tem  w hich  w i l l  g i v e  a  l i n e a r  o p t im a l  r e s p o n s e .  
The a t t e m p t  t o  re a c h  t h i s  o p t i m a l i t y  in  e l e c t r o m a g n e t i c  
s u s p e n s io n  u s i n g  f i x e d - g a i n  f e e d b a c k  has been o u t l i n e d  in  
c h a p t e r  4 .  I n  t h a t  c h a p t e r  we have seen t h a t  due to  
i n h e r e n t  n o n l i n e a r i t y  t h i s  o p t i m a l i t y  i s  n o t  a l w a y s  
m a i n t a i n e d .  One reas o n  why i t  f a i l e d  was t h a t  h ig h  f e e d b a c k  
g a in  i s  r e q u i r e d  f o r  i n s e n s i t i v i t y  t o  d i s t u r b a n c e s  and  
p a r a m e te r  ch a n g e s .  H igh loop  g a in  had ,  h o w e v e r ,  caused  
e a r l i e r  s a t u r a t i o n  o f  v o l t a g e  and  f o r c e ,  th u s  i n c r e a s e d  th e  
l i k e l i h o o d  o f  i n s t a b i l i t y .  So we s h a l l  ap p ro ach  t h i s  same 
goal  o f  m a i n t a i n i n g  o p t im a l  re s p o n s e  u s i n g  t h e  s l i d i n g —mode 
v a r i a b l e - s t r u c t u r e - c o n t r o l  m ethod ,  w h ich  does not  
n e c e s s a r i l y  r e q u i r e  h ig h  f e e d b a c k  g a i n .  The p o t e n t i a l s  and  
scxne o f  th e  f o r e s e e a b l e  s h o r t c o m in g s  o f  th e  method w i l l  be 
exam ined in  th e  n e x t  s e c t i o n .  Des ign  f e a t u r e s  s p e c i f i c  t o  
th e  a p p l i c a t i o n  o f  VSCS t o  EMS w i l l  be d is c u s s e d  in  s e c t i o n  
7 . 3 .  The  c l o s e d - l o o p  re s p o n s e  o f  t h e  system u s i n g  t h i s  
method w i l l  be g iv e n  in  S e c t i o n  7 . 4 .
7 . 2  VSCS in  E . M . S .  -  A d v a n ta g e s  and d i s a d v a n t a g e s
One o f  th e  l e a d i n g  f e a t u r e s  o f  s i i d i n g - m o d e  VSCS i s  
th e  i n v a r i a n c e  o f  r e s p o n s e  even in  t h e  p r e s e n c e  o f  
d i s t u r b a n c e  or  p a r a m e te r  cha nges .  As we have seen in
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c h a p t e r  6 t h i s  system i s  e q u i v a l e n t  t o  a  model r e f e r e n c e  
a d a p t i v e  c o n t r o l  system w i t h  t h e  model g iv e n  by th e  
c h a r a c t e r i s t i c  e q u a t i o n  w h ich  d e f i n e s  th e  s l i d i n g  p l a n e .  
A l l  t h e  d i s t u r b a n c e s  and p a r a m e te r  changes a r e  a b s o r b e d  by  
t h e  a d a p t i v e  l o o p .  In  t h e o r y  t h e  i n v a r i a n c y  depends o n l y  on 
how c l o s e  t h e  s l i d i n g  m o t io n  i s  to  t h e  s w i t c h i n g  p l a n e  and  
how a c c u r a t e  t h e  v a l u e s  o f  v a r i a b l e s  f o r m i n g  th e  e q u a t i o n  o f  
t h e  p l a n e  can be measured or  d e r i v e d .  The i n v a r i a n c y  a l s o  
a l l o w s  c r o s s - c o u p l i n g  e f f e c t s  t o  be r e j e c t e d  or  i n j e c t e d  a s  
r e q u i r e d .  From c h a p t e r  6 we have seen t h a t  w i t h  l o c a l  
f e e d b a c k  round  t h e  a c t u a t o r  o f  th e  s y s te m ,  t h e o r e t i c a l l y  i t  
i s  c a p a b l e  o f  e r r o r - f r e e  t r a c k i n g  o f  i n p u t s  w h ich  a r e  
c h a n g in g  a t  a  r a t e  up to  t h a t  g iv e n  by t h e  e x p r e s s i o n  
± K * e x p ( ± A )  w h ere  A i s  a  chosen d e s ig n  p a r a m e t e r . H o w e v e r , 
t h i s  i s  o n l y  a t t a i n a b l e  w i t h  i n f i n i t e  s w i t c h i n g  f r e q u e n c y  
and c o n t i n u o u s l y  v a r i a b l e  m a r k - s p a c e  r a t i o  o f  s w i t c h i n g .  In  
p r a c t i c e  th e  l i m i t s  o f  f i n i t e  s w i t c h i n g  f r e q u e n c y  and ra n g e  
o f  v a r i a t i o n  o f  s w i t c h i n g  m a r k - s p a c e  r a t i o  mean t h a t  th e  
system  s h o u ld  n o t  be made t o  t r a c k  d i s t u r b a n c e s  or  p a r a m e te r  
v a r i a t i o n s  c h a n g in g  a t  a r a t e  h i g h e r  than t h a t  g i v e n  by a  
p a r a b o l i c  f u n c t i o n .  For  EMS th e  d i s t u r b a n c e  i n p u t s  which  
th e  a c t u a t o r  o u t p u t  has to  n u l l i f y  a r e  th e  a p p l i e d  f o r c e  and  
th e  second and h i g h e r  d e r i v a t i v e s  o f  t r a c k  l e v e l  and gap 
command ch a n g es .  S in c e  t h e s e  i n p u t s  have z e r o  or  f i n i t e  and  
n o n - i n c r e a s i n g  s t e a d y - s t a t e  v a l u e s ,  t h e  a c t u a t o r  i s  no t  
r e q u i r e d  to  t r a c k  i n p u t s  which have t h e i r  m a g n i tu d e  
i n c r e a s i n g  w i t h o u t  bounds.  Thus i n p u t  t r a c k i n g  i s  no t  a  
prob lem  to  t h i s  sys te m .
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The VSCS a pp ro ach  may have a n o t h e r  a d v a n t a g e  in  t h a t  
t h e  r e s u l t a n t  c o n t r o l  i s  more r o b u s t .  S in c e  t h e  open-1oop  
r e s p o n s e  o f  th e  system i s  h i g h l y  n o n l i n e a r ,  f i x e d - g a i n
f e e d b a c k  c o n t r o l  can o n l y  g u a r a n t e e  s t a t i c  or  s m a l l -
p e r t u r b a t i o n  s t a b i l i t y .  When p e r t u r b a t i o n  i s  l a r g e ,  dynamic  
s t a b i l i t y  i s  d o u b t f u l .  S e ts  o f  system  p a r a m e t e r s  w h ich  
p ro d u c e  s t a b l e  sys tem s may no l o n g e r  g i v e  s t a b i l i t y  i f  t h e  
e l e m e n t s  in  th e  s e t s  a r e  i n t e r c h a n g e d .  In  f a c t  t h e  
s t a b i l i t y  o f  sys tem s u s in g  f i x e d - g a i n  f e e d b a c k  in  t h i s  
i n h e r e n t l y  u n s t a b l e  and h i g h l y  n o n l i n e a r  system can not  be  
v e r i f i e d  e a s i l y  u s i n g  m a t h e m a t ic a l  a n a l y s i s .  W i t h  sys tem s  
u s i n g  VSC, s t a b i l i t y  can be g u a r a n t e e d  i f  th e  system  
p a r a m e t e r s  f a l l  w i t h i n  th e  r a n g e  c h o sen .  U n l i k e  f i x e d - g a i n
fe e d b a c k  t h i s  s t a b i l i t y  i s  g u a r a n t e e d  f o r  any  p o s s i b l e  
c o m b in a t io n  o f  system p a r a m e t e r s  w i t h i n  t h e  r a n g e .  S in c e  th e  
t h e o r y  o f  s l i d i n g - m o d e  c o n t r o l  o f  n o n l i n e a r  sys tem s has not  
been d e v e lo p e d  t o  th e  s t a g e  w h ich  p e r m i t s  d i r e c t  a p p l i c a b l e ,  
l i n e a r i z a t i o n  i s  s t i l l  r e q u i r e d .  Thus a b s o l u t e  p r o o f  o f  
s t a b i l i t y  u s i n g  t h i s  c o n t r o l  method i s  s t i l l  n o t  a v a i l a b l e .  
H o w e v e r , w i t h  th e  e f f e c t  o f  v a r i a t i o n  in  p a r a m e t e r s  or  
d i s t u r b a n c e s  and t h e i r  r e s p e c t i v e  r a t e s  o f  change taken  i n t o  
c o n s i d e r a t i o n ,  a  s t r o n g  case  o f  g u a r a n t e e d  s t a b i l i t y  can be  
made. W hether  a b s o l u t e  g l o b a l  s t a b i l i t y  can be e n s u re d  has  
y e t  t o  be i n v e s t i g a t e d .
D e s p i t e  t h e  a b o v e - m e n t io n e d  a d v a n t a g e s  t h e  s y n t h e s i s  
and th e  t e s t i n g  o f  t h i s  c o n t r o l  method can be q u i t e  co m p lex .  
However ,  i t s  i m p l e m e n t a t i o n  u s i n g  m ic r o c o m p u t e r s  may no t  be 
t h a t  c o m p l i c a t e d  compared w i t h  t h a t  u s in g  f i x e d - g a i n
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f e e d b a c k .  F u r t h e r m o r e ,  th e  use o f  t h i s  method may be  
n e c e s s a r y  a s  t h e  f i x e d - g a i n  c o n t r o l ,  though s i m p l e ,  i s  
i n a d e q u a t e .  A n o t h e r  s h o r t c o m in g  i s  t h a t  th e  t h e o r y  o f  VSCS 
u s i n g  n o n l i n e a r  c h a r a c t e r i s t i c  e q u a t i o n  t o  d e f i n e  a  n o n -  
p l a n a r  s w i t c h i n g  s u r f a c e  i s  s t i l l  n o t  d e v e lo p e d .  As a  
r e s u l t ,  th e  s y n t h e s i s  o f  s u s p e n s io n  sys tem s w i t h  c h a n g in g  
n a t u r a l  f r e q u e n c y  or  s t i f f n e s s  i s  n o t  e a s y .  Even w i t h  
p i e c e - w i s e  l i n e a r  s e c t i o n s  o f  s w i t c h i n g  p l a n e s ,  th e  
s y n t h e s i s  i s  c o m p l i c a t e d  and t h e  b e h a v i o u r  o f  t h e  system  
when t h e  phase  t r a j e c t o r y  moves f ro m  one s e c t i o n  o f  th e  
s u r f a c e  t o  a n o t h e r  may no t  g i v e  th e  sys tem  r e s p o n s e  d e s i r e d .  
A n o t h e r  p o s s i b l e  d i s a d v a n t a g e  o f  sys te m s  u s i n g  s w i t c h e d  
g a i n s  i s  t h a t  w i t h  n o n - z e r o  s t e a d y - s t a t e  v a l u e  and f i n i t e  
s w i t c h i n g  f r e q u e n c y ,  l i m i t  c y c l e  can n o t  be rem oved.  T h i s  
g i v e s  h ig h  f r e q u e n c y  o s c i l l a t i o n  o f  d is p l a c e m e n t  w h ich  
r e s u l t s  in  h ig h  a c c e l e r a t i o n  and j e r k  v a l u e s .  I f  th e  l i m i t  
c y c l e  c o n d i t i o n  i s  a b s e n t  f ro m  f i x e d - g a i n  fe e d b a c k  system  
t h i s  rr»ay w e l l  be a  w e a k - p o i n t  o f  th e  VSC m ethod .  H o w e v e r , 
due to  v o l t a g e  s a t u r a t i o n ,  l i m i t  c y c l e  i s  most l i k e l y  t o  be  
p r e s e n t  in  t h e  f i x e d - g a i n  system  and t h e  r e l a t i v e  m a g n i tu d e  
o f  a c c e l e r a t i o n  and  j e r k  in  f i x e d - g a i n  and  VSC can o n l y  be  
known when t h e  two sys tem s a r e  compared.  T h i s  s h o u ld  not  be 
a  s e r i o u s  p ro b le m  s i n c e  th e  a m p l i t u d e  o f  o s c i l l a t i o n  w i l l  
p r o b a b l y n o t  cau se  m e c h a n ic a l  f a i l u r e  and w i l l  be u n l i k e l y  
t o  a f f e c t  r i d e  q u a l i t y  s i n c e  th e  s e n s i t i v i t y  o f  pas sen g e r  t o  
h ig h  f r e q u e n c y  o s c i l l a t i o n  i s  low .
W i th  t h e  p o s s i b l e  m e r i t s  and d e m e r i t s  o u t l i n e d ,  th e  
method s t i l l  r e q u i r e s  s y n t h e s i s  and t e s t i n g  u s i n g  s i m u l a t i o n
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to  u n c o ver  any  o b s t a c l e  in  th e  r e a l i z a t i o n .  The r e s u l t  o f  
s i m u l a t i o n  w i l l  be used to  a s s e s s  th e  l e v e l  o f  s i g n i f i c a n c e  
of  t h e  m e r i t s  and d e m e r i t s .
7 . 3  S l i d i n g - m o d e  V S - c o n t r o l  o f  E . M . S .
In  t h i s  s e c t i o n  we s h a l l  exam ine  th e  i m p le m e n t a t i o n  
o f  v a r i a b l e - s t r u c t u r e - c o n t r o l  method in  e l e c t r o m a g n e t i c  
s u s p e n s io n  s y s te m .  We have seen in  c h a p t e r s  2 and 4 t h a t  th e  
n o n - c o n t a c t i n g  s u s p e n s io n  system  can be lo o k e d  a t  a s  a  
r e g u l a t o r  o f  gap w i d t h .  S i n c e  t h e  s t e a d y - s t a t e  gap w i d t h  i s  
n o t  z e r o  t h i s  r e g u l a t o r  b e lo n g s  t o  th e  c a t e g o r y  o f  f o r c e d -  
m o t io n  c o n t r o l l e r  a c c o r d i n g  t o  th e  c l a s s i f i c a t i o n  in  th e  
t h e o r y  o f  v a r i a b l e - s t r u c t u r e - c o n t r o l . The t h e o r y  o f  t h i s  
t y p e  o f  c o n t r o l l e r s  was d is c u s s e d  in  c h a p t e r  6 .  In  t h a t  
c h a p t e r  we have seen t h a t  f o r  good i n p u t - t r a c k i n g  c a p a b i l i t y  
th e  method o f  l o c a l  f e e d b a c k  round t h e  a c t u a t o r  or  an 
i n e r t i a l  l i n k  i s  used .
In  t h e  d e s ig n  o f  c o n t r o l  f o r  EMS t h e  c o n s t r a i n t s  o f
open-1oop c h a r a c t e r i s t i c s  on th e  c o n t r o l  system i s  g iv e n  in  
S e c t i o n  4 . 4 .  The  c o n s t r a i n t s  a p p l y  t o  v a r i a b l e - s t r u c t u r e -  
c o n t r o l  a l t h o u g h  th e  t e c h n i q u e  o f  c o p in g  w i t h  them may be  
q u i t e  d i f f e r e n t  f ro m  f i x e d - g a i n  c o n t r o l . The same i s  a l s o  
t r u e  f o r  t h e  c o n s t r a i n t s  o f  com p lem en ta ry  f i l t e r i n g  i f  i t  i s  
to  be u se d .  The p r e v e n t i o n  o f  c u r r e n t  and f l u x  r e v e r s a l  i s
s t i l l  o f  p r im e  i m p o r ta n c e  w i t h  V S - c o n t r o l .
In  t h e  f i x e d - g a i n  f e e d b a c k  c o n t r o l  th e  s a t u r a t i o n  o f
v o l t a g e  s u p p ly  in  t h e  magnet d r i v e r  does n o t  a l w a y s  cause
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i n s t a b i l i t y .  I n  VSC, to  c o n t i n u e  d r i v i n g  t h e  a c t u a t o r  s t a g e  
w h i l e  t h e  p r e c e d i n g  v o l t a g e  a m p l i f i e r  i s  a l r e a d y  s a t u r a t e d  
w i l l  a l m o s t  i n v a r i a b l y  r e s u l t  in  i n s t a b i l i t y .  T h i s  may 
p o s s i b l y  be t h e  r e s u l t  o f  p o s i t i v e  fe e d b a c k  employed in  t h e  
a c t u a t o r  loop  and  t h e  main l o o p .  I t  was fo u n d  t h a t  i f  t h e  
s a t u r a b l e  e le m e n t  i s  i n c l u d e d  in  th e  a c t u a t o r  loop which  has  
i t s  f e e d b a c k  s w i t c h e d  between p o s i t i v e  o r  n e g a t i v e  v a l u e s ,  
s t a b i l i t y  t o  a  l a r g e  e x t e n t  i s  r e t a i n e d .
I t  i s  a  s i m p l e r  and a  more r e l i a b l e  way t o  f e e d b a c k
t h e  c u r r e n t  o f  t h e  c o i l .  T h i s  has th e  a d v a n t a g e  o f  e a s i e r
and more a c c u r a t e  m eas urem ent .  Assuming c u r r e n t  f e e d b a c k  i s
used ,  t h e  r e l a t i o n s h i p  between th e  v o l t a g e  and t h e  c u r r e n t
o f  th e  c o i l  can be seen a s  an i n e r t i a l  l i n k  o f  f i r s t  o r d e r .
Thus we have t h e  a c t u a t o r ,  or  l i n k ,  w h ich  has  v o l t a g e  a s  i t s
input and current as its output* The original linearized model and 
the one after modification to suit this application are shown in 
Fig*7.1a and 7.Tb. These diagrams will he used later on in Appendix 
7*1 for finding the gain values required for the suspension system.







Fig.7.la Linearized model of open-loop response of E.M.S.
aq = 32/00 = TJi j ;uAm
qdq - 30*/3j0 » - 2c / ;uARe
qdc =-30'/ac = /  pAŜt
R ** resistance of the coil
N = number of turns of the coil 
Re = eddy-current conductance of the electromagnet 
= leakage permeance of the electromagnet
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Fig.7 .lb Linearized model transformed to give current as a state for 
local feedback
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F i g . 7 . 2  i s  th e  s c h e m a t ic  d iag ram  o f  th e  b a s i c  c o n f i g u r a t i o n  
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Fig,7.2 Schematic diagram of the variable-structure controlled E.M.S.
By u s i n g  t h i s  a p p ro a c h  we have a l s o  e l i m i n a t e d  th e  need o f  
an e x t r a  s t a g e  o f  i n e r t i a l  l i n k  in  t h e  c o n t r o l l e r  thus  
k e e p in g  t h e  o r d e r  o f  t h e  system t o  a  minimum. A l t e r n a t i v e l y  
we can use t h e  e f f e c t i v e  f l u x  l i n k a g e  in  t h e  gap a s  th e  
v a r i a b l e  f o r  l o c a l  f e e d b a c k .  T h i s ,  h o w e v e r ,  p r e s e n t s  
p r a c t i c a l  d i f f i c u l t i e s  o f  m e a s u r in g  t h e  f l u x  l i n k a g e  
a c c u r a t e l y ,  s i n c e  l e a k a g e  and f r i n g i n g  a r e  i n v a r i a b l y
p r e s e n t .  Even so l o c a l  fe e d b a c k  o f  f l u x  may be more
a p p r o p r i a t e  i f  t h e  m a g n e t ic  c i r c u i t  i s  w e l l  d r i v e n  i n t o  
s a t u r a t i o n .  T h i s  i s  because  under  such c o n d i t i o n s  th e
l i n e a r  r e l a t i o n s h i p  between c u r r e n t  and f l u x  i s  d e s t r o y e d  
w h i l e  t h e  s q u a r e  law r e l a t i n g  f l u x  l i n k a g e  and f o r c e  o f  
a t t r a c t i o n  i s  s t i l l  v a l i d .  A t h i r d  method i s  t o  use
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a b s o l u t e  a c c e l e r a t i o n  f o r  l o c a l  f e e d b a c k .  T h i s  a l t e r n a t i v e  
has  th e  a d v a n t a g e s  o f  easy  measurement and t h a t  a c c e l e r a t i o n  
i s  d i r e c t l y  and  l i n e a r l y  r e l a t e d  t o  th e  dynam ics  o f  th e  
s u s p e n s i o n .  H o w ev er ,  th e  l a t t e r  two a l t e r n a t i v e s  changes  
t h e  l i n k  w i t h i n  t h e  l o c a l  f e e d b a c k  loop to  second o r d e r . 
T h i s ,  t o g e t h e r  w i t h  t h e  i n j e c t i o n  o f  f o r c e  or  gap
d i s t u r b a n c e s  a t  a  p o i n t  w i t h i n  t h e  l i n k ,  makes t h e  a n a l y s i s  
and  d e s ig n  r a t h e r  c o m p l i c a t e d .  Even so f u r t h e r  
i n v e s t i g a t i o n  o f  l o c a l  f e e d b a c k  o f  a b s o l u t e  a c c e l e r a t i o n  may 
be w o r t h w h i l e  f o r  t h e  a d v a n t a g e s  m e n t io n e d  a b o v e .  T h e r e  may 
even be a n o t h e r  a d v a n t a g e  o f  d i s t u r b a n c e  r e j e c t i o n  o f  t h e  
sys tem  s i n c e  i t  i s  t aken  c a r e  o f  by th e  l o c a l  f e e d b a c k .
When c o m p le m e n ta ry  f i l t e r i n g  i s  used we t a k e  t h e  
f i l t e r e d  s i g n a l  a s  th e  v a r i a b l e s  which  d e f i n e  t h e  s w i t c h i n g  
p l a n e .  The c o e f f i c i e n t s  o f  th e s e  v a r i a b l e s  in  t h e
c h a r a c t e r i s t i c  e q u a t i o n  a r e  chosen t o  g i v e  t h e  main loop  
r e s p o n s e .  For d i s t u r b a n c e  f o r c e  i n p u t ,  w h ich  causes  change  
in  a b s o l u t e  p o s i t i o n ,  th e  com p lem en ta ry  f i l t e r e d  s t a t e s  a r e  
t h e  same as  t h e i r  c o r r e s p o n d i n g  u n f i l t e r e d  one s .  Thus t h e  
f i l t e r e d  s t a t e s  w i l l  s t i l l  fo rm  s l i d i n g  m o t io n  on th e  
s w i t c h i n g  p l a n e .  I f  th e  main f e e d b a c k  loop has a  h igh  
n a t u r a l  f r e q u e n c y  a  h ig h  s t i f f n e s s  t o  f o r c e  i s  o b t a i n e d .
For  t r a c k  l e v e l  changes w h ich  does no t  n e c e s s a r i l y  cause  
changes  in  a b s o l u t e  p o s i t i o n ,  th e  f i l t e r e d  s t a t e s  have a  
lo w e r  m a g n i t u d e  due to  t h e  l o w - p a s s - f i l t e r  o f  t h e
co m p le m e n ta ry  f i l t e r  p a i r .  T h e r e f o r e ,  t h e  r e s t o r i n g  f o r c e  
and th e  s t i f f n e s s  t o  t r a c k  l e v e l  changes a r e  lo w e re d  to  g i v e  
a  good ro u g h n e s s  i s o l a t i o n .
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W it h  t h e  chosen c o n f i g u r a t i o n  o f  fe e d b a c k  c o n t r o l  we 
then  d e c i d e  on t h e  d e s ig n  v a l u e s  and o t h e r  f a c t o r s .  S i m i l a r  
to  t h e  sys tem  u s i n g  f i x e d - g a i n  f e e d b a c k ,  t h e  su s p e n s io n  i s  
to  s u p p o r t  a  l o a d i n g  o f  750 kg w i t h  v a r i a t i o n  between 50% t o  
150% o f  t h i s  v a l u e .  The gap i s  to  v a r y  between 0.1mm and  
20mm. The  maximum f o r w a r d  v e l o c i t y  i s  100 m /s  w i t h  maximum 
g r a d i e n t  o f  5% and  t r a n s i t i o n  c u r v e s  l i m i t i n g  v e r t i c a l  
a c c e l e r a t i o n  and  j e r k  a t  maximum speed t o  1 m /s =  and  0 .5 m /s ®  
r e s p e c t i v e l y .  The  v o l t a g e  s u p p ly  i s  800V t o  t h e  magnet  
d r i v e r  o f  t w o - q u a d r a n t  b r i d g e  c o n f i g u r a t i o n .  T h e r e  a r e  
o t h e r  d e s ig n  p a r a m e t e r s  s p e c i f i c  to  v a r i a b l e - s t r u c t u r e  
c o n t r o l l e d  s y s te m s .  W i th  t h e  c o n t r o l  method u s i n g  l o c a l  
f e e d b a c k  t h e  maximum r a t i o s  o f  gap w i d t h ,  f l u x  and  
d i s t u r b a n c e  f o r c e  t o  t h e i r  r e s p e c t i v e  r a t e s  o f  change have  
to  be c h o s e n .  The  p r e s e n c e  o f  u n s t a b l e  p o s i t i v e  fe e d b a c k  
w i t h i n  t h e  sys tem  g i v e s  an u n s t a b l e  e i g e n v a l u e  o f  a b o u t  4700  
in  th e  m a g n i t u d e  f o r  t h e  new LSM in  A p pend ix  A 3 . 2 .  The  
i n s t a b i l i t y  r e s u l t i n g  f ro m  t h i s  causes  changes in  gap w i d t h ,  
f l u x  and s u s p e n s io n  f o r c e .  These  changes can be t r e a t e d  a s  
d i s t u r b a n c e s  t h e m s e lv e s  and th e  r a t i o s  o f  gap w i d t h ,  f l u x  
and s u s p e n s io n  f o r c e  to  t h e i r  r e s p e c t i v e  r a t e  o f  change a r e  
chosen a t  1 : 5 0 0 0 ,  1 :5 0 0 0  and 1 : 1 0 , 0 0 0 .  The h i g h e r  v a l u e  o f  
r a t i o  o f  f o r c e  t o  i t s  r a t e  o f  change i s  because  o f  th e  
f r e q u e n c y  d o u b l i n g  e f f e c t  o f  th e  s q u a r e  law between f o r c e  
and f l u x .
Based upon t h e s e  s p e c i f i c a t i o n s  and  d e s ig n  
a s s u m p t io n s  t h e  v a l u e s  o f  g a in  t o  s a t i s f y  t h e  r e a c h i n g  and  
s l i d i n g  c o n d i t i o n s  w ere  f o u n d .  The i n e q u a l i t i e s  which
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govern  t h e  d e s ig n  and th e  n u m e r ic a l  v a l u e s  o f  f e e d b a c k  g a in  
a r e  g iv e n  in  A ppend ix  7 . 1 .
As f o r  s w i t c h i n g  f r e q u e n c y  no a t t e m p t  to  d e r i v e  i t  
a n a l y t i c a l l y  was made. A v a l u e  w h ich  i s  o f  th e  same o r d e r  
o f  m a g n i tu d e  a s  th e  s t a b l e  e i g e n v a l u e  was use d .  S i m u l a t i o n  
r e s u l t s  showed t h a t  a  f r e q u e n c y  o f  5 KHz was a b o u t  t h e  
minimum v a l u e  f o r  s t a b i l i t y .  In  th e  d e s i g n ,  v a r i a b l e  t im e  
in c r e m e n t  was a l s o  used t o  g i v e  a  lo w e r  v a l u e  o f  s t e a d y -  
s t a t e  gap e r r o r .
7 . 4  C l o s e d - l o o p  re s p o n s e  and gap e r r o r  due to  p a r a b o l i c  
i nput
D i g i t a l  computer  s i m u l a t i o n  showed t h a t  t h e  system  
u s in g  v a r i a b l e  s t r u c t u r e  c o n t r o l l e r  p e r f o r m e d  w e l l  a s  
e x p e c t e d .  The m a g n i tu d e s  o f  g a in  v a l u e  and th e  s w i t c h i n g  or  
s a m p l in g  f r e q u e n c y  r e q u i r e d  w e re  no h i g h e r  than th o s e  f o r  
f i x e d - g a i n  f e e d b a c k  c o n t r o l .  S u r p r i s i n g l y  th e  l e v e l  o f  
a c c e l e r a t i o n  due to  o s c i l l a t i o n  f o r  t h i s  s w i t c h e d  g a in  
c o n t r o l l e d  system  was even low er  than  t h a t  o f  f i x e d - g a i n  
sys te m .  T h i s  m ig h t  w e l l  be caused by l i m i t  c y c l e  e f f e c t  due  
to  a c c e l e r a t i o n - l i m i t i n g  scheme o f  th e  f i x e d - g a i n  sys te m .
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rig.7.3a Vertical position of VSC-EMS for lOmn step change
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Fig.7.3b Gap width response to 10mm atep change
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Fig.7.3e Acceleration experienced for a 10mm step input
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Fig.7.3g Low-pass-fil”ered second derivative of input for 10mm 
s-eo chanse





Fig.7.3h Phase trajeotory for 10mm step change
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Fig.7.21 Phase trajectory of filtered error and error 
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Fig.7.4f Gap error response to -9,5mm step change
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The c l o s e d - l o o p  re s p o n s e  o f  th e  s u s p e n s io n  to  s te p
changes  o f  t r a c k  l e v e l  o f  +100% and -95% o f  th e  nominal  gap
w i d t h  a r e  shown in  F i g . 7 . 3a to  7 . 3 f  and 7 . 4 a  to  7 . 4 f  
r e s p e c t i v e l y .  The i n i t i a l  change o f  f l u x  d e n s i t y  in  th e  
o p p o s i t e  d i r e c t i o n  t o  th e  f o r c i n g  c u r r e n t  was due t o  t h e  
ope n-1 oop  i n s t a b i l i t y  o f  t h e  s y s te m .  T h i s  phenomenon i s  
c l e a r l y  shown in  F i g . 7 . 3 c ,  d and F i g . 7 . 4 c ,  d .  I t  can a l s o  
be seen t h a t  th e  peak v a l u e s  o f  a c c e l e r a t i o n  d u r i n g  
t r a n s i e n t  i s  h i g h ,  a t  a b o u t  5 m /s^  in  both  d i r e c t i o n s .
H o w e v e r , t h i s  i s  u n a v o i d a b l e  because  o f  th e  open-1oop
i n s t a b i l i t y ,  b u t  th e  d u r a t i o n  o f  t h e s e  peaks  w e re  so s h o r t  
t h a t  t h e y  w i l l  n o t  be f e l t  by p a s s e n g e r s .  The r o u g h n e s s -  
s m o o th in g  e f f e c t  o f  ccxnp 1 emen t a r  y f i l t e r i n g  i s  a p p a r e n t  in  
F i g . 7 . 5a  which  shows t h e  v e r t i c a l —d i s p 1acement  o f  t h e  t r a c k  
and  o f  th e  v e h i c l e .  The  a b s o l u t e  a c c e l e r a t i o n  o f  t h e
v e h i c l e  i s  v e r y  lo w ,  a s  can be seen in  F i g .  7 . 5 b .  W i th  th e
low s e n s i t i v i t y  o f  human p a s s e n g e rs  t o  h ig h  f r e q u e n c y  
o s c i l l a t i o n  t h e  a c c e l e r a t i o n  f e l t  i s  even l o w e r .  T h i s
s e n s i t i v i t y - w e i g h t e d  a c c e l e r a t i o n  was p l o t t e d  a s  a  second  
c u r v e  in  th e  same f i g u r e .  H o w e v e r , th e  v a l u e  was so low  
t h a t  i t  was i n d i s t i n g u i s h a b l e  f ro m  t h e  base l i n e .  The
re s p o n s e  o f  th e  system to  d i s t u r b a n c e  f o r c e  was v e r y
f a v o u r a b l e .  When i t  was s u b j e c t e d  t o  an upward f o r c e  o f  3 KN 
which  i s  s l i g h t l y  g r e a t e r  than 40% o f  i t s  l o a d i n g  o f  750 Kg
t h e  maximum upward a c c e l e r a t i o n  was 4 m /s ^  a s  e x p e c t e d .  The
h ig h  s t i f f n e s s  to  f o r c e  was q u i t e  o b v io u s  in  t h a t  th e  
maximum gap d e f l e c t i o n  r e s u l t i n g  f rom  t h e  f o r c e  was l e s s
than 0.016mm. The r e s p o n s e  t o  f o r c e  d i s t u r b a n c e  a r e  shown in
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F i g . 7 . 6a  and  b .  F i g . 7 . 3 j  shows how th e  v a r i a b l e  m a r k - s p a c e  
r a t i o  i s  w o r k in g  t o  p rodu ce  t h e  low s t e a d y - s t a t e  e r r o r  
d e s i  r e d .
In  t h e  c o u rs e  o f  d e v e l o p i n g  t h e  v a r i a b l e - s t r u c t u r e  
c o n t r o l  method which  uses comp 1e m e n t a r y - f  i l  t e r e d  e r r o r  
s i g n a l  a s  s t a t e s  t o  fo rm  th e  s w i t c h i n g  p l a n e ,  some r a t h e r  
u n e x p e c t e d  p r o p e r t i e s  w e re  r e v e a l e d .  The r e d u c t i o n  o f  
m a g n i t u d e  o f  f e e d b a c k  s i g n a l  by f i l t e r i n g  was s i g n i f i c a n t .  
T h i s  can be seen in  F i g . 7 . 3  f  w h ich  shows th e  u n f i l t e r e d  and  
t h e  f i l t e r e d  gap e r r o r  s i g n a l s  w i t h  a  10mm s te p  change in  
t r a c k  l e v e l .  The f i l t e r e d  e r r o r  s i g n a l  f e e d b a c k  i s  so sm al l  
t h a t  i t  i s  h a r d l y  n o t i c e a b l e .  Comp 1e m e n t a r y f i l t e r i n g  a l s o  
has c 1 e a r  1 y a c h i e v e d  th e  p u rp o se  o f  r e d u c t i o n  o f  s t i f f n e s s .  
I t  can be seen in  F i g . 7 . 3 h  t h a t  t h e  p h a s e - p l a n e  p l o t  o f  
e r r o r  v e r s u s  e r r o r  r a t e  has a  s l o p e  o f  a b o u t  —4 . 5 .  H o w ev er , 
th e  a c t u a l  s w i t c h i n g  p l a n e  w h ich  d e t e r m i n e s  th e  r e s p o n s e  of  
th e  main loop  i s  fo rm ed  o f  th e  f i l t e r e d  e r r o r  and i t s  f i r s t  
two d e r i v a t i v e s .  The p h a s e - p l a n e  p l o t  o f  t h e  f i l t e r e d  e r r o r  
and i t s  d e r i v a t i v e  shows t h a t  th e  t r a j e c t o r y  f o l l o w s  an 
a s > m p to te  o f  s te e p  s l o p e .  T h i s  g r a d i e n t  i s  a s  h ig h  a s  abo ut  
- 8 5 .  The  r a t i o  o f  th e  s l o p e s  o f  th e  two p h a s e - p l a n e  p l o t s ,  
F i g . 7 . 3 h  and  7 . 3 i , a r e  a b o u t  19 and t h i s  a g r e e s  w i t h  th e  
r a t i o  o f  th e  n a t u r a l  f r e q u e n c i e s  o f  t h e  main loop  and th e  
f i l t e r .  How t h e s e  two p h a s e - p l a n e  p l o t s  r e l a t e  t o  each 
o t h e r  t o  g i v e  a  re d u c e d  s t i f f n e s s  to  t r a c k  l e v e l  change can 
be e x p l a i n e d  a s  f o l  1 cxv. A l th o u g h  t h e  f i  1 t e r e d - e r r o r  co­
o r d i n a t e s  q u i c k l y  s e t t l e s  down in  s l i d i n g -  m o t io n  a l o n g  th e  
s te e p  s w i t c h i n g  p l a n e ,  th e  w h o le  f ra m e  o f  th e  f i 1 t e r e d - e r r o r
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c o - o r d i n a t e s  moves r e l a t i v e l y  t o  t h e  f ra m e  o f  t h e  u n f i l t e r e d  
e r r o r  c o - o r d i n a t e s .  T h i s  t i m e - v a r y i n g  d is p l a c e m e n t  o f  t h e  
f i 1 t e r e d - e r r o r  f ra m e  i s  d e t e r m in e d  by t h e  d i f f e r e n c e  between  
t h e  f i l t e r e d  and t h e  u n f i l t e r e d  e r r o r  s i g n a l s .  T h i s  
f i 1 t e r e d - e r r o r  s i g n a l ,  a s  f o r m u l a t e d  in  c h a p t e r  2 ,  i s  made 
up o f  t h e  l o w - p a s s - f i l t e r e d  e r r o r  s i g n a l  and t h e  
comp 1e m e n ta r y  h i g h - p a s s - f i l t e r e d  a b s o l u t e  p o s i t i o n  s i g n a l .  
T h i s  r e l a t i o n s h i p  i s  g iv e n  by th e  f o l l o w i n g  e q u a t i o n
O f ( p ) =  L ( p ) e  + H ( p ) z  < 7 . l a )
w h e re  e ^ ( p ) i s  t h e  f i l t e r e d  e r r o r  s i g n a l  
H ( p )  =  1- L ( p ) i s  th e  com p lem en ta ry  h i g h - p a s s - f i 1 t e r  
e =  t h e  u n f i l t e r e d  g a p - w i d t h  e r r o r
2  =  t h e  a b s o l u t e  v e r t i c a l  p o s i t i o n  o f  t h e  v e h i c l e  
W it h  c =  h -  z 
and e = Cr. -  c
z = h -  c^ + e ( 7 . 1 b )
S u b s t i t u t i n g  z in  ( 7 . 1 a ) ,  i t  can be shown t h a t
e ^ ( p )  -  e ( p )  = H ( p ) ( h  -  c , , )  ( 7 . 2 a )
S i m i l a r i  y ,
Of " ( p ) -  e ' ( p )  =  H (p ) (h * '  -  Cr* ' )  ( 7 . 2 b )
and
e ^ " ( p )  -  e" ( p )  = H ( p ) ( h "  -  c , . " )  ( 7 . 2 c )
T h e r e f o r e  t h e  o r i g i n  o f  t h e  moving f ra m e  o f  r e f e r e n c e  which  
b e lo n g s  to  t h e  f i l t e r e d  e r r o r  and i t s  d e r i v a t i v e s  i s  s h i f t e d  
f ro m  t h e  o r i g i n  o f  th e  f ra m e  o f  u n f i l t e r e d  e r r o r  co­
o r d i n a t e s  by an amount which  i s  equal  to  th e  h i g h - p a s s -  
f i l t e r e d  d i f f e r e n c e  between t r a c k  l e v e l  and gap command 
s i g n a l s  a l o n g  th e  d i r e c t i o n  o f  t h e  e r r o r  c o o r d i n a t e  and th e  
d e r i v a t i v e s  o f  t h i s  f i l t e r e d  d i f f e r e n c e  s i g n a l  a l o n g  th e
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d i r e c t i o n  o f  th e  e r r o r  r a t e  c o - o r d i n a t e .  S i n c e  t h i s  
d i s p l a c e m e n t  o f  c o - o r d i n a t e  f ra m e  i s  a  f u n c t i o n  o f  th e  
c o m p lem en ta ry  f i l t e r ,  th e  gap e r r o r  i s  m o d i f i e d  by th e  
c h a r a c t e r i s t i c s  o f  t h i s  f i l t e r .  W i th
p® + 3p^Cû^
H ( p )  =  --------------------------------------------------------
p ®  + 3p®C0^ + 3 p W f  ̂  + W ^®
w here  0)  ̂ i s  t h e  c r o s s - o v e r  f r e q u e n c y  o f  t h e  c o m p lem en ta ry
f i l t e r  p a i r .  E q u a t io n  7 . 2  becomes
p®  + 3 p ^ ^
e ^ ( p )  -  e ( p )  = ---------------------------------------------------------(h  -  C r ) ( 7 . 3 a )
p ®  + 3 p ^ ( i ) f  + 3 p W f  ̂  + W f ®
or
p ®  + 3 p ^ ( i ) f
O f ( p ) =  e ( p )  + ---------------------------------------------------------(h  -  Cp.) ( 7 . 3 b )
p®  + 3p^(i)4: + 3 p W ^ ^  + W ^®
A r r a n g i n g  t h e  L a p la c e  o p e r a t o r  in  e q u a t i o n  7 . 3 a  we have
p + 30)^
e ^ ( p )  -  e ( p )  = ------------------------------------------------ ( h " -  Cr»") ( 7 . 3 c )
p® + 3p*ü).f + 3pü).f* + ù)f ®
The s t e a d y - s t a t e  v a l u e  o f  t h e  d i f f e r e n c e  between t h e s e  two
e r r o r  s i g n a l s  i s
1 im
[ e.f ( p ) -  e (  p ) ] = p [ e.f ( p ) -  e (  p ) ] ( 7 . 4 )
ss p -> 0
When th e  t r a c k  l e v e l  i n p u t  i s  a s te p  or  a  ramp,  t h e  s t e a d y -  
s t a t e  v a l u e  o f  t h i s  d i f f e r e n c e  i s  z e r o .  When t h e  i n p u t  i s  
p a r a b o l i c ,  th e  s t e a d y - s t a t e  v a l u e  w i l l  n o t  be z e r o .  In  f a c t  
w i t h  h ( p )  =  a /p ®  f rom  e q u a t i o n s  7 . 3 a  and  7 . 4  s t e a d y - s t a t e  
v a l u e  o f  th e  e x p r e s s i o n  w i l l  be
3a
E e ^ (p )  — e ( p ) ]  =  ------
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I f  th e  s t e a d y - s t a t e  v a l u e  o f  t h e  u n f i l t e r e d  e r r o r ,
( p ) i s  d r i v e n  t o  z e r o  by t h e  c o n t r o l l e r  t h e  u n f i l t e r e d
e r r o r  w i l l  have  a  s t e a d y - s t a t e  v a l u e  o f  
—3a
0 = --------  ( 7 . 5 )
ss 0)^^
I t  i s  t h i s  p e r s i s t i n g  d i f f e r e n c e  between t h e  
f i l t e r e d  and u n f i l t e r e d  e r r o r  s i g n a l  w i t h  p a r a b o l i c  t r a c k  
l e v e l  i n p u t  w h ich  causes  e x c e s s i v e  gap e x c u r s i o n  when
t r a v e r s i n g  a  t r a n s i t i o n  c u r v e . W i th  an upward a c c e l e r a t i o n  
o f  1 m /s^  and a  f i l t e r  c r o s s - o v e r  f r e q u e n c y  o f  1 . 2  Hz t h i s  
e r r o r  i s  52.6mm, w h ich  i s  more than f i v e  t im e s  t h e  nominal
gap w i d t h .  Th e  phase t r a j e c t o r y  o f  t h i s  phenomenon i s  shown 
in  F i g . 7 . 7 b .  T h i s  amount o f  gap e r r o r  i s  e x c e s s i v e  and must  
be re m o v e d .
7 . 5  New way o f  c o r r e c t i n g  s t e a d y - s t a t e  gap e r r o r
In  f i x e d - g a i n  fe e d b a c k  s y s te m s ,  th e  e x c u r s i o n  i s  
r e s t r a i n e d  by i n c r e a s i n g  t h e  loop  g a in  th u s  t h e  s t i f f n e s s  in  
bump s top  r e g i o n s .  U n f o r t u n a t e l y t h i s  a p p ro a c h  can n o t  be  
a p p l i e d  to  s i i d i n g - m o d e  v a r i a b l e  s t r u c t u r e  c o n t r o l  s y s te m s .  
The i n v a r i a n c e  p r o p e r t y ,  d i c t a t e d  by t h e  s l i d i n g  p l a n e ,  
means t h a t  s t i f f n e s s  can not  be i n c r e a s e d  s i m p l y  by 
i n c r e a s i n g  fe e d b a c k  g a i n .  For  t h e  same reas o n  a s  in  f i x e d -  
g a in  s y s te m s ,  i n c r e a s i n g  th e  o r d e r  o f  th e  com p lem en ta ry  
f i l t e r  w i l l  e l i m i n a t e  t h e  s t e a d y - s t a t e  gap e r r o r  due to  
p a r a b o l i c  i n p u t .  However ,  th e  s t i f f n e s s  may s t i l l  be 
i n s u f f i c i e n t  t o  l i m i t  th e  peak e x c u r s io n  caused by p a r a b o l i c  
i n p u t  i f  t h e r e  i s  no i n c r e a s e  in  n a t u r a l  f r e q u e n c y .
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One way o f  im p le m e n t in g  bump—s t o p s  in  s i i d i n g —mode 
c o n t r o l  u s i n g  f i l t e r e d  e r r o r  s i g n a l  i s  to  have a  p r e c i s e -  
1 i n e a r  s w i t c h i n g  p l a n e .  The i n c l i n a t i o n  o f  t h e  p l a n e  can be  
i n c r e a s e d  in  r e g i o n s  n e a r  t h e  e x t r e m i t i e s  o f  t r a v e l  so a s  t o  
g i v e  i n c r e a s e d  s t i f f n e s s .  However ,  t e s t s  have shown t h a t  
such a  sys tem  i s  u n s t a b l e  p r o b a b l y  due t o  t h e  a b r u p t  
t r a n s i t i o n  between t h e  normal o p e r a t i n g  and th e  bump-stop  
r e g i o n s .  Even i f  t h e  system had been s t a b l e ,  t h e  method may 
n o t  be a b l e  t o  r e s t r a i n  th e  e x c u r s io n  s i n c e  th e  f i l t e r e d  
e r r o r  i s  a  t i m e - v a r y i n g , p o s i t i o n - d e p e n d e n t  s i g n a l  which  
b e a r s  no d i r e c t  p r o p o r t i o n a l i  t y  w i t h  t h e  u n f i l t e r e d  one .  
T h e r e f o r e ,  even when th e  f i l t e r e d  e r r o r  s i g n a l  i s  w i t h i n  
l i m i t s  i t  does no t  im p ly  t h a t  th e  u n f i l t e r e d  e r r o r  s i g n a l  i s  
a l s o  w i t h i n  s e t  l i m i t s .  C o n s e q u e n t ly  th e  i n c r e a s e  o f  
i n c l i n a t i o n  o f  s w i t c h i n g  p l a n e  fo rm ed  f ro m  f i l t e r e d  e r r o r  
s i g n a l s  i s  i n s u f f i c i e n t  to  r e s t r i c t  th e  gap e x c u r s i o n  to  i t s  
1 imi  t s .
A n o th e r  scheme i s  t o  s w i t c h  in  th e  u n f i l t e r e d  e r r o r  
s i g n a l  w h i l e  t h e  d i s p l a c e m e n t  i s  i n s i d e  th e  bump-stop  
r e g i o n s .  T e s t s  have shown t h a t  t h e  r e s u l t a n t  system i s  
u n s t a b l e .  T h i s  i s  p r o b a b l y  caused by th e  a b r u p t n e s s  o f  th e  
s w i t c h i n g .  Thus th e  methods o f  i n c r e a s i n g  s t i f f n e s s  in  th e  
bump s top  r e g i o n s  c o u ld  n o t  be s u c c e s s f u l l y  a p p l i e d  to  th e  
s w i t c h in g - m o d e  c o n t r o l l e d  s u s p e n s io n  s y s t e m . A more d i r e c t  
way o f  rem o v in g  t h e  s t e a d y - s t a t e  gap e r r o r  due t o  t r a n s i t i o n  
c u r v e  i n p u t  w i l l  have to  be f o u n d .
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One o b v io u s  way o f  rem o v in g  th e  s t e a d y - s t a t e  e r r o r  
i s  t o  s u b t r a c t  f rom  th e  f i l t e r e d  e r r o r  and d e r i v a t i v e s  th e  
e le m e n t s  w h ich  a r e  c a u s in g  t h e  e r r o r . However ,  t h i s  must be  
done w i t h o u t  d e g r a d in g  th e  p e r f o r m a n c e  o f  th e  sys tem  d u r i n g  
normal  o p e r a t i o n .
To f i n d  t h e  s i g n a l  which  can can ce l  o u t  e r r o r  we
exam ine  t h e  second d e r i v a t i v e  o f  t h e  f i l t e r e d  e r r o r  s i g n a l .
e^"<p> =  L ( p ) e" + H ( p ) z " ( 7 . 6 )
z " ( p ) -  e.f " ( p ) = z " ( p ) -  C L (p )e "  + H ( p ) z " 3  ( 7 . 7 )
From e q u a t i o n  ( 7 . l e )  
e =  z -  h + Cr
e" = z " - h "  + c,^"
z " ( p )  -  e ^ " ( p ) = z " ( p )  -  [ L ( p ) ( z " -  h" + c ^ " )  + H ( p ) z " 3  
S in c e  H (p )  + L ( p )  =  1 
z " ( p )  -  e ^ " ( p )  =  L ( p )  (h"  - c ^ " )
L e t  us c a l l  t h i s  s i g n a l  HCRL
-+ w+̂_.
When L ( p )  =  --------------------------------------------------------
p® + 3p®(0^ + 3pC0.f® + (Of®
3 p o j/ + cVf
HCRL = ---------------------------------------------------------- ( h " - c ^ " )  ( 7 . 8 )
p® + 3 p ^ ^  + 3pW.f ® + tO^®
For a lOrTtfTï s t e p  change in  t r a c k  l e v e l  t h e  HCRL s i g n a l  has a
t im e  r e s p o n s e  g iv e n  in  F i g . 7 . 3 g .  T h i s  r e s p o n s e  c u r v e  lo o k s
l i k e  th e  m i r r o r  image o f  F i g . 7 . 3 f  which  i s  t h e  gap e r r o r
resp o n se  w i t h  p a r a b o l i c  t r a c k  l e v e l  i n p u t ,  h ,  o f  th e  fo rm
h ( p )  = a /p ®
h “ ( p )  =  a / p
The s t e a d y - s t a t e  v a l u e  o f  HCRL w i l l  be
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a
HCRL =    =  a  ( 7 . 9 )
ss
Compar ing  e q u a t i o n  ( 7 . 9 )  and ( 7 . 5 )
3
HCRL =    e
ss (0^® ss
T h e r e f o r e ,  i f  we s u b t r a c t  t h e  q u a n t i t y  3/CO.f® *  HCRL f ro m  th e  
f i l t e r e d  e r r o r  we h a v e , by s u b s t i t u t i n g  HCRL o f  e q u a t i o n  
( 7 . 8 )  i n t o  e q u a t i o n  ( 7 . 3 c ) ,
3
[ e ^ ( p ) —  HCRL3 =  e =  ( c^ —c ) ( 7 . 1 0 )
ss ss
Thus a  v a r i a b l e  s t r u c t u r e  fe e d b a c k  c o n t r o l  u s i n g  
t h i s  s i g n a l  and i t s  d e r i v a t i v e s  a s  th e  s w i t c h i n g  p l a n e  
v a r i a b l e s  w i l l  have  th e  s t e a d y - s t a t e  e r r o r  r e s t o r e d  t o  z e r o  
even when th e  t r a c k  l e v e l  i n p u t  i s  p a r a b o l i c .  I t  i s  
i m p o r t a n t  to  n o t e  t h a t  t h i s  c o r r e c t i o n  s h o u ld  o n l y  be 
a p p l i e d  when e r r o r - p r o d u c i n g  c o n d i t i o n  i s  e n c o u n t e r e d  so 
t h a t  p e r f o r m a n c e  d u r i n g  normal o p e r a t i o n  w i l l  not
d e t e r i o r a t e .  S in c e  t r a c k - l e v e l  i n p u t  or  i t s  d e r i v a t i v e s  
c an n o t  be measured  d i r e c t l y  t h i s  e r r o r - p r o d u c i n g  c o n d i t i o n  
w i l l  have t o  be d e t e c t e d  i n d i r e c t l y .
To f i n d  th e  second d e r i v a t i v e  o f  t r a c k - l e v e l  i n p u t ,  
h " ,  we can deduce i t s  v a l u e  f ro m  th e  e q u a t i o n
h" = c" + z"
However ,  sm al l  a m p l i t u d e  p e r t u r b a t i o n s  o f  t r a c k  l e v e l  can 
a l s o  g e n e r a t e  h" o f  h ig h  v a l u e  though o n l y  f o r  a  s h o r t
d u r a t i o n .  Thus i t  i s  n e c e s s a r y  t o  d e t e c t  th e  p r e s e n c e  o f  
t r a n s i t i o n  c u r v e s  which i s  th e  a c t u a l  e r r o r - p r o d u c i n g  
c o n d i t i o n  and has a much l o n g e r  d u r a t i o n .  S i n c e  p a r a b o l i c
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i n p u t  o f  gap command can a l s o  cause  s t e a d y - s t a t e  gap e r r o r ,  
i t  i s  o n l y  n a t u r a l  to  i n c l u d e  i t s  e f f e c t .  T h e r e f o r e ,  t h e  
1o w - p a s s - f i 1 t e r e d  d i f f e r e n c e  between t r a c k  l e v e l
a c c e l e r a t i o n  and  command a c c e l e r a t i o n ,  h" -  c ^ " ,  i s  used f o r  
s w i t c h i n g .  The HCRL s i g n a l  g i v e n  in  e q u a t i o n  ( 7 . 9 )  i s  j u s t  
t h e  s i g n a l  r e q u i r e d .
O th e r  than sm al l  p e r t u r b a t i o n , s t e p  change in  t r a c k  
l e v e l  can a l s o  g i v e  n o n - z e r o  v a l u e  to  t h e  h “ -  c ^ " s i g n a l  
f o r  a  s h o r t  b u t  f i n i t e  d u r a t i o n .  F u r t h e r m o r e  t h e  d u r a t i o n  
o f  t h i s  s i g n a l  w i l l  be e x te n d e d  a f t e r  i t  has passed  th ro u g h  
a 1o w - p a s s - f  i l  t e r . Y e t  t h e s e  c o n d i t i o n s  a r e  n o t  g e n u in e  
e r r o r - p r o d u c i n g  c o n d i t i o n s .  I t  i s  n e c e s s a r y  t h a t  t h e s e  
c o n d i t i o n s  can be p r o p e r 1 y d i s c r i m i n a t e d  to  p r e v e n t  f a l s e  
s w i t c h i n g  o f  th e  c o r r e c t i o n  s i g n a l .
We r e c o g n i s e  t h a t  f o r  a  s t e p  i n p u t  in  t r a c k  l e v e l ,  
l i k e  th e  one in  F i g . 7 . 7 a ,  t h e  t r a j e c t o r y  o f  th e  phase p l a n e  
p l o t  o f  f i l t e r e d  e r r o r  c o - o r d i n a t e  w i l l  have  p o s i t i v e  s l o p e  
in  th e  f i r s t  o r  t h i r d  q u a d r a n t  o n l y  f o r  a  v e r y  s h o r t  i n i t i a l  
p e r i o d .  T h u s , w i t h  th e  i n i t i a l  p e r i o d  b l a n k e d  o u t ,  a  
p o s i t i v e  v a l u e  o f  when e ^ ' x  e^ > 0 can be ta k e n  a s
an i n d i c a t i o n  o f  e r r o r —p r o d u c in g  c o n d i t i o n .  Once th e  
c o r r e c t i o n  has been s w i t c h e d  i n ,  t h e  a b o v e - m e n t io n e d  
c o n d i t i o n  w i l l  d i s a p p e a r .  To p r e v e n t  t h e  u n d e s i r a b l e  
f o r w a r d  and backward  s w i t c h i n g ,  t h e  c o r r e c t i o n  i s  l a t c h e d  in  
u n t i l  t h e  e r r o r  and e r r o r  r a t e  have both decayed t o  a  smal l  
v a l u e .  To a v o i d  th e  i n s t a b i l i t y  caused by t h e  a b r u p t  
s w i t c h i n g  a  l o w - p a s s -  f i l t e r  i s  i n s e r t e d  a f t e r  t h e  s w i t c h  so 
t h a t  th e  t r a n s i t i o n  i s  smooth.
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When th e  HCRL s i g n a l  i s  used f o r  c o r r e c t i o n  dynamic  
o v e r —c o r r e c  t  i on i s  p r e s e n t .  T h i s  can be seen in  t h e  
f o l l o w i n g  e q u a t i o n s .  Frorri e q u a t i o n  ( 7 . 8 )  th e  c o r r e c t i o n  
s i g n a l  i s  
3/W.fZ X HCRL
3  W f ( 3 p  + )
=  ------------------------------------------------------------------ ( h " - c ^ " )  ( 7 . 1 1 )
(Of ̂  p®  + 3 p ^ C 0f + 3 p (0 f®  + (O f®
9 p  + 3 (0 f
 ---------------------------------------------------------- ( h " - c , . " )
p ®  + 3 p  ® (0 f + 3 p (0 f®  + (O f®
However e q u a t i o n  ( 7 . 3 c )  g i v e s  t h e  cau se  o f  gap e r r o r  due t o
p a r a b o l i c  i n p u t  a s
p + 3 (0 f
Of ( p ) - e ( p )  = -----------------  ( h " -Cr. " )
p®  + 3 p  ® (0 f + 3 p (0 f®  + (O f®
Thus th e  m o d i f i e d  e r r o r  s i g n a l  i s
3  8 p
Of ( p ) —  HCRLse(p)  — --------------------------------------------------------( h " —Cr*“ )
(O f®  p ®  + 3 p ® (0 f  + 3 p (0 f®  + (O f®
( 7 . 1 2 )
I f  th e  l e f t - h a n d - s i d e  o f  e q u a t i o n  ( 7 . 1 2 )  i s  d r i v e n  to  z e r o  
due to  c o n t r o l  a c t i o n
8 p
e ( p )  =  ( h " - c ^ “ ) ( 7 . 1 3 )
p®  + 3 p ® (0 f  + 3 p (0 f®  + (O f®
The r e s u l t  i s  o v e r - c o r r e c  t  i o n . However t h i s  can be re d u c e d
by d y n a m i c a l l y  a l t e r i n g  t h e  v a l u e  o f  t h e  g a i n  e le m e n t
p r e c e d in g  th e  1o w - p a s s - f  i l  t e r . The f o l l o w i n g  e q u a t i o n  g i v e s
one of  th e  ways
! U ( 5 )
l . p . f .  i n p u t  =  H2L =  U ( 5)  -  e I --------I ̂
• ^  n  o m
w h ere  U ( 5 )  =  z" - e f "
and Cnom — nominal  gap w id t h
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( 7 . 1 4 )
T h i s  a l l o w s  t h e  g a in  to  v a r y  w i t h  t h e  gap e r r o r  f ro m  0% to  
200%. The  l o g i c  o f  c o r r e c  t  i o n - s i  gnal s w i t c h i n g  i s
summarised in  th e  f l o w  c h a r t s  F i g . 7 . 8a  and 7 . 8 b .
S i m i l a r  c o r r e c t i o n  can be made t o  t h e  h i g h e r  
d e r i v a t i v e s  o f  th e  f i l t e r e d  e r r o r , w h ic h  a r e  a l s o  v a r i a b l e s  
f o r m i n g  th e  s w i t c h i n g  p l a n e .  However t h e s e  v a r i a b l e s  do not  
produ ce  s t e a d y - s t a t e  e r r o r  when t h e  v e h i c l e  i s  t r a v e r s i n g  a  
t r a n s i t i o n  c u r v e .  The i n c l u s i o n  o f  such f u r t h e r  c o r r e c t i o n ,  
a l t h o u g h  m a i n t a i n s  th e  symmetry o f  t h e  v a r i a b l e  s e t ,  has no 
r e a l  a d v a n t a g e  t o  th e  s y s te m .  T h i s  f a c t  was c o n f i r m e d  in  
one o f  th e  t e s t s  p e r f o r m e d  d u r i n g  t h e  d ev e lo p m en t  o f  th e  
method and t h e  h i g h e r  d e r i v a t i v e  c o r r e c t i o n  was l e f t  ou t  so  
t h a t  t h e  d e s ig n  i s  k e p t  s i m p l e .
- 2 5 9 -
Ç START ^










'parabolic input ̂  
s. error correctio: 
'x ^ e c e s s a ry







Measure gap width and 
absolute acceleration 
Derive gap error____
Modify comp, filtered 
error signal with 
L.P.F. outnut


















error and its 
derivatives
Select feedcack 







Calculate and update 
control voltage for 
next sampling period 
from values of states 
and their respective 
gains_______________
Fig.7.8a Flow chart for fixed-gain and sliding-mode control 




JL.P.F. 2nd derivative 








with its sign 
and 1+percentage 
gap error
E X IT ^ (^'yes* BCIT^
Fig.7 .8b Flow chart for injecting parabolic input steady-state-error 
correction signal
—26I—
One o t h e r  scheme o f  e r r o r  c o r r e c t i o n  which  has not  
been t r i e d  ou t  bu t  i s  w o r th  c o n s i d e r i n g  i s  t o  use d i r e c t l y  
th e  d i f f e r e n c e  between t h e  f i l t e r e d  and t h e  u n f i l t e r e d  gap
e r r o r  s i g n a l .  T h a t  i s  th e  m o d i f i e d  e r r o r  s i g n a l  i s  
e ^ ( p )  -  [ e f ( p )  -  e ( p ) ] =  e ( p )
T h i s  i s  v i r t u a l l y  s w i t c h i n g  th e  re s p o n s e  f ro m  t h a t
o f  th e  comp 1em e n ta ry  f i l t e r  t o  t h a t  on th e  main l o o p .  
H o w ev er , we have fo u n d  f rom  t e s t s  t h a t  such an a b r u p t  
s w i t c h i n g  can cause i n s t a b i l i t y .  Even i f  i t  does n o t ,  t h e  
r i d e  q u a l i t y  when t r a v e r s i n g  t h e  t r a n s i t i o n  c u r v e  w i l l  be 
p o o r .  I f  we f o l l o w  t h e  scheme o f  s w i t c h i n g  i n  th e  
c o r r e c t i o n  v i a  a  1o w - p a s s - f i 1 t e r  t h e  new e r r o r  s i g n a l  w i l l
be
e c ( p ) =  e f ( p ) -  l ( p )  C e f ( p ) - e ( p ) ]
= [1 -  1 ( p ) ] * e f ( p ) + 1 ( p ) * e ( p ) ( 7 . 1 5 )
w here  l ( p )  = 1o w - p a s s - f  i 1 t e r  t r a n s f e r  f u n c t i o n  
W ith  e f ( p )  f ro m  e q u a t i o n  ( 7 . 3 b )
p + 3Wf
e ^ ( p )  =  [ 1 - 1  ( p ) ] -------------------------------------------------------- (h"  -  c ^ " )  + e ( p )
p®  + Sp^Cüf + 3 p ( i) f  ^  + ( i)f®
( 7 . 1 6 )
I f  the  1o w - p a s s - f i 1 t e r  i s  o f  1 s t  o r d e r  and has a  t r a n s f e r  
f une t i on
l ( p )  =  1 /  (  1 +  p/COto )
p/(Ot> (p + 3Wf ) (h"  - c ^ "  )
Be ( p ) = ---------------------------------------------------------- + e ( p )
p® + 3p^(0f + 3pO)f* + (Of®
T h i s  scheme w i l l  g i v e  z e r o  s t e a d y - s t a t e  gap e r r o r  even when
th e  v a l u e  o f  h" -  Cr>“ i s  c o n s t a n t .  T r a n s i e n t  gap e r r o r  w i l l
s t i l l  e x i s t  when h" -  c , . “ i s  i n c r e a s i n g  or  d e c r e a s i n g  u n l e s s
a  1o w - p a s s - f i 1 t e r  o f  h i g h e r  o r d e r  and h i g h e r  t y p e  number i s
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u s e d .  T h i s  a l t e r n a t i v e  scheme has t o  be t r i e d  o u t .
7 . 6  System r e s p o n s e  w i t h  new e r r o r - c o r r e c t i n g  scheme
A f t e r  th e  m o d i f i c a t i o n  to  e l i m i n a t e  s t e a d y - s t a t e  gap 
e r r o r  due t o  p a r a b o l i c  i n p u t ,  t h e  s i m u l a t i o n  t e s t s  w ere  
r e p e a t e d .  I t  was fo u n d  t h a t  th e  system  r e s p o n s e  in  normal  
o p e r a t i o n  r e m a in e d  unchanged.  The re s p o n s e s  when t r a v e r s i n g  
t r a n s i t i o n  c u r v e s  l i n k i n g  ramps o f  p o s i t i v e  and n e g a t i v e  5% 
g r a d i e n t  to  l e v e l  t r a c k s  a r e  shown in  F i g . 7 . 9a  t o  d and  
F i g . 7 . 1 0  a  t o  d r e s p e c t i v e l y .  The  h o r i z o n t a l  speed o f  t h e  
v e h i c l e  was 100 m /s  and th e  second and t h i r d  d e r i v a t i v e  o f  
v e r t i c a l  d i s p l a c e m e n t  in  t h e  c u r v e s  w e re  1 m/s® and 0 . 5  m/s®  
r e s p e c t i v e l y . F i g . 7 . 9a  to  7 . 1 0 a  show t h e  t r a c k  p o s i t i o n  and  
v e h i c l e  p o s i t i o n  s h i f t e d  by th e  gap w i d t h .  Because o f  th e  
s c a l e  o f  t h e  d r a w in g  cho sen ,  th e s e  two p o s i t i o n s  w ere  
i n d i s t i n g u i s h a b l e .  The gap e r r o r ,  h o w e v e r , can be seen more  
c l e a r l y  in  F i  g . 7 . 9d and 7 . 1 Od. The v e h i c l e  v e l o c i t y  a r e  
shoi/jn in  F i g . 7 . 9b and 7 . 1 0 b .  They  r e v e a l  a sm al l  Jump in  
v e l o c i t y  when th e  e r r o r - c o r r e c t i o n  was s w i t c h e d  in  and  
s w i t c h e d  o u t .  T hese  jumps w ere  o b v io u s  in  th e  a c c e l e r a t i o n  
c u r v e s  F i g . 7 . 9c and 7 . 1 0 c .  The a p p a r e n t l y  n o i s y  t r a c k  o f  
v e h i c l e  a c c e l e r a t i o n  was t h e  v i b r a t i o n  caused p r i m a r i l y  by 
t h e  1 imi  t - c y c l i n g  e f f e c t  o f  s a t u r a t i o n  o f  t h e  magnet d r i v i n g  
a m p l i f i e r .  S w i tc h in g - m o d e  c o n t r o l  a l s o  added some e x t r a  
v i b r a t i o n .  H o w e v e r , t h i s  h ig h  f r e q u e n c y  v i b r a t i o n  w i l l  no t  
a f f e c t  t h e  r i d e  c o m fo r t  a s  we can see  f ro m  th e  s e n s i t i v i t y -  
w e ig h t e d  1o w - p a s s - f i 1 t e r e d  a c c e l e r a t i o n  c u r v e s  in  F i g . 7 . 9c
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*ig.7.11c Low-pass-filtered second derivative of input for 
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20 to 10mm
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and 7 . 1 0 c .  As seen in  t h e s e  f i g u r e s ,  t h e  sensed
a c c e l e r a t i o n  i s  v e r y  much th e  same a s  t h e  a c c e l e r a t i o n  
p r o f i l e  o f  t h e  t r a n s i t i o n  c u r v e .  The o v e r - c o r r e c t i o n  g i v e n  
by t h e  method i s  s t i l l  s i g n i f i c a n t  even a f t e r  b e i n g
d y n a m i c a l l y  l i m i t e d -  T h i s  can be seen in  F i g . 7 . 9 d  and 7 . 1 0 d  
w h ic h  show t h e  gap e r r o r  when t r a v e r s i n g  t h e  c u r v e .  The  
o v e r - c o r r e c t i o n  when e n t e r i n g  th e  c u r v e  amounted t o  30% o f  
t h e  gap w h i l e  t h e  same q u a n t i t y  r e a c h e d  90% when l e a v i n g  th e  
c u r v e .  U n a c c e p t a b le  c o n d i t i o n  may a r i s e  i f  e x t r a  t r a c k  
i r r e g u l a r i t i e s  a r e  p r e s e n t  in  t h e  t r a n s i t i o n  c u r v e .
F i n a l l y  F i g . 7 , 11a t o  d show t h e  r e s p o n s e  o f  th e  
sys tem  t o  t h e  l o w - p a s s - f i l t e r e d  gap w i d t h  command cha n g e .  
T h i s  i s  t o  s i m u l a t e  t h e  c o n d i t i o n  o f  th e  s u s p e n s io n  l i f t i n g
o f f  f ro m  i t s  r e s t  p o s i t i o n .  S in c e  t h e  phase t r a j e c t o r y  o f
t h e  f i l t e r e d  e r r o r  v e r s u s  i t s  f i r s t  d e r i v a t i v e  s h o u ld  n o t  
have p o s i t i v e  s l o p e  in  th e  f i r s t  and t h i r d  q u a d r a n t s  o f  th e  
phase p l a n e  t h e  s t e a d y - s t a t e  e r r o r  c o r r e c t i o n  system s h o u ld  
n o t  be e n e r g i z e d .  Even i f  i t  d i d  t h e  second d e r i v a t i v e  of  
gap w i d t h  command s i g n a l  was so sm al l  t h a t  th e  e f f e c t  w ou ld  
h a r d l y  be d e t e c t a b l e .
7 . 7  C o n c lu d in g  rem a rk s
The d e s ig n  o f  th e  v a r i a b l e - s t r u c t u r e - c o n t r o l l e d  
e l e c t r o m a g n e t i c  su s pens ion  system i s  n o t  a s  s i m p l e  a s  th e  
one u s in g  f i x e d - g a i n  f e e d b a c k .  Some m o d i f i c a t i o n  o f  th e  
system  model i s  r e q u i r e d  to  im p lem ent  t h e  m ethod .  However ,  
th e  p r a c t i c a l  i m p le m e n t a t i o n  u s in g  m i c r o - c o m p u t e r s  may not  
be any  more c o m p l i c a t e d  or  c o s t l y .  The  method has  th e
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a d v a n t a g e s  o f  a  s t r o n g  case  o f  g u a r a n t e e d  s t a b i l i t y  and  a  
b e t t e r  a d h e r e n c e  t o  t h e  o p t im a l  c o n t r o l  low in  t h e  p r e s e n c e  
o f  l a r g e  p e r t u r b a t i o n .  The  i n v a r i a n c e  p r o p e r t y  o f  t h e  
m eth o d ,  h o w e v e r ,  make t h e  l i m i t i n g  o f  v e r t i c a l  d i s p l a c e m e n t  
when t r a v e r s i n g  t r a n s i t i o n  c u r v e s  d i f f i c u l t .  S im p le  bump-  
s t o p s  can n o t  be im p lem en ted  by i n c r e a s i n g  f e e d b a c k  g a i n  or  
by c h a n g in g  t h e  i n c l i n a t i o n  o f  t h e  s w i t c h i n g  p l a n e .  A 
s p e c i a l  c o r r e c t i o n  s i g n a l  i s  s w i t c h e d  in  t o  m o d i f y  t h e  
v a r i a b l e  w h ich  fo rm  t h e  s w i t c h i n g  p l a n e  when th e  s t e a d y -  
s t a t e  gap e r r o r  g e n e r a t i n g  c o n d i t i o n  i s  d e t e c t e d .
In  g e n e r a l ,  t h e  r e s u l t a n t  system p e r f o r m e d  
s a t i s f a c t o r i l y  a s  e x p e c t e d .  T h e r e  i s  a  need o f  f u r t h e r  work  
t o  m i n i m i z e  t r a n s i e n t  gap e r r o r  when t r a v e r s i n g  t r a n s i t i o n  
c u r v e s .  As how th e  s l i d i n g  method compares w i t h  f i x e d - g a i n  
c o n t r o l  m e thod ,  we s h a l l  l e a v e  t h i s  t o  t h e  n e x t  c h a p t e r  when 
t h e  m o d i f i e d  s t e a d y - s t a t e  gap e r r o r  c o r r e c t i o n  scheme i s  
a p p l i e d  t o  th e  system u s i n g  f i x e d - g a i n  c o n t r o l .  Then we 
s h a l l  compared t h e  two on t h e  same b a s i s .
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CHAPTER 8
THE MODIFIED FIXED GAIN CONTROLLED EMS AND ITS  COMPARISON 
WITH BASIC F IXED-GA IN  CONTROLLED AND VS-CONTROLLED EMS
8 . 1  I n t r o d u c t i o n
T h i s  c h a p t e r  s t a r t s  by o u t l i n i n g  o f  th e  d e s ig n  w h ich  
t a k e s  t h e  gap e r r o r  e l i m i n a t i o n  method d e v i s e d  f o r  th e  
e l e c t r o m a g n e t i c  s u s p e n s io n  s y s t e m , w h ich  uses v a r i a b l e -  
s t r u c t u r e - c o n t r o l  m ethod ,  and a p p l i e s  i t  t o  th e  sys tem  which  
uses f i x e d - g a i n  c o n t r o l  m e thod .  The p e r f o r m a n c e  o f  t h e  
r e s u l t a n t  system  i s  then fo u n d  by s i m u l a t i o n .  F i n a l l y ,  t h e  
r e s p o n s e  and th e  d e s ig n  o f  t h i s  system i s  compared w i t h  
th o s e  w h ich  use th e  b a s i c  f i x e d - g a i n  c o n t r o l  o r  t h e  
v a r i a b l e - s t r u c t u r e  c o n t r o l  m ethod .
8 . 2  The m o d i f i e d  f i x e d - g a i n  c o n t r o l l e d  E . M . S .
The m o d i f i e d  f i x e d - g a i n  c o n t r o l l e d  method was based  
on t h e  e r r o r -  c o r r e c t i o n  method d e v e lo p e d  in  c h a p t e r  7 f o r  
t h e  v a r i a b l e - s t r u c t u r e  c o n t r o l l e d  EMS. I n s t e a d  o f  u s in g  
bump s t o p s ,  s t e a d y - s t a t e  gap e r r o r  c o r r e c t i o n  to  p a r a b o l i c  
i n p u t  i s  used t o  m o d i f y  th e  comp 1e m e n t a r y - f i 1 t e r e d  gap e r r o r  
and i t s  d e r i v a t i v e s .  The m o d i f i c a t i o n  a l s o  i n c l u d e s  some 
b a s ic  changes in  t h e  d e s i g n .  S i n c e  th e  s t i f f n e s s  t o  lo a d  o f  
t h e  main loop  r e s p o n s e  i s  s u f f i c i e n t l y  h ig h  t h e  gap 
d i s p l a c e m e n t  due to  lo a d  i s  s m a l l .  T h i s  has removed th e  
need o f  an i n t e g r a l  c o n t r o l l e r .  W i t h o u t  t h e  i n t e g r a l
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c o n t r o l l e r  and bump s t o p s  a c c e l e r a t i o n - l i m i t i n g  scheme i s  no 
l o n g e r  n e c e s s a r y .  C o n s e q u e n t ly  th e  r e s u l t a n t  sys tem  has a  
s i m p l e r  d e s i g n .  The main loop i s  then  second o r d e r  
d o m in a n t .  K e e p in g  t h e  n a t u r a l  f r e q u e n c y  a t  20Hz w i t h  
c r i t i c a l  damping and u s in g  t h e  same t e c h n i q u e  o f  f i n d i n g  
c o n t r o l l e r  g a i n  v a l u e s  f o r  gap e r r o r  and  i t s  d e r i v a t i v e s  a s  
i n  c h a p t e r  4 we o b t a i n
Kp =  1
Kv =  1 . 5 9  X 10“ ^
Ka =  6 . 3 3  X 10"=
The a m p l i f i c a t i o n  o f  t h e  f o r w a r d  g a in  e le m e n t  i s  k e p t  a t  
10®. The  com p lem en ta ry  f i l t e r i n g  c i r c u i t  i s  t h e  same a s  
t h a t  used in  th e  f o r m e r  d e s ig n  and t h e  s t e a d y - s t a t e  gap 
e r r o r  c o r r e c t i o n  s w i t c h i n g  c i r c u i t  i s  t h e  same a s  t h a t  used  
in  c h a p t e r  7 .  The  d e s ig n  can be summarised in  s c h e m a t ic  
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Fig.8.1 Schematic diagram of the fixed-gain controlled E.M.S.
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8 . 3  P e r f o r m a n c e  o f  th e  m o d i f i e d  f i x e d - g a i n  c o n t r o l
The p e r f o r m a n c e  o f  th e  system which  uses th e  
m o d i f i e d  d e s ig n  i s  fo u n d  by a n a l y s i n g  t h e  s i m u l a t i o n  t e s t s  
on i t .  The  r e s u l t s  a r e  g i v e n  in  th e  f o l l o w i n g  g r a p h s .  
F i g . 8 . 2a  t o  j  a r e  t h e  r e s p o n s e  t o  a  10mm upward s t e p  change  
in  t r a c k  l e v e l .  F i g . 8 . 3a t o  f  a r e  t h e  r e s p o n s e  t o  a  9.5mm 
downward s t e p  change .  F i g . 8 . 4a and b a r e  t h e  t r a c k  and
v e h i c l e  p o s i t i o n  and v e l o c i t y  o f  t h e  v e h i c l e  when t r a v e l l i n g  
on t r a c k s  w i t h  s t o c h a s t i c  roug h n ess  c o e f f i c i e n t  A o f  2K10"^  
a t  lOOm/s .  F i g . 8 . 5a and b g i v e  th e  gap e r r o r  and th e  
a b s o l u t e  a c c e l e r a t i o n  o f  t h e  v e h i c l e  when s u b j e c t e d  t o  a  3KN 
s te p  change in  d i s t u r b a n c e  f o r c e .  F i g . 8 . 6a t o  d and  
F i g . 8 . 7a t o  d a r e  t h e  system  b e h a v i o u r  when t r a v e r s i n g  
t r a n s i t i o n  c u r v e s  p r e c e d i n g  5% upward and downward s l o p e s  
r e s p e c t i v e l y .  F i n a l l y ,  F i g . 8 . 8  a to  d g i v e  th e  r e s p o n s e  o f  
th e  system  to  a  g ra d u a l  change o f  gap w i d t h  command f ro m  
20mm t o  lOrrert. T h i s  i s  to  s i m u l a t e  t h e  l i f t i n g  o f f  o f  th e  
su s p en s io n  f ro m  i t s  r e s t  p o s i t i o n .
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Fig.S.2a Vertical position of modified fixed-gain EMS for 10mm 
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Fig.8.2d Flux density response to 10mm step change
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Fig.S.2g Low-pass-iiltered second derivative of input for 10mm 
steo chanze
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Fig.8.2h Phase trajectory for 10mm step change
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Fig.S.3a Verticle position of modified fixed-gain EMS for -9.5mm 
soep change
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Fig.8.3b Gap width response to -9.5mm step change
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Fig8.3d Flux density response to -9.5mm step change
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Fis.S.3e Acceleration experienced for -9.5mm steo change
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Fig.8.3f Gap error response to -9.5mm step change
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Fig.8.4b Absolute acceleration when travelling on rough track
- 2 8 3 -








S iH T i 5TE=.=3)
L2E-53 J










i î îE - iÆ  J
j
i:35*v5 J
•I225-3 J ' TI£ E
























' L % i C  J




Fig.S.Sd Gap error when traversing an ascending transition curve




'ig.8.7= Track and vehicle position when traversing a descending 
Transition curve
I ?jz : CT-üîrfE. *ô2Ev?)
J
•5.3£̂ 53 J
Fig.8.7b Velocity of vehicle when traversing a descending transition 
curve
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Fig.8.7d Gap error when traversing a descending transition curve









Fig.3.3a Gap and gap command signal 
chanse from 20 to 10mm
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Fig.8.8b Gap error signal for gap demand change from 20 to 10mm
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Fig.8.8c Low-pass-filtered second derivative of input for gap demand 
change from 20 to 10mm
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Fig.8.8d Error versus error rate for gap demand change from 20 to 10mm
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I n  g e n e r a l  th e  r e s p o n s e  i s  v e r y  s i m i l a r  t o  t h a t  
g iv e n  by t h e  V S -  c o n t r o l l e d  EMS w i t h  s t e a d y - s t a t e  e r r o r  
c o r r e c t i o n  t o  p a r a b o l i c  i n p u t .  However t h e r e  a r e  m in o r  
d i f f e r e n c e s .  S i n c e  no i n t e g r a t i o n  a c t i o n  i s  used in  th e  
c o n t r o l l e r  t h e r e  i s  a  s t a t i c  gap d i s p l a c e m e n t  caused by t h e  
w e ig h t  o f  t h e  v e h i c l e .  T h i s  can be o b s e rv e d  in  F i g . 8 . 5 b .  
Owing t o  t h e  h ig h  loop g a in  u se d ,  t h i s  d i s p l a c e m e n t  i s  o n l y  
a b o u t  1 .5Pm. W i th  an upward f o r c e  o f  3KN t h i s  d i s p l a c e m e n t  
i s  re d u c e d  t o  l e s s  than IFm. The o t h e r  o b s e r v a b l e  
d i f f e r e n c e  i s  t h e  h i g h e r  peak a c c e l e r a t i o n  in  t h i s  m o d i f i e d  
f i x e d - g a i n  sys tem  when i t  i s  s u b j e c t e d  t o  a  sudden change in  
gap w i d t h .  T h i s  i s  e s p e c i a l l y  o b v io u s  when th e  s t e a d y - s t a t e  
gap w i d t h  i s  s m a l l .  When t h e  gap was re d u c e d  to  0.5mm w i t h  
a  sudden change o f  gap w i d t h  th e  peak a c c e l e r a t i o n ,  seen in  
F i g . 8 . 3ewas 7 m / s *  compared w i t h  5 n / s ^  in  t h e  VSC s y s te m .  
When t r a v e r s i n g  a  downward t r a n s i t i o n  c u r v e ,  th e  gap w i d t h  
was r e d u c e d  t o  1mm. The peak a c c e l e r a t i o n  then was %n/s^ ,
a s  seen in  F i g . 8 . 7 c ,  w h i l e  t h e r e  was no o b s e r v a b l e  peak in  
th e  c o r r e s p o n d i n g  re s p o n s e  o f  th e  VSC EMS s y s t e m .
8 . 4  Comparing p e r f o r m a n c e  u s i n g  i n d i c e s
One e f f e c t i v e  way o f  com pa r ing  p e r f o r m a n c e  i s  to  
compare t h e  n u m e r ic a l  v a l u e s  o f  th e  p e r f o r m a n c e  i n d i c e s .  
S in c e  a  s u s p e n s io n  system can be t r e a t e d  a s  a  1o w -p a s s -  
f i l  t e r  w h ich  r e j e c t s  d i s t u r b a n c e s  and f o l l o w s  t h e  p r o f i l e  o f  
th e  t r a c k ,  we can use th e  s t a n d a r d  p e r f o r m a n c e  i n d i c e s  l i k e  
i n t e g r a l  o f  t im e  and a b s o l u t e  e r r o r  ( I T A E )  and i n t e g r a l  o f
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t im e  and s q u a r e  o f  e r r o r  ( I T S E ) .  However t h e  i n c l u s i o n  o f  
c o m p lem en ta ry  f i l t e r i n g  has made th e  com pa r ison  l e s s  than  
s t r a i g h t  f o r w a r d .  T h i s  i s  because  t h e  m i n i m i s a t i o n  o f  gap— 
e r r o r  s e t t l i n g  t im e  i s  no l o n g e r  t h e  o n l y  o b j e c t i v e .  Had i t  
been t h e  o n l y  o b j e c t i v e  c o m p lem en ta ry  f i l t e r i n g  w o u ld  n o t  
have been used t o  im prove  t h e  r i d e - q u a l i t y . Even so we have  
i n c l u d e d  t h e s e  i n d i c e s  a s  i n d i c a t o r s  o f  t r a c k  p r o f i l e -  
f o l l o w i n g  c a p a b i l i t y .
S i n c e  t h e  system i s  o p t i m i s e d  a c c o r d i n g  t o  t h e
e q u a t i o n
^ ( W«e= + ) d t
a  p e r f o r m a n c e  in d e x  based on t h i s  law o f  o p t i m a l i t y  i s  a l s o
i n c l u d e d .  The a v e r a g e  power c o n s u m p t io n ,  r . m . s .
a c c e l e r a t i o n  and r . m . s .  j e r k  o f  t h e s e  sys te m s  under  s i m i l a r  
t e s t  c o n d i t i o n s  a r e  a l s o  n o te d  dcwn f o r  c o m p a r is o n .  These  
p e r f o r m a n c e  i n d i c e s  g iv e n  by a  s e t  o f  seven t e s t s  on t h e
V S - c o n t r o l  1 e d , m o d i f i e d  f i x e d - g a i n  c o n t r o l l e d  and b a s ic  
f i x e d - g a i n  c o n t r o l l e d  s u s p en s io n  sys tem s a r e  r e c o r d e d  in  
T a b l e s  8 . 1  t o  8 . 7 .
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Basi  c 
f i x e d - g a i n
Modi f  i ed 
f  i x e d - g a i  n
V S -  
c o n t r o l 1ed
s a m p l . p e r i o d  (ms) 0 . 2 0 . 2 0 . 2
ITAE (x lO ~^m s=) 3 . 4 9 0 . 9 0 . 9
ITSE ( X 10 ‘“‘* m * s * ) 9 . 7 2 . 3 4 2 . 3 2
LQPI ( x l O - z ) 9 . 5 5 4 . 6 7 4 . 6 8
a v . power (KW) 3 . 2 9 2 . 3 6 2 . 5 7
r . m . s .  accn . ( X 10 - = m / s = ) 1 0 . 3 4 8 , 7 4 8 . 7 4
r . m . s .  j e r k ( X 10®m/s®) 2 . 0 6 1 . 7 2 2 . 0
T a b l e  8 .1 P e r fo r m a n c e  o f  E.  
c o n t r o l  methods  
I n p u t  10mm upward
M .S .  u s in g  t h r e e  d i f f e r e n t  
1 s t e p  d i s p l a c e m e n t
B a s ic  
f i  x e d - g a i  n
Modi f  i ed 
f  i x e d - g a i  n
V S -  
c o n t r o l 1ed
s a m p l . p e r i o d  (ms) 0 . 2 0 . 2 0 . 2
ITAE ( X 10“ ®ms^) 3 . 4 3 0 . 8 6 0 . 8 6
ITSE ( x l  0~ ‘*m *s^) 1 0 . 3 2 .1 2 . 0 9
LQPI ( X1 0 - = ) 9 . 4 4 4 . 3 4 . 2 4
a v .p o w e r (KW) 3 . 0 2 2 .5 1 2 . 5 8
• rn # s * & c c n . ( x l O - ^ m / 's ^ ) 1 0 . 8 8 . 4 9 8 . 3 7
r . m . s .  j  e r k ( X 10®m/s®) 2 . 0 9 1 .7 4 1 . 9 9
T a b l e  8 . 2  P e r fo r m a n c e  o f  E . M .S .  u s i n g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
I n p u t  9 . 5mm downward s te p  d is p l a c e m e n t
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B a s ic  M o d i f i e d  V S -
f i x e d - g a i n  f i x e d - g a i n  c o n t r o l l e d
sam p l .  p e r i o d  (ms) 0 . 2  0 . 2  0 . 0 5
ITAE ( x l O - * m s = )  1650 1 . 3 6  0 . 2 2
ITSE ( x l 0 - i = m z s = )  1 . 3 8 x 1 0 ^  1 . 3 3  0 . 4 4
LQPI ( x l O ~ ^ )  4340 4 . 0 6  3 . 3 6
a v .p o w e r  (KW) 2 . 1 4  1 . 6  1 . 2 4
r . m . s .  a c c n . ( x l O * * m / s = )  7 . 7 5  1 . 4 6  1 . 3 3
r . m . s .  j e r k  (x lO ® m /s® )  1 . 6 3  1 . 2 8  0 . 8 6
T a b l e  8 . 3  P e r fo r m a n c e  o f  E . M . S .  u s i n g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
I n p u t  3KN upward s t e p  i n c r e a s e  o f  f o r c e
B a s ic  M o d i f i e d  VS—
f i x e d - q a i n  f i x e d - o a i n  c o n t r o l l e d
sam pl .  p e r i o d  (ms) 0 . 2  0 . 2  0 . 0 5
ITAE ( x l O - * m s = )  4 2 . 6  0 . 3 7  0 . 3 8
ITSE (x lO - ^ m = s = )  9920 1 1 .01
LQPI ( x l O - = )  3210 0 . 4 6  0 . 4 3
a v .p o w e r  (KW) 2 . 9 3  2 . 1 3  1 . 7 4
r . m . s .  a c c n . ( X 10“ ®rri/s=) 0 . 8 1  0 . 9  2 8 . 8
r . m . s .  j e r k  (x lO ® m /s® )  1 . 8 2  1 . 6 6  1 . 0 5
T a b l e  8 . 4  P e r fo r m a n c e  o f  E . M .S .  u s in g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
G auss ian  random t r a c k  l e v e l  i n p u t  w i t h  rough ness  
c o e f f i c i e n t  A =  2 T x lO " ^  m - r a d ,  v e l o c i t y  =  lOOm/s
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Basi  c 
f  i x e d - g a i  n
Modi f  i ed 
f  i x e d - g a i  n
V S -  
con t r o l 1e
s a m p l . p e r i o d  (ms) 0 . 2 0 . 2 0 . 2
ITAE ( X 10 ” *ms^) 4 . 5 5 6 . 1 7 6 . 6 8
ITSE ( x l O - * m = s = ) 0 . 5 8 2 . 6 9 3 . 1 3
LQPI 2 . 1 7 2 . 3 3 2 .3 1
a v . p o w e r (KW) 2 . 7 2 2 . 0 1 2 . 2 5
r  m rn ■ • a  c c n ( m / s = ) 0 .5 0 1 0 . 5 0 5 0 .5 0 1
r . m . s .  j e r k ( X 10®m/s®) 1 . 9 5 1 . 6 5 1 . 9 2
T a b l e  8 . 5  P e r fo r m a n c e  o f  E . M . S .  u s i n g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
I n p u t  : D e scen d in g  t r a n s i t i o n  c u r v e  t o  5% ramp,  
h o r i z o n t a l  v e l o c i t y  =  lOOm/s
B a s ic  M o d i f i e d  V S -
f i x e d - g a i n  f i x e d - g a i n  c o n t r o l l e d
s a m p l .  p e r i o d  (ms) 0 . 2  0 . 2  0 . 2
ITAE ( x lO - = m s = )  4 . 9 8  6 . 1 7  6 . 6 8
ITSE ( x l O - * m = s = )  0 . 6 9  2 . 6 9  3 . 1 4
LQPI 2 . 1 8  2 . 3 2  2 .3 1
a v . p o w e r  ( KW) 2 . 9 8  2 . 4 6  2 . 6 9
r . m . s .  a c c n .  ( m /s = )  0 .5 0 1  0 . 5 0 4  0 .5 0 1
r . m . s .  j e r k  (x lO ® m /s® )  2 . 0 6  1 . 7 2  1 . 9 8
T a b l e  8 . 6  P e r fo r m a n c e  o f  E . M . S .  u s i n g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
I n p u t  : A s c e n d in g  t r a n s i t i o n  c u r v e  t o  5% ramp,  
h o r i z o n t a l  v e l o c i t y  =  1OOm/s
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B a s ic  M o d i f i e d  V S -
f i x e d - q a i n  f i x e d - q a i n  c o n t r o l l e d
s a m p l .  p e r i o d  (ms) 0 . 2 0 . 2 0 . 2
ITAE ( X 10"®ms^) 4 7 . 3 0 . 7 3 2 0 . 7 6 7
ITSE ( x lO - » m = s = ) 6240 4 . 8 9 5
LQPI ( x l O - ® ) 453 1 . 6 9 1 . 7 4
a v .p o w e r (KW) 3 . 8 5 3 . 1 3 . 2 9
r . m . s .  accn . ( X 10 “ ®rri /s*) 8 1 . 7 4 1 . 9
r . m . s .  j e r k ( X 10®m/s®) 1 . 9 3 1 . 6 1 . 8 7
T a b l e  8 . 7  P e r fo r m a n c e  o f  E . M . S .  u s i n g  t h r e e  d i f f e r e n t  
c o n t r o l  methods
I n p u t  gap command change 20 t o  10mm
The com par ison  o f  t h e s e  i n d i c e s  r e v e a l s  t h a t  t h e  
p e r f o r m a n c e  o f  th e  b a s ic  f i x e d - g a i n  c o n t r o l l e d  system w i t h  
bump s t o p s  i s  much i n f e r i o r ,  in  a l m o s t  e v e r y  a s p e c t s ,  to  t h e  
m o d i f i e d  f i x e d - g a i n  or  v a r i a b l e - s t r u c t u r e  c o n t r o l l e d  system  
u s i n g  gap e r r o r  c o r r e c t i o n  m ethod .  Compar ing  th e  l a t t e r  two,  
th e  v a r i a b l e - s t r u c t u r e  c o n t r o l l e d  sys tem  i s  m a r g i n a l l y  
i n f e r i o r  t o  t h e  m o d i f i e d  f i x e d - g a i n  c o n t r o l l e d  s y s te m .  In  
most t e s t s ,  i t  has a  s l i g h t l y  h i g h e r  r . m . s .  a c c e l e r a t i o n  and  
a v e r a g e  power consum pt ion  and a  s i g n i f i c a n t l y  h i g h e r  r . m . s .  
j e r k .  T h i s  may be caused by t h e  s w i t c h i n g  g a in  w h ich  
g e n e r a t e s  h i g h e r  peak a c c e l e r a t i o n  and j e r k  in  a d d i t i o n  t o  
t h e  v a r i a t i o n  caused by t h e  l i m i t - c y c l e  e f f e c t  o f  t h e  
s a t u r a t i n g  rr»agnet d r i v e r .
The s e e m in g ly  u n e x p e c te d  r e s u l t s  o f  lo w e r  
a c c e l e r a t i o n ,  j e r k  and power con sum pt ion  a s  seen in  two
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t e s t s  i n v o l v i n g  t h e  v a r i a b l e - s t r u c t u r e  c o n t r o l l e d  s us pens ion  
was t r a c e d  back t o  th e  unequal  s a m p l in g  p e r i o d  used .  
I n s t e a d  o f  th e  200 #s  s a m p l in g  p e r i o d  used t h r o u g h o u t ,  a  
v a l u e  o f  50Fs  w e re  used in  t h e s e  two c a s e s .  T h i s  w o u ld  have  
p rodu ced  a  system  w i t h  t i g h t e r  c o n t r o l  o f  c o r r e c t i v e  e f f e c t  
th u s  lo w e r  peak a c c e l e r a t i o n ,  j e r k  and power c o n s u m p t io n .  
In  c a l c u l a t i n g  t h e  power consum pt ion  t h e  f o l l o w i n g  f o r m u l a  
was use d .
power = I^R  + $ '= R e
S i n c e  f o r c e  th u s  a c c e l e r a t i o n  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  
o f  c u r r e n t  and th e  r a t e  o f  change o f  f l u x  i s  r e l a t e d  to  
j e r k ,  a  h i g h e r  v a l u e  o f  r . m . s .  a c c e l e r a t i o n  and j e r k  w ou ld  
r e s u l t  in  h i g h e r  power c o n s u m p t io n .  W i th  th e  e x c e p t i o n  o f  
th o s e  two c a s e s ,  t h e  v a r i a b l e - s t r u c t u r e  c o n t r o l l e d  EMS 
sys tem  consumed on a v e r a g e  10% more power than t h e  m o d i f i e d  
f i x e d -  g a in  s y s te m .  In  t h e s e  two e x c e p t i o n a l  c a s e s ,  th e  
power consum pt ion  was in  f a c t  a b o u t  22% low e r  by c o m p a r is o n .  
T h i s  r e p r e s e n t s  a  s u b s t a n t i a l  s a v i n g  in  p w e r  c o n s u m p t io n .  
H o w e v e r , s i m u l a t i o n  t e s t s  w i t h  s a m p l in g  p e r i o d  a s  t h e  o n l y  
v a r i a b l e  have  t o  be c a r r i e d  ou t  b e f o r e  we can c o n f i r m  t h a t  
t h e  r e d u c t i o n  o f  power consum pt ion  i s  due t o  th e  r e d u c t i o n  
o f  s a m p l in g  p e r i o d .
A l t h o u g h  a l l  t h r e e  methods meet th e  s p e c i f i c a t i o n s  
o f  t h e  s y s te m ,  t h e y  have t h e i r  own m e r i t s  and d e m e r i t s .  The  
b a s i c  f i x e d - g a i n  c o n t r o l l e d  system has th e  p o o r e s t  
p e r f o r m a n c e  in  g e n e r a l .  I t s  d e s ig n  i n v o l v e s  i n t e g r a l  
c o n t r o l l e r ,  bump s t o p s  and a c c e l e r a t i o n -  l i m i t i n g  c i r c u i t .  
T h e s e  make t h e  d e s ig n  f a i r l y  c o m p l i c a t e d .  However ,  t h e  use
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o f  bump s t o p s  has t h e  a d v a n t a g e  o f  a c t u a l l y  r e s t r a i n i n g  th e  
v e r t i c a l  d i s p l a c e m e n t  f rom  h i t t i n g  t h e  e x t r e m i t i e s  o f  
t r a v e l .  Thus an y  a d d i t i o n a l  t r a c k  r o u g h n e s s  o c c u r r i n g  in  
t r a n s i t i o n  c u r v e s  i s  u n l i k e l y  t o  cau se  t h e  v e h i c l e  t o  touch  
th e  t r a c k .  The  two sys tem s u s i n g  g a p - e r r o r  c o r r e c t i o n  
methods do n o t  have such a d v a n t a g e .  W i t h  t h e  e x c e p t i o n  o f  
h i g h e r  peak e x c u r s i o n  when t r a v e r s i n g  t r a n s i t i o n  c u r v e s ,  
t h e s e  two sys tem s in  g e n e r a l  have b e t t e r  p e r f o r m a n c e .  Among 
th e  two t h e  one u s i n g  v a r i a b l e —s t r u c t u r e  c o n t r o l  method has  
a more c o m p l i c a t e d  d e s ig n  and has a  h i g h e r  a c c e l e r a t i o n ,  
j e r k  and  power c o n s u m p t io n .  However ,  i t  g i v e s  lo w e r  peak  
a c c e l e r a t i o n  when a  sudden change in  gap w i d t h  i s  
e n c o u n t e r e d .  T h i s  may be th e  b e n e f i t  g i v e n  by t h e  
i n v a r i a n c y  o f  VSCS w hich  makes t h e  sys tem  more immune to  
d i s t u r b a n c e .  F u r t h e r m o r e  sys tem s u s i n g  VSC has  a  s t r o n g  
cas e  o f  g u a r a n t e e d  s t a b i l i t y .
The c o r r e s p o n d i n g  f o r w a r d  p a th  g a in  v a l u e s  used in  t h e  
sys tem s e m p lo y in g  t h e s e  t h r e e  c o n t r o l  methods a r e  a l l  o f  t h e  
same o r d e r  o f  m a g n i t u d e .
As f o r  system s e n s i t i v i t y  to  g a i n  and  p a r a m e te r  
v a r i a t i o n s  no com parison  was made. S e n s i t i v i t y  a n a l y s i s  f o r  
th e  f i x e d - g a i n  fe e d b a c k  sys tem s can be c a r r i e d  ou t  bu t  i t  
w i l l  be t e d i o u s .  As f o r  VSC s y s t e m , s t a b i l i t y  and b a s i c  
a d h e r e n c e  t o  t h e  model re s p o n s e  i s  g u a r a n t e e d  once t h e  g a in  
v a l u e s  used a r e  beyond th e  minimum m a g n i t u d e s  g iv e n  by t h o s e  
i n e q u a l i t i e s  w h ich  d e f i n e  t h e  g a i n s  r e q u i r e d .  S e n s i t i v i t y  
a n a l y s i s  f o r  v a r i a b l e - s t r u c t u r e  c o n t r o l  sys tem  so f a r  has  
n o t  a p p e a r e d  in  p u b l i s h e d  w o r k s .  How ever ,  we can g a in  a
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q u a l i t a t i v e  u n d e r s t a n d i n g  o f  th e  s e n s i t i v i t y  c h a r a c t e r i s t i c s  
by com pa r ing  th e  VSCS w i t h  a  m o d e l - r e f e r e n c e  a d a p t i v e  
s y s t e m . The s m a l l e r  t h e  m a rg in  o f  g a i n  above  t h e  minimum 
r e q u i r e d  by th e  i n e q u a l i t i e s ,  t h e  s lo w e r  th e  speed o f  
a d a p t a t i o n  t o  con fo rm  to  t h e  o p t im a l  r e s p o n s e .  O th e r  than  
t h e  m a rg in  o f  g a i n ,  th e  speed o f  a d a p t a t i o n  i s  a l s o  
d e t e r m in e d  by th e  r a n g e - s p a c e ,  or  s - ,  dynam ics  w h ic h  depends  
on o t h e r  system  p a r a m e t e r s .
In  d i g i t a l  s i m u l a t i o n  or  c o n t r o l  o f  th e  s y s te m ,  th e  
d e t e r m i n a t i o n  o f  s a m p l in g  p e r i o d  can be a  c o m p l i c a t e d  
rrtat t e r . The h i g h e s t  v a l u e  o f  s a m p l in g  p e r i o d  a l l o w e d  b e f o r e  
th e  d e t e r i o r a t i o n  o f  a c c u r a c y  and  g e n e r a l  r e s p o n s e  and  th e  
commence o f  i n s t a b i l i t y  can be d e t e r m in e d  in  a  f i x e d - g a i n  
system w hich  i s  s u b j e c t e d  o n l y  to  d i s t u r b a n c e  o f  sm al l  
a m p l i t u d e .  However i t  i s  d i f f i c u l t  t o  d e t e r m i n e  th e  
s a m p l in g  p e r i o d  n e c e s s a r y  f o r  t h e  s t a b i l i t y  o f  a  n o n l i n e a r  
system w hich  i s  s u b j e c t e d  t o  l a r g e  p e r t u r b a t i o n .  For  l i n e a r  
systems u s i n g  V S - c o n t r o l  m ethod ,  t h e  d e t e r m i n a t i o n  o f  th e  
maximum s a m p l in g  p e r i o d  f o r  s t a b i l i t y  has been p u b l i s h e d  in  
some books and p a p e r s .  However t h e  p r o c e d u r e  i n v o l v e s  
c o m p l i c a t e d  a n a l y s i s  u s i n g  Lyapunov f u n c t i o n  and i s  
d i f f i c u l t  t o  a p p l y .  F u r t h e r m o r e ,  no such p r o c e d u r e  e x i s t s  
f o r  n o n l i n e a r  sys tem s w h ich  uses v a r i a b l e - s t r u c t u r e  c o n t r o l .
One f e a t u r e  in  th e  i m p l e m e n t a t i o n  o f  sampled d a t a  
c o n t r o l  w h ich  makes t h e  VSCS u n l i k e  t h e  f i x e d - g a i n  system i s  
t h a t  v a r i a b l e  m a r k - s p a c e  r a t i o  o f  s w i t c h i n g  i s  r e q u i r e d  i f  
t h e  s t e a d y - s t a t e  e r r o r  i s  t o  be z e r o .  T h i s  makes t h e  VSCS 
more c o m p l i c a t e d .  We have n o t i c e d  t h a t  a  more c o m p l i c a t e d
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d e s ig n  was used in  t h e  VS—c o n t r o l l e d  EMS. The  r e s u l t a n t  
sys tem  i s  s i g n i f i c a n t l y  b e t t e r  than t h e  one w h ich  uses b a s ic  
f i x e d - g a i n  method b u t  m a r g i n a l l y  w o rse  when compared w i t h  
t h a t  w h ic h  uses th e  m o d i f i e d  f i x e d - g a i n  m ethod .  One may 
doubt  i t s  i n c l u s i o n  in  t h i s  t h e s i s  s i n c e  V S - c o n t r o l  method  
does n o t  g i v e  t h e  b e s t  p e r f o r m a n c e .  However ,  i f  i t  w ere  no t  
t h e  m o t i v a t i o n  o f  o ve rc o m in g  t h e  r i g i d  i n v a r i a n c y  o f  VSC 
method w h ich  s p u r r e d  us on t o  d i s c o v e r  t h e  g a p - e r r o r  
c o r r e c t i o n  m ethod ,  we w o u ld  no t  have  t h i s  b e t t e r  method t o  
be a p p l i e d  t o  f i x e d - g a i n  s y s te m s .  The  f a c t  t h a t  th e  
a d v a n t a g e  o f  VSC method o v e r  f i x e d - g a i n  method was n o t  
o b v io u s  was because  c o m p lem en ta ry  f i l t e r i n g  has  
s i g n i f i c a n t l y  r e d u c e d  th e  
a b r u p t n e s s  o f  change th u s  i t s  e f f e c t  on th e  d e v i a t i o n  f ro m  
o p t i m a l i t y .  We must c o n c lu d e  t h a t  in  t h i s  c as e  t h e  use o f  
VSC method may n o t  be j u s t i f i e d  a l t h o u g h  i t s  a d v a n t a g e  has  
been d e m o n s t r a t e d .  T h i s  c o n c l u s i o n ,  h o w e v e r ,  can not  be  
g e n e r a l i s e d  because  t h e  r e s u l t  may be d i f f e r e n t  f o r  a n o t h e r  
sys tem  w i t h  d i f f e r e n t  d im e n s io n s  and p a r a m e t e r s  bu t  a  
s i m i l a r  s t r u c t u r e  and c o n t r o l  m ethod .  A l s o  th e s e  a r e  o n l y  
r e s u l t s  o f  s i m u l a t i o n  t e s t s  which  a r e  based upon a  model o f  
th e  e l e c t r o m a g n e t .  The a c t u a l  re s p o n s e  has y e t  t o  be 
v e r i f i e d  by t e s t s  on a c t u a l  e l e c t r o m a g n e t i c  s u s p en s io n  




The work d e s c r i b e d  in  t h i s  t h e s i s  i s  a  p a r t  o f  a  
b i g g e r  r e s e a r c h  p r o j e c t  o f  b u i l d i n g  an e x p e r i m e n t a l  
e l e c t r o m a g n e t i c a l 1 y suspended v e h i c l e .  The  main con cern  o f  
t h i s  t h e s i s  i s  t h e  d ev e lo pm ent  o f  t h e  t h e o r y  and d e s ig n  
method o f  a  l i n e a r  f e e d b a c k  c o n t r o l  f o r  an o p t im a l  
su s p e n s io n  s y s te m .
The a r e a s  c o v e r e d  by t h i s  t h e s i s  a r e :
( 1 )  The d e s ig n  o f  l i n e a r  o p t im a l  a c t i v e  s u s p e n s io n  system
( 2 )  The i n v e s t i g a t i o n  o f  th e  p r o p e r t i e s  o f  e l e c t r o m a g n e t i c  
s u s p e n s io n  sys tem s
( 3 )  The d ev e lo p m en t  o f  t h e  t h e o r y  o f  v a r i a b l e - s t r u c t u r e  
c o n t r o l ,  w h ich  i s  c a p a b l e  o f  m a i n t a i n i n g  c l o s e d - l o o p  
system  r e s p o n s e  in  p r e s e n c e  o f  d i s t u r b a n c e s  and  
p a r a m e te r  changes
( 4 )  The a p p l i c a t i o n  o f  f i x e d - g a i n  and v a r i a b l e - s t r u c t u r e  
c o n t r o l  methods t o  e l e c t r o m a g n e t i c  s u s p e n s io n s
9 . 1  O pt im al  su s p en s io n
The f u n c t i o n  o f  t h e  s u s p e n s io n  sys tem  i s  t o  f o l l o w  
th e  s l o w - c h a n g i n g  p r o f i l e  o f  th e  g u i d i n g  s u r f a c e  on w h ich  
th e  v e h i c l e  t r a v e l s  b u t  t o  f i l t e r  o f f  t h e  v i b r a t i o n  caused  
by th e  i r r e g u l a r i t i e s  o f  t h i s  s u r f a c e .  F u r t h e r m o r e  t h e  
s u s p e n s io n  needs t o  m a i n t a i n  th e  v e r t i c a l  and  l a t e r a l
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p o s i t i o n s  o f  th e  v e h i c l e  in  th e  p r e s e n c e  o f  d i s t u r b a n c e  
f o r c e s  i n p u t .  The c r i t e r i o n  o f  o p t i m a l i t y  a d o p t e d  i s  t h a t ,  
in  t h e  p r e s e n c e  o f  s p e c i f i e d  g u i d i n g  s u r f a c e  ro u g h n ess  
i n p u t ,  t h e  sum o f  mean s q u a r e  a c c e l e r a t i o n  e x p e r i e n c e d  by  
th e  v e h i c l e  and mean s q u a r e  e x c u r s i o n  o f  t h e  su s p e n s io n  
s h o u ld  be minimum. Based upon th e  work o f  T r i k h a  an in d e x  
i s  d e r i v e d  w h ich  shows t h e  t r a d e - o f f  r e l a t i o n s h i p  between  
mean s q u a r e  a c c e l e r a t i o n  and th e  cube o f  mean s q u a r e  gap 
e x c u r s i o n .  The same in d e x  can be used a s  a  q u a l i t y  
i n d i c a t o r  f o r  a l l  l i n e a r  su s p e n s io n  sys tem  u s i n g  th e  same 
c r i t e r i o n  o f  o p t i m a l i t y .  The  d ev e lo pm ent  o f  t h e  t h e o r y  has  
y i e l d e d  d e s ig n  i n d i c e s  and g ra p h s  w h ich  can be used t o  g i v e  
th e  o p t i m a l  n a t u r a l  f r e q u e n c y  f o r  t h a t  s y s te m .  I t  has been 
shown in  t h e  t h e s i s  t h a t  ground p r o f i l e  o r  c o n to u r  and  
s u r f a c e  ro u g h n ess  a r e  bo th  s u r f a c e  d i s p l a c e m e n t  b e l o n g i n g  to  
d i f f e r e n t  p a r t s  o f  th e  s p a t i a l  f r e q u e n c y  s p e c t r u m .  They  
can n o t  be t o t a l l y  s e p a r a t e d  but  by a p p r o p r i a t e  d e s ig n  both  
p r o f i l e  f o l l o w i n g  and rough ness  f i l t e r i n g  can be a c h i e v e d .
T h e r e  i s  a p p a r e n t l y  a  c o n f l i c t  in  s u s p e n s io n  d e s ig n  
in  t h a t  th e  s t i f f n e s s  t o  t r a c k  l e v e l  i n p u t  has t o  be low t o  
g i v e  a  good r i d e  q u a l i t y  bu t  has to  be h ig h  i f  t h e  
s u s p e n s io n  system  i s  n o t  t o  c o l l a p s e  under  a p p l i e d  f o r c e .  
T hese  a r e  in d e e d  c o n f l i c t i n g  r e q u i r e m e n t s  in  p a s s i v e  
s u s p e n s io n  system  which  has th e  same s t i f f n e s s  t o  f o r c e  and  
to  t r a c k  l e v e l  cha nge .  However t h i s  c o n f l i c t  can be r e s o l v e d  
in  a c t i v e  s u s p e n s io n  by m ak ing  use o f  t h e  p r o p e r t y  t h a t  
f o r c e  i n p u t  a l w a y s  p ro d u c e s  a b s o l u t e  a c c e l e r a t i o n  o f  t h e  
v e h i c l e  w h i l e  ground l e v e l  i n p u t  does n o t .  U s in g
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c o m p lem en ta ry  f i l t e r i n g ,  w h ich  f e e d s  back t h e  gap e r r o r  or  
su s p e n s io n  d i s p l a c e m e n t  th ro u g h  a  l o w - p a s s - f i l t e r  and t h e  
a b s o l u t e  a c c e l e r a t i o n  th rough  a  com plem enta ry  h i g h - p a s s -  
f i l  t e r  we can have t h e  c h o i c e  o f  a  low n a t u r a l  f r e q u e n c y  and  
s t i f f n e s s  t o  t r a c k  l e v e l  change f o r  good r i d e  q u a l i t y  and an  
in d e p e n d e n t  c h o i c e  o f  h ig h  n a t u r a l  f r e q u e n c y  and  s t i f f n e s s  
t o  f o r c e  i n p u t .  In  f a c t ,  th e  co n c e p t  o f  c o m p le m e n ta ry  
f i l t e r i n g  i s  n o t  new. The te rm  i s  f i r s t  used by r e s e a r c h e r s  
o f  B r i t i s h  R a i l .  R e c e n t l y  i t  i s  fo u n d  t h a t  t h e  same c o n c e p t  
i s  a l s o  a p p l i e d  in  j e t - f o i l s  [ 4 5 ] .  These  a r e  s h i p s  w h ich  
use f u l l y - s u b m e r g e d  and d y n a m i c a l l y  c o n t r o l l e d  h y d r o f o i l s  
t o  f i l t e r  o f f  waves o f  s h o r t  w a v e le n g t h  and to  f o l l o w  th e  
p r o f  i le of long w a v e le n g t h  and l a r g e  a m p l i t u d e  d i s p l a c e m e n t s .  
The work c a r r i e d  ou t  in  t h i s  p r o j e c t  was t o  e s t a b l i s h  and  
f u r t h e r  d e v e lo p  th e  p r i n c i p l e  and to  d e v i c e  a  d e s ig n  m ethod .  
The work has a l s o  s o l v e d  th e  p rob lem  o f  f o l l o w i n g  a  g u i d i n g  
s u r f a c e  p r o f i l e  o f  n o n - z e r o  mean e l e v a t i o n .  T h i s  p rob lem  i s  
not  p r e s e n t  in  j e t - f o i l  d e s i g n .  A p p a r e n t l y  th e  method o f  
com p le m e n ta ry  f i l t e r i n g  i s  a p p l i c a b l e  no t  o n l y  to  h y d r o f o i l s  
or t r a i n s  bu t  a l s o  to  th o s e  l o w - f l y i n g ,  c o n t o u r - h u g g i n g  
m i l i t a r y  a i r c r a f t s .
The v e h i c l e  w i t h  t h i s  s us pens ion  d e s ig n  s h o u ld  be 
a b l e  t o  run on e x i s t i n g  t r a c k  a t  a  top speed o f  200mph and  
s t i l l  g i v i n g  t h e  r e q u i r e d  s t a n d a r d  o f  r i d e  c o m f o r t .  T h i s  
r e p r e s e n t s  a  20% improvement  over  th e  b e s t  p u b l i s h e d  r e s u l t  
and i t  was a c h i e v e d  w i t h  a  t h i r d - o r d e r  b in o m ia l  f i l t e r .  I t  
has been shown t h a t  t h e  f i l t e r  has t o  be o f  t y p e  one or  
h i g h e r .  In  g e n e r a l  t h e  low e r  th e  o r d e r  o f  t h e  f i l t e r  i s  t h e
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h i q h e r  t h e  r i d e -  q u a l i t y  f i g u r e  i t  w i l l  g i v e .  The  f i n d i n g s  
a l s o  i n d i c a t e d  t h a t  t h e o r e t i c a l l y  a  400% improvement  i s  
p o s s i b l e  i f  an i d e a l  f i l t e r  in  a v a i l a b l e .  Thus much 
im provem ent  may be b r o u g h t  a b o u t  by t h e  d ev e lo p m en t  o f  
f i l t e r  d e s ig n  w h ich  i s  s u i t a b l e  f o r  s u s p e n s io n  p u r p o s e .  
S i n c e  th e  g u i d i n g  s u r f a c e  i n p u t  can be r e p r e s e n t e d  by  
s t a t i s t i c a l  f u n c t i o n s ,  s t a t i s t i c a l  f i l t e r i n g ,  l i k e  Kalman  
f i l t e r i n g ,  may be th e  key  to  t h e  s o l u t i o n .
In  t h i s  t h e s i s  we have a d o p te d  a  law o f  o p t i m a l i t y  
w h ic h  i s  o n l y  in  te rm s  o f  mean s q u a re  e x c u r s i o n  and  mean 
s q u a r e  a c c e l e r a t i o n  w i t h  w e i g h t i n g  f u n c t i o n  o f  human 
s e n s i t i v i t y .  When t h e  f r e q u e n c y  dependence o f  human 
s e n s i t i v i t y  t o  r . m . s .  j e r k  i s  d i s c o v e r e d  we may be a b l e  to  
r e f o r m u l a t e  our  law o f  o p t i m a l i t y  to  i n c l u d e  t h i s  v a r i a b l e  
and  p e r h a p s  o t h e r s  l i k e  pcwer consumption [ 4 6 ] .
A l t h o u g h  th e  h i g h e s t  c r u i s i n g  speed a c h i e v e d  i s  
200m ph, w h ich  i s  h ig h  when compared w i t h  p r e s e n t  day t r a i n s ,  
i t  i s  s t i l l  w e l l  be low  t h e  t a r g e t  o f  450mph f o r  h ig h  speed  
g u i d e d  l a n d  t r a n s p o r t  v e h i c l e .  W i th  th e  p r e s e n t  day  
t e c h n o l o g y  o f  t r a c k  l a y i n g  and susp en s io n  d e s ig n  v e h i c l e s  
r u n n i n g  a t  t h i s  h i g h e r  speed r e q u i r e s  s e c o n d a r y  s u s p e n s i o n .  
How t h e  sys tem  s h o u ld  be o p t i m i s e d  when s e c o n d a r y  s u s p e n s io n  
i s  i n c l u d e d  r e m a in s  a  q u e s t i o n  to  be ans w ered  [ 4 6 ] .  In  t h i s  
t h e s i s  we have i g n o r e d  th e  e l a s t i c  i n t e r a c t i o n  between t h e  
v e h i c l e  and t h e  r a i l .  We have a l s o  o n l y  c o n s i d e r e d  t h e  
d y n am ics  o f  t h e  v e r t i c a l  d i s p l a c e m e n t .  T o g e t h e r  w i t h  e l a s t i c  
i n t e r a c t i o n ,  dynam ics  o f  th e  e n t i r e  v e h i c l e ,  p r e v i e w  c o n t r o l  
and  m u l t i v a r i a b l e  c o n t r o l  w i t h  i n t e n d e d  c r o s s - c o u p l i n g  a r e
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t o p i c s  which  r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n .
In  th e  b e g i n n i n g  o f  t h e  t h e s i s  we have s a i d  t h a t  th e  
s us pens ion  o f  th e  v e h i c l e  can be lo o k e d  a t  a s  a  t r a v e l l i n g  
v i b r a t i o n  f i l t e r .  I t  i s  q u i t e  l i k e l y  t h a t  c om m unica t ion  
e n g i n e e r s  can c o n t r i b u t e  in  t h e  improvement  o f  t r a n s p o r t  
v e h i c l e  by t h e i r  r e s e a r c h  in  f i l t e r  d e s i g n s .  C o n t r o l  
e n g i n e e r s  can have much t o  c o n t r i b u t e  s i n c e  v e h i c l e s  can be  
t r e a t e d  a s  a  system  on w h ich  t h e  know ledge  o f  system  
i d e n t i f i c a t i o n ,  p a r a m e te r  measurement and  e s t i m a t i o n ,  
i n f o r m a t i o n  e x t r a c t i o n  and s i g n a l  p r o c e s s i n g  or  m a n i p u l a t i o n  
can be a p p l i e d .  The s i g n a l  a v a i l a b l e  can be r e - i n j e c t e d  a s  
c o n t r o l  s i g n a l  t o  a c t u a t o r  i n p u t  so t h a t  th e  c h a r a c t e r i s t i c s  
o f  th e  sys tem  can be m o d i f i e d  t o  con fo rm  t o  some chosen law  
o f  o p t i m a l i t y .
9 . 2  E l e c t r o m a g n e t i c  su s p e n s io n  ( E . M . S . )
The a n a l y s i s  has c o n f i r m e d  t h a t  su s p en s io n  sys tem s  
u s i n g  e l e c t r o m a g n e t i c  a t t r a c t i o n  f o r c e  on f e r r o m a g n e t i c  
r a i l s  a r e  o p e n -  loop u n s t a b l e .  T h i s  i s  because  t h e  f o r c e  i s  
i n v e r s e l y  p r o p o r t i o n a l  t o  th e  s q u a r e  o f  t h e  gap w i d t h .  Thus  
c o n t r o l  system which f e e d s  back th e  gap w i d t h  i s  r e q u i r e d  
f o r  c l o s e d -  loop s t a b i l i t y .  F u r t h e r m o r e  t h e  f o r c e  i s  
p r o p o r t i o n a l  to  th e  s q u a r e  o f  f l u x  l i n k a g e  or  c u r r e n t  in  t h e  
e l e c t r o m a g n e t .  T h i s  has two c o n seq u e n ces .  F i r s t l y ,  t h e  
c o n f i g u r a t i o n  o f  th e  s u s p e n s io n  i s  l i m i t e d  t o  t h a t  o f  u s i n g  
t h e  upward a c t i n g  a t t r a c t i o n  to  b a l a n c e  t h e  downward a c t i n g  
w e i g h t .  Thus t h e  downward a c t i n g  f o r c e  can not  exc e e d  t h a t
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g iv e n  by th e  w e i g h t .  T h i s  s a t u r a t i o n  o f  downward f o r c e  has  
t o  be h a n d le d  w i t h  c a r e  in  su s p en s io n  d e s ig n s  or  e l s e  
i n s t a b i l i t y  may r e s u l t .  S e c o n d ly  t h e  s q u a r e  law i m p l i e s  
t h a t  a  r e v e r s a l  o f  c u r r e n t  o r  f l u x  w i l l  no t  g e n e r a t e  a  
r e p u l s i v e  f o r c e  b u t  an a t t r a c t i o n  a s  w e l l . Thus c u r r e n t  o r  
f l u x  r e v e r s a l  i s  to  be a v o i d e d .  T h a t  i s ,  th e  c u r r e n t  has t o  
be u n i d i r e c t i o n a l . However f o r  t h e  r a t e s  o f  i n c r e a s e  and o f  
d e c r e a s e  o f  c u r r e n t  t o  be o f  s i m i l a r  m a g n i t u d e ,  t h e  v o l t a g e  
s u p p ly  has t o  be b i p o l a r .  To meet  t h e s e  two r e q u i r e m e n t s ,  a  
t w o - q u a d r a n t  b r i d g e  c i r c u i t  i s  recommended by some 
r e s e a r c h e r s .
The i n v e s t i g a t i o n  o f  th e  s e c o n d a ry  e f f e c t s  o f  e d d y -  
c u r r e n t  l o s s  and f l u x  l e a k a g e  has r e v e a l e d  t h a t  t h e y  
t o g e t h e r  have  s i g n i f i c a n t  s l o w i n g -  down e f f e c t  on th e  o p e n -  
1oop r e s p o n s e  o f  th e  s y s te m .  B e s id e s ,  e d d y - c u r r e n t  l o s s  can  
s e v e r e l y  re d u c e  th e  l i f t  a t  th e  f r o n t  end o f  an E . M . S .
v e h i c l e  w h ich  i s  t r a v e l l i n g  a t  a  h ig h  s p e e d .  To r e d u c e  
th e s e  e f f e c t s  we can e i t h e r  use m agnets  o f  lo n g  and t h i n  
p o l e  f a c e s  or  use l a m i n a t e d  t r a c k .  I t  was fo u n d  t h a t  t h e  
use o f  th e  l a t t e r  i s  more e f f e c t i v e  and  w ou ld  g i v e  a  system
w hich  i s  s t r u c t u r a l l y  more r i g i d .  In  f a c t ,  th e  two methods
can be combined to  p ro d u ce  t h e  b e s t  r e s u l t  and lo n g  and  t h i n  
magnets  can be a p p r o x im a t e d  by c h a in s  o f  i n d i v i d u a l l y  
suspended m agnets  mounted on th e  two s i d e s  o f  th e  v e h i c l e .
The i n v e s t i g a t i o n  has a l s o  r e v e a l e d  t h a t  a l t h o u g h  i t  
i s  more c o n v e n i e n t  t o  deduce th e  gap w i d t h  and  a c c e l e r a t i o n  
f ro m  m easurem ents  o f  c u r r e n t  and f l u x ,  t h e  e r r o r s  d u r i n g
t r a n s i e n t s  a r e  so g r e a t  t h a t  t h e  deduced v a r i a b l e s  may n o t
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have t h e  a c c u r a c y  r e q u i r e d  f o r  t h e  s t a b l e  c o n t r o l  o f  th e  
s y s t e m .
In  t h i s  s t u d y  th e  f o r c e - g e n e r a t i n g  f l u x  i s  t r e a t e d  
a s  t h e  f l o w  in  a  1u m p ed -p a ra m e te r  m a g n e t ic  c i r c u i t .
F r i n g i n g  o f  f l u x  i s  assumed t o  be n e g l i g i b l e .  I f  we e x p r e s s  
t h e  su s p e n s io n  f o r c e  in  te rm s  o f  f l u x  l i n k a g e ,  i t  i s  t h e
o n l y  v a r i a b l e  i n v o l v e d .  Thus by knowing t h e  m a g n i tu d e  o f
t h e  f l u x  and th e  e f f e c t i v e  a r e a  o f  f l u x  l i n k a g e ,  th e
c o m p le t e  dynam ics  o f  th e  su s p en s io n  can be known. However ,  
f l u x  l i n k a g e  can n o t  be measured d i r e c t l y .  Leakage  and  
f r i n g i n g  o f  f l u x  has p r e v e n t e d  t h e  a c c u r a t e  d e d u c t io n  o f  i t s  
m a g n i t u d e  f ro m  t h e  usual  method o f  m e a s u r in g  f l u x  d e n s i t y  
o v e r  a  sm a l l  a r e a .  F u r t h e r m o r e ,  due t o  f r i n g i n g ,  t h e  
e f f e c t i v e  a r e a  o f  f l u x  l i n k a g e  i s  n o t  t h e  same a s  th e  a r e a  
o f  t h e  p o l e  f a c e .  Thus th e  s t u d y  o f  f r i n g i n g  e f f e c t  w i l l  
c o n t r i b u t e  to  th e  knowledge  o f  f o r c e ,  g e n e r a t i o n  o f  an 
e l e c t r o m a g n e t .  Our s t u d y  was a l s o  l i m i t e d  to  t h e  movement  
w i t h  v e r t i c a l  d i r e c t i o n .  When used in  e l e c t r o m a g n e t i c a l 1 y  
suspended v e h i c l e s  l a t e r a l  s t a b i l i t y ,  l o s s  o f  l i f t  due to  
e d d y - c u r r e n t  l o s s  when t h e  v e h i c l e  i s  a t  h ig h  speed and  
i n t e r a c t i o n  between t r a c t i o n  and l e v i t a t i o n  have to  be 
s t u d i e d .
9 . 3  V a r i a b l e - s t r u c t u r e - c o n t r o l  System (VSCS)
In  d e v e l o p i n g  th e  s i i d i n g - m o d e  v a r i a b l e - s t r u c t u r e  
c o n t r o l  method so a s  to  e x p l o i t  i t s  p r o p e r t y  o f  i n v a r i a n c y ,  
i t  has been fo u n d  t h a t  t h e  system i s  s i m i l a r  t o  model
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r e f e r e n c e  a d a p t i v e  sys te m ,  MRAS. The model o f  t h e  VSCS i s  
d e f i n e d  by t h e  e q u a t i o n  o f  t h e  s l i d i n g  p l a n e  and  any  
d i s t u r b a n c e  or  p a r a m e te r  changes a r e  taken  up by t h e  
movement o f  t h e  phase t r a j e c t o r y  normal t o  th e  s l i d i n g  
s u r f a c e .  Such movement,  w h ich  i s  c a l l e d  th e  r a n g e —space  
dy n a m ic s ,  has t o  be f a s t  i f  th e  t r a j e c t o r y  i s  t o  s t a y  c l o s e  
t o  th e  s l i d i n g  p l a n e  th u s  g i v i n g  a  system r e s p o n s e  
a p p r o x i m a t i n g  t o  t h a t  o f  th e  m o d e l .
In  f o r c e d - m o t i o n  VSCS, we have fo u n d  t h a t ,  l i k e  
f i x e d - g a i n  f e e d b a c k  sys te m ,  non-minimum phase r e s p o n s e  can  
e x i s t .  The f a c t  t h a t  th e  f e e d b a c k  g a in  o f  VSCS can be  
s w i t c h e d  between p o s i t i v e  and n e g a t i v e  v a l u e s  o n l y  i n c r e a s e s  
th e  l i k e l i h o o d .  In  most c a s e s ,  t h i s  can be a v o i d e d  by
i n c l u d i n g  h i g h e r  d e r i v a t i v e  fe e d b a c k  in  th e  c o n t r o l l e r .  
S w i tc h e d  g a in  l o c a l  fe e d b a c k  round  i n e r t i a l  l i n k s ,  w h ic h  a r e  
th e  VSCS e q u i v a l e n t s  o f  i n t e g r a l  c o n t r o l l e r  in  f i x e d - g a i n  
s y s te m s ,  a r e  used to  t r a c k  th e  c h a n g in g  i n p u t  w i t h o u t  
p r o d u c in g  s t e a d y - s t a t e  e r r o r .  C o n t r a r y  t o  f i x e d - g a i n  
s y s te m s ,  t h i s  z e r o  s t e a d y - s t a t e - e r r o r  t r a c k  c a p a b i l i t y ,  in
t h e o r y ,  h o l d s  no t  o n l y  f o r  s t e p ,  ramp and p a r a b o l i c  i n p u t  
b u t  i n p u t s  o f  e x p o n e n t i a l  and harm onic  c h a r a c t e r i s t i c s  a s  
w e l l .  However ,  in  samp 1e d - d a t a  VSCS, t h i s  i s  o n l y  
a c h i e v a b l e  i f  th e  system i s  u s in g  an i n f i n i t e  s a m p l in g  
f r e q u e n c y .  When t h i s  f r e q u e n c y  i s  f i n i t e ,  we have fo und  
t h a t  th e  a m p l i t u d e  o f  th e  l i m i t - c y c l e  w i l l  grow w i t h  t h e
cofTirriand or  d i s t u r b a n c e  i n p u t .  A n o th e r  phenomenon d i s c o v e r e d  
when t h e  s a m p l in g  f r e q u e n c y  i s  n o t  much h i g h e r  than  t h e  
speed o f  t h e  r a n g e - d y n a m ic s  i s  t h a t  s t e a d y - s t a t e  e r r o r
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e x i s t s  a s  th e  phase t r a j e c t o r y  does not  s l i d e  down th e  
s w i t c h i n g  p l a n e  to w a rd s  t h e  o r i g i n  o f  th e  phase p l a n e  o f  
e r r o r  c o o r d i n a t e s .  I n s t e a d  i t  s l i d e s  down a  s u r f a c e  w h ic h  i s  
p a r a l l e l  and a t  a  d i s t a n c e  f rom  i t  and does n o t  r e t u r n  t o  
t h e  o r i g i n  th u s  g i v i n g  s t e a d y - s t a t e  c o n t r o l  e r r o r .  H ow ever ,  
we can remove t h i s  e r r o r  by c h a n g in g  t h e  m a r k - s p a c e  r a t i o  o f  
s w i t c h i n g  a c c o r d i n g  to  th e  r e c i p r o c a l  o f  t h e  r a t i o  o f  speed
a t  which  t h e  phase t r a j e c t o r y  a r e  a p p r o a c h i n g  t h e  two s i d e s
o f  th e  s w i t c h i n g  p l a n e  and f u r t h e r  m o d i f i e d  t h i s  r a t i o  o f  
s w i t c h i n g  a c c o r d i n g  t o  t h e  amount o f  e r r o r  p r e s e n t .
T h r o u g h o u t  t h i s  s t u d y  o f  s a m p l e d - d a t a  VSCS t h e  s a m p l in g
f r e q u e n c y  was s e t  a t  a  v a l u e  w h ich  i s  a  few  t im e s  h i g h e r  
than  th e  n a t u r a l  f r e q u e n c y  o f  th e  s y s te m .  T h i s  c h o i c e  i s  
n ot  based on an y  r i g o r o u s  m a t h e m a t ic a l  p r o o f  b u t  on a  rough  
e s t i m a t i o n  based on S h a n n o n 's  law o f  s a m p l i n g .  Up t o  now 
t h e r e  i s  no d i r e c t  method o f  f i n d i n g  th e  s a m p l in g  f r e q u e n c y  
w hich  g u a r a n t e e s  e i t h e r  s t a b i l i t y  or  c l o s e d - l o o p  r e s p o n s e  o f  
a  s p e c i f i e d  q u a l i t y .  F u r t h e r  i n v e s t i g a t i o n  in  t h i s  a r e a  i s  
r e q u i r e d .  A l s o ,  we have been u s in g  t h e  most c o n s e r v a t i v e  and  
r e s t r i c t i v e  method o f  f i n d i n g  th e  r e q u i r e d  g a in  v a l u e s  f o r  
g u a r a n t e e d  h i t t i n g  and s l i d i n g .  Up to  now, o n l y  p r o o f s  o f  
t h e  e x i s t e n c e  o f  g a in  v a l u e s  f o r  VSCS o f  l e s s  r e s t r i c t i v e  
d e s ig n  methods a r e  known. F u r t h e r  work i s  r e q u i r e d  to  
d e v e lo p  th e  methods o f  f i n d i n g  t h e i r  m a g n i t u d e s .
9 . 4  V a r i a b l e - s t r u c t u r e - c o n t r o l l e d  e l e c t r o m a g n e t i c  
s u s p en s i  on
T h i s  s t u d y  i s  th e  f i r s t  one to  use s l i d i n g - m o d e
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v a r i a b l e - s t r u c t u r e  c o n t r o l  method on e l e c t r o m a g n e t i c  
su s p en s io n  sys tem  w hich  i s  h i g h l y  n o n l i n e a r  and open-1oop  
u n s t a b l e .  The s t u d y  has a l s o  r e v e a l e d  t h a t  s a t u r a t i o n  o f  
e l e m e n t s  in  t h e  c o n t r o l  loop can cause i n s t a b i l i t y  in  t h e  
v a r i a b l e - s t r u c t u r e  c o n t r o l  sys te m .  And,  by i n c l u d i n g  t h e  
s a t u r a b l e  e le m e n t  in  t h e  i n e r t i a l  l i n k  and a d d in g  m in o r  loop  
fe e d b a c k  round  t h e  combined e l e m e n t ,  t h i s  i n s t a b i l i t y  can be  
e l i m i n a t e d .  S i n c e  methods o f  a p p l y i n g  VSC t o  h i g h l y  
n o n l i n e a r  sys tem  i s  n o t  known, th e  d e s ig n  was based  on th e  
a s s u m p t io n  t h a t  s t a b i l i t y  i s  a c h i e v e d  i f  t h e  e x t r e m e  v a l u e s  
o f  l i n e a r i s e d  p a r a m e t e r s  a r e  u se d .  T h i s  method a l t h o u g h  
p r e s e n t s  a  s t r o n g e r  case  o f  g u a r a n t e e d  r o b u s t n e s s  o f  d e s ig n  
than u s i n g  l i n e a r i s a t i o n  on f i x e d - g a i n  fe e d b a c k  c o n t r o l ,  t h e  
s t a b i l i t y  o f  t h e  r e s u l t a n t  system i s  n o t  a b s o l u t e l y  
g u a r a n t e e d .  I t  w ou ld  be u s e f u l  i f  a  method o f  a p p l y i n g  VSC 
t o  n o n l i n e a r  system i s  d e v e lo p e d .  A l t h o u g h  th e  p r o p e r t y  o f  
i n v a r i a n c y  can be a d v a n ta g e o u s  in  most c a s e s ,  t h e  s low  
a p p e a r a n c e  o f  t h e o r i e s  d e a l i n g  w i t h  VSC system  w hich  uses  
n o n l i n e a r  s w i t c h i n g  s u r f a c e s  means t h a t  t h e  re s p o n s e  can not  
d e p a r t  f ro m  t h a t  d e f i n e d  by a  l i n e a r  s w i t c h i n g  e q u a t i o n .
F o r t u n a t e l y ,  a  method was d e v ic e d  t o  m o d i f y  th e  r e s p o n s e  o f  
t h e  su s p e n s io n  system so t h a t  th e  s t e a d y - s t a t e  gap e r r o r  
when t r a v e r s i n g  a  t r a n s i t i o n  c u r v e  w i l l  be z e r o .  T h i s  
method was then a p p l i e d  t o  t h e  f i x e d - g a i n  c o n t r o l l e d
s u s p e n s io n  sys tem  w i t h  g r e a t  improvement  o f  p e r f o r m a n c e .
The d e s ig n  we have been u s in g  i s  based on th e  model
w h ich  uses t h e  c u r r e n t  in  t h e  c o i l  a s  one o f  t h e  s t a t e s .  I t
may be w o r th  t r y i n g  o u t  a n o t h e r  one which  uses t h e  f l u x
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l i n k a g e  as  a  s t a t e .  Our s t u d y  i s  a l s o  l i m i t e d  t o  s u s p e n s io n  
c o n t r o l  o f  one m a g n e t .  W i th  th e  c a p a b i l i t y  o f  d e c o u p l i n g  or  
i n j e c t i n g  i n t e n d e d  c r o s s —c o u p l i n g  VSCS can be a p p l i e d  to  t h e  
s u s p e n s io n  and g u id a n c e  c o n t r o l  o f  t h e  e n t i r e  
e l e c t r o m a g n e t i c a l 1 y suspended v e h i c l e .  The se  w i l l  r e q u i r e  
f u r t h e r  i n v e s t i g a t i o n .
9 . 5  Comparison o f  methods and r e s u l t s  o f  a p p l y i n g
f i x e d - g a i n  and s w i t c h e d - g a i n  fe e d b a c k  c o n t r o l  t o  E . M . S .
The method o f  u s i n g  bump s t o p s  t o  l i m i t  gap e r r o r  in  
t r a n s i t i o n  c u r v e s  in  f i x e d - g a i n  fe e d b a c k  c o n t r o l  has
p ro d u c e d  a p e r f o r m a n c e  w h ic h ,  though m e e t in g  t h e
s p e c i f i c a t i o n s ,  i s  i n f e r i o r  to  th o s e  u s i n g  t h e  method o f  
e r r o r -  e l i m i n a t i o n  d e v ic e d  in  t h i s  s t u d y .  W i th  th e  l a t t e r  
method and c o m p lem en ta ry  f i l t e r i n g  t h e  a b r u p t n e s s  o f  cha n g e ,  
w hich  i s  u n f a v o u r a b l e  to  f i x e d - g a i n  fe e d b a c k  c o n t r o l ,  has
been rem oved.  As a  r e s u l t  t h e r e  i s  no c o n c l u s i v e  e v i d e n c e  
f ro m  t h e  s i m u l a t i o n  t e s t s  t h a t  V S - c o n t r o l  a  i s  b e t t e r  method  
t o  use than  f i x e d - g a i n  c o n t r o l  f o r  t h i s  s y s te m ,  a l t h o u g h  t h e  
f o r m e r  does have a  s t r o n g  case  o f  g u a r a n t e e d  r o b u s t n e s s  o f  
th e  c o n t r o l .  H o w e v e r , th e  v a r i a b l e - s t r u c t u r e  c o n t r o l  method  
i s  more c o m p l i c a t e d  in  i t s  d e s ig n  and may r e q u i r e  more  
c o m p u ta t io n  in  th e  p r o c e s s i n g  o f  th e  c o n t r o l  s i g n a l .  The  
r e l a t i v e  m e r i t s  may be more c l e a r  by com p a r in g  t h e  r e s p o n s e  
and t h e  c o m p u t a t i o n a l  lo a d  i f  th e  system i s  s u b j e c t e d  t o  
more e x t e n s i v e  s i m u l a t i o n  t e s t s  o f  i d e n t i c a l  t e s t  c o n d i t i o n s  
b ut  u s i n g  d i f f e r e n t  c o n t r o l  m ethods .
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9.6  G enera l  comments
A l t h o u g h  much more can be done on t h e  c o n t r o l  o f  
e l e c t r o m a g n e t  su s p en s io n  s y s te m ,  i n - r o a d  has  been made in  
f u r t h e r i n g  th e  knowledge  o f  o p t im a l  s u s p e n s i o n ,  
e l e c t r o m a g n e t i c  su s p en s io n  and v a r i a b l e - s t r u c t u r e  c o n t r o l .  
T h i s  i s  t h e  f i r s t  t im e  when v a r i a b l e - s t r u c t u r e  c o n t r o l  i s  
a p p l i e d  t o  e l e c t r o m a g n e t i c  s u s p e n s i o n .  T h ro u g h o u t  t h e  
s t u d y ,  t h e  d e s ig n  m e t h o d s , t h e  b o n d -g ra p h  m o d e l ,  t h e  v a r i a b l e  
m a r k - s p a c e  r a t i o  s w i t c h i n g  and t r a n s i t i o n - c u r v e  e r r o r  
c o r r e c t i o n  a r e  d e v e lo p e d  e i t h e r  f ro m  laws o f  p h y s i c s  or  f ro m  
c o n c e p t u a l  u n d e r s t a n d i n g  o f  t h e  m echanism.  These  methods  
have been p ro v e d  w o r k i n g .  However f u r t h e r  o p t i m i s a t i o n  and  
m i n i m i s a t i o n  o f  d e s ig n  may s t i l l  be p o s s i b l e .
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APPENDIX A 3 .1
THE BASIC MATHEMATICAL MODELS OF
ELECTROMAGNETIC SUSPENSION SYSTEMS
The f o r c e  o f  a t t r a c t i o n  used in  t h e  s u s p e n s io n  
sys tem  i s  g e n e r a t e d  by t h e  f l u x  l i n k a g e  between t h e  
e l e c t r o m a g n e t  and th e  f e r r o -  m a g n e t ic  r a i l .  For  t h e  sys tem  
d e s c r i b e d  by F i g u r e  3 .1  t h i s  f o r c e  i s  equal  t o
NI  2
F„ =  —  = PA ( —  ) ( A 3 . 1 )
liA 2c
a s  g i v e n  by e q u a t i o n s  ( 3 . 4 )  and ( 3 , 7 )  in  s e c t i o n  3 . 1 .  The  
m a t h e m a t ic a l  m o d e l l i n g  o f  t h i s  k i n d  o f  e l e c t r o - m a g n e t s — 
m e c h a n ic a l  system  u s i n g  bond graph t e c h n i q u e  can be fo u n d  in  
t h e  book by Karnopp and Rosenberg  [ 2 2 3 .  The a p p l i c a t i o n  o f  
t h i s  t e c h n i q u e  t o  e l e c t r o m a g n e t i c  su s p e n s io n  sys tem s was  
d e v e lo p e d  in  th e  P h .D .  t h e s i s  by G.M. Asher  o f  th e  
U n i v e r s i t y  o f  Bath  C473.  When th e  v e r t i c a l  d i s p l a c e m e n t  o f  
t h e  f e r r o —m a g n e t ic  r a i l  i s  i n c l u d e d  th e  bond g ra p h s  w i l l  be 
m o d i f i e d  t o  th o s e  g iv e n  b e lo w .
A 3 . l a  Model w i t h  e d d y - c u r r e n t  and l e a k a g e —f l u x  e x c lu d e d
When th e  e f f e c t s  o f  e d d y - c u r r e n t  and l e a k a g e - f l u x  
a r e  i g n o r e d  t h e  bond graph i s  a s  g i v e n  by F i g u r e  A 3 . 1 . 1
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Fig.A3.1.1 Bond graph for the basic E.M.S. system 
From t h i s  bond graph t h e  - f o l l o w i n g  s e t  o f  e q u a t i o n s  can be
o b t a i n e d ,
z '  =  h '  -  c '
= +F^ -  mg
)
=  2 c $ t / P A  ) ( A 3 . 2 )
=  N I
















t im e  d e r i v a t i v e  o f  ( x ) 
a b s o l u t e  p o s i t i o n  o f  r a i l
a b s o l u t e  p o s i t i o n  o f  p o l e - f a c e  o f  magnet  
gap w i d t h  
s u s p e n s io n  f o r c e  
d i s t u r b a n c e  f o r c e
t o t a l  mass suspended by th e  magnet  
g r a v i t a t i o n a l  a c c e l e r a t i o n  
M .M .F .  drop a c r o s s  th e  gap 
gap f l u x
c r o s s - s e c t i o n a l  a r e a  o f  t h e  p o l e  f a c e  o f  
t h e  magnet
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F = a b s o l u t e  p e r m e a b i l i t y  o f  a i r
N = number o f  t u r n s  o f  th e  c o i l  f o r m i n g  th e  magnet
=  r e s i s t a n c e  o f  th e  c o i l  
V = v o l t a g e  a p p l i e d  a c r o s s  t h e  c o i l
I =  c u r r e n t  f l o w i n g  in  t h e  c o i l
U s in g  E q u a t io n s  ( A 3 . 1 )  and ( A 3 . 2 )  t h e  f o l l o w i n g  s e t  o f  
n o n l i n e a r  s t a t e  e q u a t i o n s ,  w i t h  c ,  z and *  $ a s  t h e  s t a t e s ,  
can be o b t a i n e d  
c '  =  h '  -  z '
)
z " =  0^^/PAm + F * /m  -  g > ( A 3 . 3 )
2R^c V
0  ̂ ~ — — — — —  ̂ + —
FAN=2 N
A l t e r n a t i v e l y ,  c , z and I can be chosen a s  t h e
s t a t e s  and th e  c o r r e s p o n d i n g  s e t  o f  s t a t e  e q u a t i o n s  i s  g i v e n
a s  A 3 . 4 .
c ' = h ' -  z '
l̂A NI 2 F ,
m 2c m
-  2R^c V
HAN=2 Lc




A 3 . l a  Model w i t h  e d d y - c u r r e n t  and l e a k a g e - f l u x  i n c l u d e d
When th e  e f f e c t  o f  l e a k a g e  f l u x  and e d d y - c u r r e n t -  
1 O S S  in  t h e  p o l e -  p i e c e  f o r m i n g  t h e  r a t e s  a r e  i n c l u d e d  t h e  
f o l l o w i n g  bond graph and e q u a t i o n s  a r e  o b t a i n e d .
















( A 3 . 5 )
Fig.A 3.1.2 Bond graph for the basic E.M.S. system with eddy-current 
loss and flux leakage included(all labelling same as Fig.A3» 1.1 except M̂ -*total core mmf) \ 
(0^- leakage flux,C^= leakage-flux permeance,Re= Iggs^ctance)
=  /  »̂ A
=  2 c * t  /  t^A
= Mt + $ t ' R e  
=  MiC,
=  <t>, '  + $ t
=  NI
=  I R *  + N $ i '  
w h e re  Re =  e d d y - c u r r e n t  c o n d u c ta n c e  
Cl =  -F1 ux-1 eakage  permeance  
$ 1 =  l e a k a g e  f l u x  
Ml =  mmf o f  th e  magnet c o r e  
$ 1 =  f l u x  in  th e  rrtagnet c o r e  
Upon s i m p l i f i c a t i o n  th e  s e t  o f  s t a t e  e q u a t i o n  in  te rm s  o f  
t h e  s t a t e s  c ,  z ' , $ t and $ i i s  g iv e n  a s  e q u a t i o n  ( A 3 . 6 )  
c' = h' - z'
z “ =  /  ^Am + F * /m  -  g






=  - ( R f / N = C i  + l / R e C i ) $ i  + 
2$ tC /P A R e  + V /N
( A 3 . 6 )
A l t e r n a t i v e l y ,  th e  s e t  o f  s t a t e  e q u a t i o n s  in  te rm s  o f  s t a t e s
- 3 1 6 -
c , 2 ' ,  $ t and I .  T h e se  e q u a t i o n s  a r e  g iv e n  a s  ( A 3 . 7 )
c '  = h '  -  z '
z " =  + F * /m  - g
Ot" =  N /R e  I  -  2$ tC  /  PARe
I '  =  - ( R f / N = C i  + 1 / R e C , > I  +
2$tC /  PANReCi + V /N=C,
( A 3 . 7 )
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APPENDIX A 3 . 2  
DESIGN PARAMETERS OF THE OLD AND THE NEW 
LINEAR SYNCHRONOUS MOTOR (LSM)
A 3 . 2a  The b a s ic  p a r a m e t e r s  o f  t h e  o l d  LSM
1<— i j -  — if
Fig.A3.2.1 Dimension of old L.S.M. with track poles 
Mass o f  m otor  = 20Kg
E f f e c t i v e  p o l e  w i d t h  = 3" ( i n c l u d i n g  f r i n g i n g  e f f e c t )
Number o f  t u r n  o f  c o i 1 =  400
T o t a l  c o i l  r e s i s t a n c e  = 9 . 6 0 0
A r e a  o f  p o l e  f a c e  =  0 .0029m ^
A v e ra g e  number o f  p o l e s  =  2
p i e c e  abo ve  th e  motor
A 3 . 2b The b a s ic  p a r a m e t e r s  o f  th e  new LSM
- 3 1 8 -
140
610 90 90 90
Fig.A3.2.2 Dimensions of the new L.S.M. with track poles 
(all dimensions in mm)
Mass o f  m otor  =  750Kg
Number o f  t u r n  p e r  c o i l  =  284
R e s i s t a n c e  p e r  c o i l  =  40
A v e ra g e  number o f  p o l e s  =  3 
p i e c e  above  th e  m otor
- 3 1 9 -
APPENDIX A 3 . 3  
TIME-CONSTANT AND WINDOW AREA OF AN ELECTROMAGNET
The a n a l y s i s  r e c o r d e d  h e r e  i s  based on t h e  book by  
B .V .  Jayawant  [ 3 3 ] .
h — I w [—
Fig.A3.3.1
For th e  U -sh a p ed  magnet u n d e r n e a t h  a  c o n t i n u o u s  r e c t a n g u l a r  
p o l e  p i e c e  g i v e n  in  F i g . A 3 . 3 . 1 , assum ing  t h a t  t h e  r e l u c t a n c e  
o f  t h e  p o l e  p i e c e  o f  th e  p o l e  p i e c e  i s  z e r o ,
FlwN=
I n d u c t a n c e  L =  ----------
2c
and










= a b s o l u t e  p e r m e a b i l i t y  o f  a i r  
= number o f  t u r n  o f  t h e  c o i l  
= l e n g t h  o f  th e  p o l e - f a c e  
=  d ep th  o f  th e  p o l e  
= w i d t h  o f  th e  a i r  gap 
=  a v e r a g e  l e n g t h  o f  w i r e  per  t u r n
- 3 2 0 -
A t  = c r o s s - s e c t i o n a l  a r e a  o f  w i r e
p = r e s i s t i v i t y  o f  w i r e  m a t e r i a l
Aw = "window a r e a "  between two l im b s  o f  th e  magnet
For  a U-magnet  w i t h  one c o i l  on th e  y o k e ,  assum ing  100%
p a c k in g  d e n s i t y  o f  t h e  c o i l
A t — Aw/N
I t  % 2 (  1 + w + d )
2p ( 1 + w + d ) PN= 2 < 1 + w + d )






R 2 (  1 + w + d )
--------------------------------
Aw
li w 1 
4P c 1+w+d
I f  th e  c o i l s  a r e  wound on th e  two l im b s  of  th e  magnet
Aw
I t  % 2 ( 1 + w + —  )
d
A t  =  Aw /  2Ni ; a g a i n  assum ing  100% p a c k in g
w here
N i  = number o f  t u r n s  p e r  c o i l
I f  th e  two c o i l s  a r e  c o n n e c te d  in  s e r i e s
2 P l t N i
A t
4P < 1 + w + Aw/d > N i  8p
= ------------------------------------------------- =  —  ( 1 + w + Aw/d )
A w /2N 1 Aw
- 3 2 1 -
( 2 N i ) 2
2c
L 2 N ; = F l w / c
R 8p N i =  (1+w+Aw/d)
F w 1
4P c 1+w+Aw/d 
I f  th e  two c o i l s  a r e  c o n n e c te d  in  p a r a l l e l  
P I t N i  2p




L F w 1
R 4P c 1+ w + A w / d
I f  1 >> w , 1 >> d and  1 >> Aw/d
L F w
-  %  —  -  A w
R 4P c
T h e r e f o r e ,  f o r  e l e c t r o m a g n e t s  w i t h  a  s i z a b l e  a i r  g a p , th e  
t im e  c o n s t a n t  o f  th e  c o i l  i s  d i r e c t l y  p r o p o r t i o n a l  t o  th e  
window a r e a .  I t  i s  a l s o  d i r e c t l y  p r o p o r t i o n a l  t o  th e  r a t i o  
o f  th e  p o l e  w i d t h  to  th e  gap w i d t h  and t o  t h e  r a t i o  o f  
a b s o l u t e  p e r m e a b i l i t y  o f  a i r  t o  th e  r e s i s t i v i t y  o f  t h e  w i r e  
m a t e r i a l .  I t  i s  in d e p e n d e n t  o f  th e  number o f  t u r n s  o f  t h e  
c o i l  i f  t h e  w i r e  i n s u l a t i o n  has n e g l i g i b l e  t h i c k n e s s  and th e  
p a c k in g  d e n s i t y  i s  100%. O th e r  d im e n s io n s  to o  have o n l y  
s e c o n d a r y  e f f e c t s .
- 3 2 2 -
APPENDIX A 3 . 4  
DERIVATION OF THE LEAKAGE PERMEANCE
Based upon th e  t h e  work by G.M. Asher  a p p e a r i n g  in  
t h e  a p p e n d ix  o f  h i s  Ph. D . t h e s i s  we can e x t e n d  t h e  
c a l c u l a t i o n  t o  i n c l u d e  m agnets  w i t h  p a r t  o f  t h e  l im b s  o f  t h e  
c o r e  no t  c o v e r e d  w i t h  w i n d i n g s .
Fig.A3.4.1
L e t  th e  e l e c t r o m a g n e t  be a  U—shaped one w i t h  two c o i l s ,  one  
on each l i m b ,  o c c u p y in g  th e  bo t tom  p a r t  o f  t h e  l im b  t o  a  
depth  o f  d i . The top p a r t  o f  depth  dg i s  no t  c o v e r e d  w i t h  
w i n d i n g s .  L e t  th e  c o i l s  be c a r r y i n g  a  c u r r e n t  I and t h e  
t o t a l  number o f  t u r n s  i s  N.  L e t  us c o n s id e r  th e  two p a r t s  
o f  th e  l im b  s e p a r a t e l y .
For th e  p a r t  w h ich  is  c o v e r e d  by w i n d i n g s ,  t h e  l e a k  f l u x
- ^ 2 3 -
m . m . f .  and t h e  l e a k a g e  f l u x  a r e  r e l a t e d  by th e  l e a k a g e  
permeance C , i  a s  g iv e n  in  t h e  e q u a t i o n
Ml =  ^11 /  Cl 1
or
^11 ~ Cl 1 Ml
The f l u x  l i n k a g e  
X 1 1 = N $ 11
and th e  m . m . f .
M = NI
a r e  r e l a t e d  by t h e  e q u a t i o n  
Xi  — N M1 C11 — N^ I C11
By A m p e re 's  law o f  magnet ism
H ib  = Ml =  NI  y / d i
w h ere
H =  m a g n e t ic  i n t e n s i t y  o f  th e  l e a k a g e  f l u x
Assuming t h a t  t h e r e  i s  n e g l i g i b l e  m . m . f .  drop in  th e  c o r e  
and a l l  l e a k a g e  f l u x  o c c u r s  th ro u g h  t h e  a i r ,  we have t h e  
l e a k a g e  f l u x  d e n s i t y  th ro u g h  th e  sm a l l  s t r i p  b e in g  
PoNI y 
b d i  
( s i n c e  B =  ^oH>
The l e a k a g e  f l u x  p a s s in g  th ro u g h  dy w i l l  be
FoNI yl
d$ 1 1  = ---------- —  dy
b di
T h e r e f o r e  l e a k a g e  f l u x  l i n k a g e  in  t h i s  dy s t r i p  i s  
y
Xdy = N —  . d $ i i  
d i
The t o t a l  f l u x  l i n k a q e  i s
- 3 2 4 -
r d .




------------ y z  dy
'0 b d i  =
F o N = I l d i
3b
But X i 1 — I C11 
P o l d i
Cl j =
3b
For  th e  p a r t  w h ich  i s  no t  c o v e r e d  w i t h  w i n d i n g s  t h e  le a k a g e  
• f lux  d e n s i t y  can be assumed t o  be c o n s t a n t  .
B1 2 — F qNI  /  b
$ 1 2  =  F o N I  1 d 2  /  b
X i 2  = F o N = I l d 2  /  b = N = I C i 2  
C1 2 ~ F o l d 2  /  b
For  th e  o l d  LSM, th e  e n t i r e  dep th  o-f th e  l im b  i s  c o v e r e d  
w i t h  w i n d i n g s .  W i th  1 =  15" , b =  3" , d =  2^" , l e a k a g e  
permeance
41C10*"’" X X 15 X 2 . 2 5  x 0 . 0 2 5 4 =
Cl   Wb/AT ---------
3 X 3 X 0 . 0 2 5 4
= 1 . 1 9 7  X 1 0 - r  Wb/AT
For  th e  new LSM, o n l y  th e  bo t tom  p a r t  o f  th e  l im b  i s  c o v e r e d
w i t h  f i e l d  w i n d i n g s  to  a  dep th  o f  56mm. The top p a r t  w h ich
i s  no t  c o v e r e d  i s  42mm deep.
d 1 — 5 6mm,
d2  =  42mm
W it h  1 =  610mm
b = 90mm
- 3 2 5 -
Cl 1 =  Fo ldx  /  3b
41C10-’' X 0 .6 1  X 0 . 0 5 6  
3 X 0 . 0 9  
= 1 . 5 9  X 1 0 - r  Wb/AT  
C12 — F o l d 2  /  b
4lC10~= X 0 .6 1  X 0 . 0 4 2
0 . 0 9
=  3 . 5 7 7  X 1 0 - =  Wb/AT 
The  t o t a l  l e a k a g e  permeance =  Ci i + Ci 2
= 5 . 1 7  X 1 0 - =  Wb/AT
—3 2 6 —
APPENDIX A 3 .5
EDDY-CURRENT CONDUCTANCE OF POLE PIECES
A 3 . 5a  E s t i m a t i o n  o f  e d d y - c u r r e n t  c o n d u c ta n c e  o f  a U -sha ped  
p o l e - p  i e c e
T '
a = width 
1 = length 
d = depth 
c = mean distance 
of flux path
Fig.A3.5.1
For  a  s t a t i o n a r y  p o l e - p i e c e  or  c o r e  w i t h  t i m e -  
v a r y i n g  f l u x  c h a n g in g  a t  a  r a t e  equal  t o  t h e  in d u c e d  
e . m . f .  a r o u n d  th e  i m a g i n a r y  loop on t h e  p o l e - f a c e  
V s= ( Because V =  N$- ,and  N =  1 )
I f  t h e  e d d y - c u r r e n t  f l o w  due to  t h i s  e . m . f .  i s l ,  t h e  r a t i o  
o f  N I / $ '  i s  d e f i n e d  a s  th e  e d d y - c u r r e n t  c o n d u c t a n c e .  In  t h e  
m a g n e t ic  f l u x  domain t h e  e f f o r t  i s  
m . m . f .  =  M =  N I  ( A 3 . 5 . 1 )
Because N = 1 
M =  I
- 3 2 7 -
The f l o w  p a r a m e te r  i s  O ' .
T h e r e f o r e  t h e  m a g n e t ic  r e l u c t a n c e  i s  M / O ' .  However M = I ,
and 0 '  =  V .  T h e r e f o r e  M / 0 '  =  I / V .  T h i s  i s  t h e  e l e c t r i c a l
co n d u c ta n c e  o f  t h e  c u r r e n t  p a th  seen by t h e  eddy c u r r e n t .
S i n c e  i t  i s  an e l e c t r i c a l  p r o p e r t y  w h ich  can be fo u n d
d i r e c t l y  w i t h  th e  g iv e n  p h y s i c a l  d im e n s io n s  and e l e c t r i c a l
c o n d u c t i v i t y  o r  r e s i s t i v i t y ,  i t  i s  c a l l e d  c o n d u c ta n c e  r a t h e r
than  r e l u c t a n c e  o f  t h e  e d d y - c u r r e n t  p a t h .
T h e r e f o r e  t h e  e d d y - c u r r e n t  c o n d u c ta n c e  =  l e / V e
w h ere  I e  and  Ve a r e  th e  c u r r e n t  in  and t h e  v o l t a g e  a ro u n d
th e  e d d y - c u r r e n t  loop  .
i . e .  Re =  1 / R , ;  R, =  r e s i s t a n c e  round  t h e  loop
Because R =  P l / A ;  - -
w here  p =  r e s i s t i v i t y  o f  t h e  m a t e r i a l ,
1 =  mean l e n g t h  o f  t h e  c u r r e n t  pQtkg _ .
A =  mean c r o s s - s e c t i o n a l  a r e a  o f  t h e  c u r r e n t  p a t h . -
For  th e  c o r e  g iv e n  in  F i g . A 3 . 5 . 1
P a / 2  p 1 / 2
R ■j =  2  ( ------- —  + —------------ )
c 1/ 2  c a / 2
2P  a ^  + 1 =
= —  ( -------------) - - - ( A 3 . 5 . 2 )
c a l
c a l
Re =  —  ( ----------------) ( A 3 . 5 . 3 )
2P  a =  + 1 =
A 3 . 5b E s t i m a t i o n  o f  e d d y - c u r r e n t  co n d u c ta n c e  o f  
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I n  a  r e c t a n g u l a r  p o l e - p i e c e  s i n c e  t h e  c r o s s -  
s e c t i o n a l  a r e a  f o r  t h e  e d d y - c u r r e n t  l o s s  a r e  d i f f e r e n t  f o r  
t h e  v e r t i c a l  and  f o r  t h e  t r a n s v e r s e  s e c t i o n s ,  i t  i s  b e s t  t o  
c a l c u l a t e  t h e s e  s e c t i o n s  s e p a r a t e l y .  The  t o t a l  c o n d u c t a n c e  
w i l l  be t h e  sum o f  t h e  t h r e e  s e c t i o n s  s i n c e  t h e y  a r e  
c o n n e c t e d  in  p a r a l l e l ,  e l e c t r i c a l l y .  T h a t  i s ,  t h e
- 3 2 9 -
c o n d u c t a n c e  o f  t h e  p o l e - p i e c e  can be e s t i m a t e d  by s p l i t t i n g  
i t  i n t o  t h r e e  s e c t i o n s  l i k e  t h o s e  shown in  F i g . A 3 . 5 . 4 .
w-a
Fig A3.5.4
. by e q u a t i o n  ( A 3 . 5 . 3 ) ,  t h e  t o t a l  e d d y - c u r r e n t  c o n d u c t a n c e  
d / 2  a l  w - a  dl
2P a =  + 1= 2p d= + 1=
A 3 . 5c E d d y - c u r r e n t  c o n d u c t a n c e  seen by t h e  LSM
L e t  t h e  r e s i s t i v i t y  be t h a t  o f  m i l d  s t e e l ,  P =  O-m.
For  t h e  o l d  LSM
B r e a d t h  o f  p o l e  p i e c e  =  w =  6"
W id th  o f  p o l e  p i e c e  =  1 =  2%"
T h i c k n e s s  o f  p o l e  p i e c e  =  d =  3 / 4 "
W id th  o f  p o l e  f a c e  =  a  =  1%"
E d d y - c u r r e n t  c o n d u c t a n c e  p e r  p o l e  p i e c e
1 3 1 . 5 x 2 . 5  0 . 7 5 x 2 . 5
= --------------- ( —x 0 . 0 2 5 4 x ---------------------+ 4 . 5 x 0 . 0 2 5 4 x ------------------------- ) S
2 x 1 0 - ^  4 1 . 5 = + 2 . 5 =  0 . 7 5 = + 2 . 5 =
= 1 .9 9 3  X 10® S
- 3 3 0 -
S i n c e  t h e r e  a r e  on a v e r a g e  two p o l e - p i e c e s  d i r e c t l y  a b o v e  
t h e  m o to r  a t  a n y  i n s t a n t ,
The  e d d y - c u r r e n t  c o n d u c t a n c e  seen by t h e  o l d  LSM 
= 2 x 1 . 9 9 3  X 10® S 
=  3 . 9 8 6  X 10® S 
% 4 X 10® S
N o t e  t h a t  t h e  v a l u e  5 x 10® , w h ic h  was a  l e s s  a c c u r a t e
e s t i m a t e d  v a l u e  made e a r l i e r  o n ,  was used  in  c h a p t e r  3 -
F o r  t h e  new L9^
B r e a d t h  o f  p o l e  p i e c e  =  w =  270mm
J t h  o f  p o l e  p i e c e  =  1 =  60rran
T h i c k n e s s  o f  p o l e  p i e c e  =  d =  60mm
W id th  o f  p o l e  f a c e  =  a  =  90mm
. E d d y - c u r r e n t  c o n d u c t a n c e  p e r  p o l e  p i e c e
1 90 X 60 1
= -------------------( 0 . 0 6  X ——— + 0 . 1 8  X — ) S
2 x 1 0 - ^  9 0 = + 6 0 =  2
=  5 . 8 8 5  X 10® S
S i n c e  t h e r e  a r e  on a v e r a g e  t h r e e  p o l e - p i e c e s  d i r e c t l y  a b o v e
t h e  m o to r  a t  a n y
The e d d y - c u r r e n t  c o n d u c t a n c e  seen by t h e  new LSM 
=  3 X 5 . 8 8 5  X 10® S
=  1 . 7 6 5  X 10^ S 
The v a l u e  1 . 8  x 10^ S i s  used  a s  t h e  e d d y - c u r r e n t
c o n d u c t a n c e  o f  t h e  new LSM.
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APPENDIX A 6 .1  
SYSTEM TYPE NUMBER AND STEADY-STATE ERROR
Th e  work in  t h i s  a p p e n d i x  i s  based  on t h e  book by  
S .M .  S h i n n e r s  C483 .
The  t y p e  number o f  a  s y s te m  i s  a  number w h ic h  
i n d i c a t e s  i t s  c a p a b i l i t y  i n  t r a c k i n g  s t e p ,  ramp o r  p a r a b o l i c  
i n p u t  w i t h o u t  p r o d u c i n g  s t e a d y - s t a t e  e r r o r .  For  a  s y s te m  
w h ic h  i s  r e p r e s e n t e d  by t h e  f o l l o w i n g  b l o c k  d i a g r a m .
H (s)
G(s)
t h e  l e a d i n g  t r a n s f e r  f u n c t i o n s  a r e  
C ( s )  G ( s )
R ( s )  1 + G ( s ) H ( s )
C ( s )
  =  G ( s )
E ( s )
E ( s )  1
R ( s )  1 + G ( s ) H ( s )
For  a s ys te m  w i t h  loop  g a i n  g i v e n  a s  f o l l o w e d
( A 6 . 1 . 1 )
( A 6 . 1 . 2 )
( A 6 . 1 . 3 )
- 3 3 2 -
K ( 1 + T i S )  ( l + T a S )  . . .  (1+TmS)
G ( s ) H ( s )  =  ----------------------------------------------------------------------------------------------------------
s " [ ( T 3 s ) = + 2 S W n S + l ]  ( 1 + T « s )  < 1 + T s s )  . . .  ( l + T . s )
( A 6 . 1 . 4 )
The  e x p o n e n t  n i s  t h e  t y p e  number o f  t h e  s y s t e m .
P h y s i c a l l y  i t  r e p r e s e n t s  t h e  number o f  s e r i e s  i n t e g r a t o r s  
p r e s e n t  in  t h e  loop  g a i n .
Si  nee
R ( s )
E ( s )  =  --------------------------
1 + G ( s ) H ( s )
T h e r e f o r e ,  t h e  s t e a d y - s t a t e  a c t u a t i n g  e r r o r  i s  t h e  s t e a d y -  
s t a t e  v a l u e  o f  t h e  i n v e r s e  L a p l a c e  t r a n s f o r m  o f  E ( s ) .
1 im
e ( t )  =  e ( t )
ss  t - > *
1 im s R ( s )
s - > 0  1 + G ( s ) H ( s )
1) For  a  command i n p u t  i n  t h e  fo rm  o f  a  u n i t  s t e p  R ( s ) = l / s
1 im s 1 / s
• 0  ( t )  =  --------------------------
s - > 0  1 + G ( s ) H ( s )
1
1 im
1 + G ( s ) H ( s )
s - > 0
1
1 +  K p  
1 im
w h e r e  Kp =  G ( s ) H ( s )
s - > 0
( a )  For  a  t y p e  z e r o  s y s te m ,  f ro m  e q u a t i o n  ( A 6 . 1 . 4 )
Kp =  K
- 3 3 3 -
1
e ( t  ) = ----------
ss  1 + K
( b )  F o r  a  sys tem  o f  t y p e  one o r  a b o v e
Kp = «»
e ( t )  =  0 
ss
2 )  F o r  a  conwnand i n p u t  i n  t h e  fo rm  o f  a  u n i t  ramp R<s)  =  l / s '
1 im s 1 / s *  1
e ( t )  =  ------------------------=  —
s - > 0  1 + G ( s ) H ( s )  Kv
1 im
w h e r e  Kv =  s G ( s ) H ( s )
s - > 0
( a )  For  a  t y p e  z e r o  s y s te m ,  f ro m  e a u a t i o n  ( A 6 . 1 . 4 )
1 im sK ( 1 + T i S )  ( I + T a s )  . . .  ( l + T ^ s )
Kv =  ----------------------------------------------------------------------------------------------------------
s - > 0  C <TaS)*+2% 0)„s+ l  3 ( 1 + T * s )  ( l + T ^ s )  . . .  ( Ï + T ^ s )
=  0
e < t  > =  «» 
ss
( b)  For  a  t y p e  one s y s te m ,
Tim sK ( 1 + T i S )  ( l + T ^ s )  . . .  ( l + T ^ s )
Kv = ----------------------------------------------------------------------------------------------------------
s - > 0  s [ (T3 ,s ) *+2SW nS +13  ( 1 + T « s )  ( l + T ^ s )  . . .  ( l + T ^ s )
=  K
1
e ( t )  =  -  
ss  K
<c> For  a  s y s te m  o f  t y p e  two o r  a b o v e
Kv =  «>
e ( t )  =  0 
ss
3 )  F o r  a  command i n p u t  in  t h e  fo rm  o f  a  u n i t  p a r a b o l a
- 3 3 4 -
R ( s )  =  2 / s *
1 im s ( 2 / s * )
e ( t )  =  ------------------------
ss s - > 0  1 + G ( s ) H ( s )
s *  G ( s ) H ( s )
1 im 




w h e r e  Ka =  s *  G ( s ) H ( s )
s - > 0
( a )  For  a  t y p e  z e r o  s y s te m ,  f ro m  e a u a t i o n  ( A 6 . 1 . 4 )
1 im s *K  ( 1 + T i S )  ( 1 + T = s )  . . .  ( 1 + T ^ s )
Ka = --------------------------------------------------------------------------------------------------------
s - > 0  C ( T 3 S ) * + 2 %W„s + 13 ( 1 + T * s )  ( l + T ^ s )  . . .  <1+T„s>
=  0
e ( t )  =  *  
ss
( b)  For  a  t y p e  one s y s te m ,
1 im s *K  ( 1 + T i s )  ( 1 + T a s )  . . .  <1+T„»s)
Ka = --------------------------------------------------------------------------------------------------------
s - > 0  s [ (T a S ) *+ 2 S W n S + 1 3  ( 1 + T « s )  ( l + T - , s )  . . .  ( 1 + T „ s )
=  0
e ( t ) = «> 
ss
( c )  For  a  t y p e  two s y s te m ,
1 im s *K  ( 1 + T i S )  ( l + T a S )  . . .  ( 1 + T ^ s )
Ka =  --------------------------------------------------------------------------------------------------------
s - > 0  s * [ (T @ s ) *+ 2 S W n S + 1 3  ( 1 + T * s )  ( l + T ^ s )  . . .  ( 1 + T „ s )
=  K
1
e ( t )  =  -  
ss K
( d)  For  a  sys tem  o f  t y p e  3 o r  ab o v e  
Ka =  <»
- 3 3 5 -
e ( t )  =  0 
ss
T h i s  a n a l y s i s  can be e x t e n d e d  t o  s y s te m  o f  h i g h e r  t y p e  
number and  t o  i n p u t  o f  h i g h e r  o r d e r .
I f  H ( s )  =  1 
C ( s )  G (s )
R ( s )  1 + G (s )
K ( 1 + T i S )  ( l + T g S )  . . .  ( 1 + T m S )
{ S " [ ( T 3 S ) = + 2 S W n S + l ] ( l + T « S ) . . . ( l + T n S ) }  + K ( l + T i S ) . . . ( l + T m S )  
T h i s  can be expanded  t o  g i v e
C ( S )  C p S P  + C p - i S » - *  +  . . .  + C o
R ( s )  dpS* + d q _ i S * - *  + . . .  + do
I t  can be shown t h a t  i f  t h e  s y s te m  i s  o f  t y p e  z e r o
Co *  do 
I f  t h e  sys tem  i s  o f  t y p e  1 
Co — do 
C1 *  d l
or  in  g e n e r a l , f o r  a  sy s te m  o f  t y p e  k 
C i _ i  =  d i _ i  f o r  a l l  i =  1 , 2 ,  . . .  , k
c 1 ^  d i  f o r  i l k
—3 3 6 —
APPENDIX A7 . 1
INEQ UALIT IES  FOR VARIABLE-STRUCTURE-CONTROLLED E . M . S .  
USING LOCAL FEEDBACK OF CURRENT
From F i g . 7 . l b
c ' ' '  = qdq c ' '  + qdc aq c + h ' ' '  -  qdq
+ ( t /m)  < F , -m g )  " -q d q  ( f / m H F , - m g )  - N  aq I / R e
( A 7 . 1 )
From t h i s  we g e t
Xa = qdq Xa+qdc aq x i  + -  qdq c v ' '  -  qdc aq c^
+ h ' '  '  -  qdq h ' '  + (1/m> <F*-mg> '
-  qdq ( I / m )  <F , - m g )  + N I aq /  Re ( A 7 . 2 )
w h e r e  c ^ , c ^ ' ,  a r e  t h e  gap command and  i t s  d e r i v a t i v e s
a nd  X i , Xa ,  x® a r e  t h e  gap e r r o r  and  i t s  d e r i v a t i v e s .  
N e g l e c t i n g  t h e  e f f e c t s  o f  c and  $ an d  t r e a t i n g  them a s  
d i  s t u r b a n e es
R 1 V
I '  =  — ( ------------ +  ) I + --------  ( A 7 . 3 )
N *C ,  ReC, N *C ,
D i f f e r e n t i a t i n g  e q u a t i n g  A < 7 . 2 )  w i t h  r e s p e c t  t o  t i m e  and
s u b s t i t u t i n g
in  e q u a t i o n  ( A 7 . 3 )  we g e t  t h e  f o l l o w i n g
dxa
 = (qdq -  K)x@ + Cqdq<M-K>+qdc a q l x ^  + < 2 L - K ) q d c  aq x &
d t
Naq R 1 aq
Re N *C ,  ReC, NReC,
f  =  '  '  -  qdq c v ' '  -  qdc aq Cr* + h ' '  ' -q d q  h "
+ l / m  ( F % -m g ) '  -q d q  < F * -m g )






Pig.7 .la Linearized model of open-loop response of E.M.S,
aq * 3 2 /3 0 - / ;uAm
qdq * * - 2c / ;uAB«
qdc — a0'/ac « 2[0 / jiiARe
R " resistance of the coil
N - number of turns of the coil 
Re * eddy-current conductance of the electromagnet 
G, * leakage permeance of the electromagnet
ReV
qdc qdq
Fig.7 .lb Linearized model transformed to give current as a state for 
local feedback
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w h e re  K =  f ' / f
and  i  i s  t h e  t o t a l  d i s t u r b a n c e  i n p u t  w i t h  r e f e r e n c e  
t o  t h e  p o i n t  m arked  *  on t h e  s i g n a l  f l o w  d ia g r a m  
F i g . 7 . l b
L =  $ ' / $
M =  c ' / c
I f  V =  -g p  [ Gi X i  + 6a  X a  + Ga X a  + Gt I ]
and  t h e  s w i t c h i n g  f u n c t i o n  
S  =  C l  X 1  +  C a  X a  +  X a
I f  t h e  s w i t c h i n g  d y n am ics  i s  t o  h av e  s t a b l e  and  d o m in a n t  
e i g e n v a l u e  - X »  t o  s a t i s f y  s l i d i n g  and  r e a c h i n g  c o n d i t i o n s  
s i m u l t a n e o u s l y ,  i t  i s  r e q u i r e d  t h a t
Ca + qdq + K - g p  Ga aq / N  Re C, < - X *
Ga > ( N Re C, / g p  aq ) Cca +X» + qdq + K) 3 
For  s i i d i n g
Gi  = G i *  s x t > 0
=  G i b  s x 1  < 0
G a  — G a ^  S X  a  ^ 0
=  G a t »  S X a  < 0
G* = G i^  s i  > 0
— G i t a  S I  ^ 0
w h e re
G i^  > (N R e C , /g p  a q X - C i [ C a + q d q + K 3 + ( 2 L - K ) q d c  a q > + C iG a   ̂ G ib  
G a*KNR eC , /gp  aqX -C aC C a+qdq+K 3+c i+qdq<M -K >+qdq  aq )+CaG a>G ab  
G i^  > ( N = C , / g # [ L  -  K -  l / ( R e C , )  -R>q^*C, ) 3 > G ib  
When t h e s e  d e s ig n  i n e q u a l i t i e s  a r e  a p p l i e d  t o  t h e  new LSM 
w h ic h  has i t s  p a r a m e t e r s  g i v e n  in  A p p e n d ix  A 3 . 2  t h e  d e s ig n  
p a r a m e t e r s  ÎK Î  < 1 0 0 0 0 0 ,  IL !  < 5000  and  ÎMI < 5000  a r e  
chosen a s  in  s e c t i o n  7 . 3 .  The  d e s ig n  i s  t o  o p e r a t e  o v e r  t h e  
w h o le  r a n g e  s p e c i f i e d  in  S e c t i o n  7 . 2 .  W i t h  a  common f o r w a r d
- 3 3 9 -
p a t h  g a i n ,  g p , o f  10® and  a d j u s t e d  v a l u e  o f  G» t o  a v o i d  
non-m in im um  p h a se  r e s p o n s e  and  f i n a l  a  10% m a r g i n  o f  s a f e t y  
t h e  f o l l o w i n g  g a i n  v a l u e s  a r e  o b t a i n e d  
G3 =  1 . 5  X 1 0 - 3
G a ^  — 0 . 4 2 , G a t »  — 0  . 3 2
G i * .  = 4 7 , G t  to = 4
G t ^  = 8 . 6  X  1 0 - ® G i  to — - 5 . 1  X  1 0 - ®
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